CHAPTER 1 



1.1. Given the vectors M = — 10a. + 4a y — 8a z and N = 8a. + 7a y — 2a z , find: 
a) a unit vector in the direction of — M + 2N. 

-M + 2N = 10a. - 4a y + 8a z + 16a. + Ua y - 4a z = (26, 10, 4) 
Thus 

(26,10,4) 



|(26,10,4)| 



(0.92,0.36,0.14) 



b) the magnitude of 5a. + N — 3M: 

(5,0,0) + (8,7,-2) - (-30,12,-24) = (43,-5,22), and |(43,-5,22)| = 48.6. 

c) |M||2N|(M + N): 

|(-10,4, -8)||(16, 14, -4)|(-2, 11, -10) = (13.4)(21.6)(-2, 11, -10) 
= (-580.5,3193,-2902) 

1.2. The three vertices of a triangle are located at A(—l, 2, 5), B(— 4, —2, —3), and (7(1, 3, —2). 

a) Find the length of the perimeter of the triangle: Begin with AB = (—3, —4, —8), BC = (5, 5, 1), 
a nd CA = (- 2, - 1,7). Then the perimeter will be t = | AB| + |BC| + |CA| = V9 + 16 + 64 + 
V25 + 25 + 1 + V4 + 1 + 49 = 23.9 . 

b) Find a unit vector that is directed from the midpoint of the side AB to the midpoint of side 
BC: The vector from the origin to the midpoint of AB is M^b = ^(A + B) = |(— 5a. + 2a 2 ). 
The vector from the origin to the midpoint of BC is M.bc = ^(B + C) = 7; (—3a. + a y — 5a 2 ). 
The vector from midpoint to midpoint is now M.ab — M^c = |(— 2a. ~ a y + 7a z ). The unit 
vector is therefore 

M AB - M BC (-2a. -a v + 7a z ) 

* MM = iTvr Tvr I = = -0-278.-0.14^ + 0-95a, 

| Mab — Mac I '-35 

where factors of 1/2 have cancelled. 

c) Show that this unit vector multiplied by a scalar is equal to the vector from A to C and that the 
unit vector is therefore parallel to AC. First we find AC = 2a x +a y — 7a z , which we recognize 
as — 7.35 aMM • The vectors are thus parallel (but oppositely-directed). 

1.3. The vector from the origin to the point A is given as (6, —2, —4), and the unit vector directed from 
the origin toward point B is (2, —2, l)/3. If points A and B are ten units apart, find the coordinates 
of point B. 

With A = (6, -2, -4) and B = |B(2, -2, 1), we use the fact that |B - A| = 10, or 
|(6 - lB)a x - (2 - lB)a y - (4 + \B)a z \ = 10 
Expanding, obtain 

36 - 8B + \B 2 + 4 - \B + \B 2 + 16 + \B + \B 2 = 100 

or B 2 - 8B - 44 = 0. Thus B = 8± V64-i76 = n 75 (taking positive option) and so 
B = -(11.75)3. - -(11.75^ + -(11.75)a z = 7.83a. - 7.83a y + 3.92a 2 

o o o 
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1.4. A circle, centered at the origin with a radius of 2 units, lies in the xy plane. Determine the unit 
vector in rectangular components that lies in the xy plane, is tangent to the circle at (y/3, 1,0), and 
is in the general direction of increasing values of y: 

A unit vector tangent to this circle in the general increasing y direction is t = a^. Its x and y 
components are t x = a^ • a x = — sin (f>, and t y = a^ • a y = cos <fi. At the point (\/3, 1), <p = 30°, 
and so t = — sin30°a a; + cos30°a J/ = 0.5(— a x + y/3a y ). 

1.5. A vector field is specified as G = 24xya x + 12(x 2 + 2)a y + 18z 2 a^. Given two points, P(l,2, — 1) 
and Q(-2, 1,3), find: 

a) G at P: G(l, 2, -1) = (48,36,18) 

b) a unit vector in the direction of G at Q: G(-2, 1,3) = (-48, 72, 162), so 

_ (-48,72,162) 
aG ~ |(-48, 72, 162)| ~ ( "°- 26 ' - 39 '°' 88) 

c) a unit vector directed from Q toward P: 



*QP = ^r^j = ^7=^ = (0-59,0.20,-0.78) 



d) the equation of the surface on which |G| = 60: We write 60 = \(24xy, 12(x 2 + 2),18z 2 )|, or 
10 = \(4xy,2x 2 + 4, 3z 2 )|, so the equation is 

100 = 16x V + 4x 4 + 16x 2 + 16 + 9z i 



1.6. If a is a unit vector in a given direction, B is a scalar constant, and r = xa x + ya y + za z , describe 
the surface r • a = B. What is the relation between the the unit vector a and the scalar B to this 
surface? (HINT: Consider first a simple example with a = a x and 5=1, and then consider any a 
and B.): 

We could consider a general unit vector, a = Aia x + A 2 a y + A 3 a z , where A\ + A\ + A\ = 1. 
Then r • a = A\x + + A^z = f(x, y, z) = B. This is the equation of a planar surface, where 
/ = B. The relation of a to the surface becomes clear in the special case in which a = a x . We 
obtain r • a = fix) = x = B, where it is evident that a is a unit normal vector to the surface 
(as a look ahead (Chapter 4), note that taking the gradient of / gives a). 

1.7. Given the vector field E = 4zy 2 cos 2xa x + 2zysin2;ca y + y 2 sin2xa^ for the region \x\, \y\, and \z\ 
less than 2, find: 

a) the surfaces on which E y = 0. With E y = 2zysm.2x = 0, the surfaces are 1) the plane z = , 
with \x\ < 2, \y\ < 2; 2) the plane y = 0, with \x\ < 2, \z\ < 2; 3) the plane x = , with \y\ < 2, 
\z\ < 2; 4) the plane x = ir/2, with \y\ < 2, |z| < 2. 

b) the region in which E y = E z : This occurs when 2zysin2x = y 2 sin2x, or on the plane 2z = y, 
with \x\ < 2, \y\ < 2, \z\ < I. 

c) the region in which E = 0: We would have E x = E y = E z = 0, or zy 2 cos2x = zy s\n2x = 
y 2 sin2x = 0. This condition is met on the plane y = 0, with |x| < 2, |z| < 2. 
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1.8. Demonstrate the ambiguity that results when the cross product is used to find the angle between 
two vectors by finding the angle between A = — 2a y + 4a z and B = 2a x + a y — 2a z . Does this 
ambiguity exist when the dot product is used? 

We use the relation A x B = |A||B| sin#n. With the given vectors we find 



A x B = 14a„ + 7a z = 7^5 



2a^ + a z 



^9 + 4 + 16^4 + 1 + 4 sin 9 n 



±n 



where n is identified as shown; we see that n can be positive or negative, as sin 9 can be 
positive or negative. This apparent sign ambiguity is not the real problem, however, as we 
really want the magnitude of the angle anyway. Choosing the positive sign, we are left with 
sin^ = 7 v / 57(v / 29v / 9) = 0.969. Two values of 6 (75.7° and 104.3°) satisfy this equation, and 
hence the real ambiguity. 

In using the dot product, we find A-B = 6 — 2 — 8 = —4 = |A||B| cos# = 3\/29cos#, or 
cos# = — 4/(3y / 29) = —0.248 =4> 9 = —75.7°. Again, the minus sign is not important, as we 
care only about the angle magnitude. The main point is that only one 9 value results when 
using the dot product, so no ambiguity. 



1.9. A field is given as 



Find: 



G 



25 



(x 2 + y 2 ) 



(xa x + ya y ) 



a) a unit vector in the direction of G at P(3,4, -2): Have G p = 25/(9 + 16) x (3,4, 0) = 33^ + 43^, 
and |G P | = 5. Thus a G = (0.6,0.8,0) . 

b) the angle between G and a x at P: The angle is found through a G • a x = cos 9. So cos# = 
(0.6, 0.8, 0) • (1, 0, 0) = 0.6. Thus 9 = 53° . 

c) the value of the following double integral on the plane y = 7: 



o Jo 



G • a y dzdx 



25 



o x z + y 



-{xa x + ya y ) ■ a y dzdx = 

Jo Jo 

i r 

tan -1 



25 



49 



x 7 dzdx 



f 

Jo 



350 



x 2 +49 



dx 



350 x 



26 



1.10. By expressing diagonals as vectors and using the definition of the dot product, find the smaller angle 
between any two diagonals of a cube, where each diagonal connects diametrically opposite corners, 
and passes through the center of the cube: 

Assuming a side length, b, two diagonal vectors would be A = b(a x + a y + a z ) and B = 
^(a^ -a y +a z ). Now use A • B = |A||B| cos#, or b 2 (l - 1 + 1) = ( v / 36)(v / 36) cosfl => cos9 = 
1/3 => 9 = 70.53° . This result (in magnitude) is the same for any two diagonal vectors. 



3 



1.11. Given the points Af (0.1, -0.2, -0.1), N(-0.2, 0.1, 0.3), and P(0.4, 0,0.1), find: 

a) the vector R MJV : R MjV = (-0.2,0.1,0.3) - (0.1,-0.2,-0.1) = (-0.3,0.3,0.4) . 

b) the dot product R M n • Rmp: Rmp = (0.4, 0, 0.1) - (0.1, -0.2, -0.1) = (0.3, 0.2, 0.2). R MJV 
R MP = (-0.3, 0.3, 0.4) • (0.3, 0.2, 0.2) = -0.09 + 0.06 + 0.08 = 0.05 . 

c) the scalar projection of Rmtv on Rmp: 

(0.3,0.2,0.2) 0.05 

Rmtv • a RMP = -0.3, 0.3, 0.4 • , = -== = 0.12 

v > ^Q.09 + 0.04 + 0.04 V0A7 

d) the angle between Rmjv and Rmp: 

-1 / Rmat • Rmp \ -if 0.05 



9 M = COS — — 7 = COS ^_ = ) = 78 

' 'Rmtv||Rmp|/ 



1.12. Show that the vector fields A = pcos(f)& p + psin^a^, + pa z and B = pcos^a p + psin^a^ — pa z 
are everywhere perpendicular to each other: 

We find A B = p 2 (sin 2 c/> + cos 2 0) - p 2 = = | A| |B| cos 6. Therefore cos 9 = or 6 = 90° . 

1.13. a) Find the vector component of F = (10, —6, 5) that is parallel to G = (0.1, 0.2, 0.3): 

= F_G = (1°. -6. 5) (0.1.0.2,0.3) 
|G |G| 2 0.01 + 0.04 + 0.09 v ' ' - - 

b) Find the vector component of F that is perpendicular to G: 

F p g = F — F|| G = (10, -6, 5) - (0.93, 1.86, 2.79) = (9.07,-7.86,2.21) 

c) Find the vector component of G that is perpendicular to F: 

G p f = G — G\\f = G — °^F = (0.1,0.2,0.3) - — - ^ (10, -6, 5) = (0.02,0.25,0.26) 



1.14. Show that the vector fields A = a r (sin 29)/r 2 +2ag (sin 6)/r 2 and B = r cos 6 a r +r ag are everywhere 
parallel to each other: 

Using the definition of the cross product, we find 

,'sin20 2sin#cos#\ 

A x B = \a (b = = A B sin0n 



Identify n = a^, and so sin# = 0, and therefore 9 = (they're parallel). 
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1.15. Three vectors extending from the origin are given as ri = (7,3,-2), r 2 = (—2,7,-3), and r 3 = 
(0,2,3). Find: 

a) a unit vector perpendicular to both ri and r 2 : 

ri x r 2 (5, 25, 55) 

a p i2 = 2 -r = { ' ' ' = 0.08,0.41,0.91 

|ri x r 2 | 60.6 

b) a unit vector perpendicular to the vectors ri — r 2 and r 2 — r 3 : r 1 — r 2 = (9, —4, 1) and r 2 — r 3 = 
(-2, 5, -6). So n - r 2 x r 2 - r 3 = (19, 52, 32). Then 

_ (19,52,32) _ (19,52,32) _ 
ap " |(19,52,32)| " 63.95 ~ ^ ^ U ' 5UJ 

c) the area of the triangle defined by ri and r 2 : 

Area = ^|ri x r 2 | = 30.3 

d) the area of the triangle defined by the heads of ri, r 2 , and r 3 : 

Area= ^|(r 2 -n) x (r 2 -r 3 )| = ||(-9,4,-l) x (-2,5,-6)1 = 32,0 

1.16. The vector field E = (B/p) a p , where B is a constant, is to be translated such that it originates at 
the line, x = 2, y = 0. Write the translated form of E in rectangular components: 

First, transform the given field to rectangular components: 

B B , B x Bx 

E T = — a n ■ a r = — , cos < 



p 9 x V^ 2 + y 2 V x2 + v 2 V* 2 + y 2 x2 + y 2 

Using similar reasoning: 

B B . , By 
E„ = — a„ • a„ = — ; sm < 



P V x + y x +y 

We then translate the two components to x = 2, y = 0, to obtain the final result: 

_ i?[(x-2)a a; +ya i/ ] 
(x-2)2 + y 2 



1.17. Point A(-4,2,5) and the two vectors, R A m = (20,18,-10) and R^jv = (-10,8,15), define a 
triangle. 

a) Find a unit vector perpendicular to the triangle: Use 

R AM x Han (350,-200,340) 
ap = \R AM x R^| = 527^ = (0-664,-0.379,0.645) 

The vector in the opposite direction to this one is also a valid answer. 
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1.17b) Find a unit vector in the plane of the triangle and perpendicular to Han- 

= (-10^15) = (_ . 50 7, 0.406, 0.761) 

Then 

a pAN = a p x a AN = (0.664,-0.379,0.645) x (-0.507,0.406,0.761) = (-0.550,-0.832,0.077) 

The vector in the opposite direction to this one is also a valid answer. 

c) Find a unit vector in the plane of the triangle that bisects the interior angle at A: A non-unit 
vector in the required direction is (1/2) (a am + ^an), where 

^' = K2M8;:!oir (a69T - a62T -- a348) 



Now 



^(a AM +a AN ) = ^[(0.697,0.627,-0.348) + (-0.507,0.406,0.761)] = (0.095,0.516,0.207) 



Finally, 



(0.095,0.516,0.207) 0fl 
|(0.095,0.516,0.207)| - '- 



1.18. Transform the vector field H = (A/p)a ( / > , where A is a constant, from cylindrical coordinates to 
spherical coordinates: 

First, the unit vector does not change, since a^ is common to both coordinate systems. We 
only need to express the cylindrical radius, p, as p = rsin.6, obtaining 

H(r,0) = ^-a^ 
rsmd 



1.19. a) Express the field D = (x 2 + y 2 ) l (xa x + ya y ) in cylindrical components and cylindrical variables: 
Have x = p cos (f), y = psincf), and x 2 + y 2 = p 2 . Therefore 

D = - (cos <f)a x + sin 4>a y ) 

Then ] ^ | 

D p = D • a p = - [cos 4>{a x ■ a p ) + sin 4>(a y ■ a p )] = - [cos 2 cf> + sin 2 cf>] = - 

and 

= D • a^ = - [cos (f>(a x ■ a^) + sin 4>{a y ■ a^)] = - [cos <f>(— sin 4>) + sin (f> cos <fi) = 

Therefore 

D = -a p 

P 
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1.19b) Evaluate D at the point where p = 2, 4> = 0.2-7T, and 2 = 5, expressing the result in cylindrical and 
cartesian coordinates: At the given point, and in cylindrical coordinates, D = 0.5a p . To express this 
in cartesian, we use 

D = 0.5(a p • a x )a x + 0.5(a p • a y )a y = 0.5 cos 36° a x + 0.5 sin 36° a y = O^la^ + 0.29a,, 



1.20. A cylinder of radius a, centered on the z axis, rotates about the z axis at angular velocity Q rad/s. 
The rotation direction is counter-clockwise when looking in the positive z direction. 

a) Using cylindrical components, write an expression for the velocity field, v, that gives the tan- 
gential velocity at any point within the cylinder: 

Tangential velocity is angular velocity times the perpendicular distance from the rotation axis. 
With counter-clockwise rotation, we therefore find v(p) = —Vtpa^ {p < a). 

b) Convert your result from part a to spherical components: 

In spherical, the component direction, a^, is the same. We obtain 

v(r, 9) = — fir sin 9 a<f, (rsin# < a) 



c) Convert to rectangular components: 

v x = -Vlpa^ ■ a x = -Vl(x 2 + y 2 ) 1/2 (-^ncP) = -Vl(x 2 + y 2 ) 1 / 2 ~ V ' = fly 

(x z + y z ) L l z 

Similarly 

v y = -n P a^-a y = -n{x 2 + y 2 ) 1 / 2 {coscf>) = -Vl(x 2 + y 2 ) 1 / 2 X = -fix 

{x z + y z ) L i z 

Finally v(x,y) = Vl [y a x — x a y ] , where (x 2 + y 2 ) 1 ^ 2 < a. 



1.21. Express in cylindrical components: 

a) the vector from C(3, 2, -7) to D(-l, -4, 2): 
C(3, 2, -7) -» C{p = 3.61, = 33.7°, z = -7) and 
D{-1, -4, 2) -» D(p = 4.12, <f> = -104.0°, z = 2). 

Now K CD = (-4,-6,9) and R p = R CD ■ a p = -4cos(33.7) - 6sin(33.7) = -6.66. Then 
ify = R C d ■ = 4sin(33.7) - 6cos(33.7) = -2.77. So R CD = -6.66a p - 2.77a^, + 9a^ 

b) a unit vector at D directed toward C: 

R CD = (4,6,-9) and R p = R DC • a p = 4cos(-104.0) + 6 sin(-104.0) = -6.79. Then = 
R DC ■ a = 4[-sin(- 104.0)] + 6 cos(-104.0) = 2.43. So R DC = -6.79a p + 2.43a<^ - 9a z 
Thus a DC = -0.59a p + 0.21a^ - 0.78a 2 

c) a unit vector at D directed toward the origin: Start with i\d = (—1,-4,2), and so the 
vector toward the origin will be — = (1,4,-2). Thus in cartesian the unit vector is a = 
(0.22,0.87,-0.44). Convert to cylindrical: 

a p = (0.22,0.87,-0.44) ■ a p = 0.22 cos(-104.0) + 0.87 sin(-104.0) = -0.90, and 

a,/, = (0.22,0.87,-0.44) • a = 0.22[- sin(-104.0)] + 0.87cos(-104.0) = 0, so that finally, 

a = -0.90a p - O.Ua z . 
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1.22. A sphere of radius a, centered at the origin, rotates about the z axis at angular velocity fi rad/s. 
The rotation direction is clockwise when one is looking in the positive z direction. 

a) Using spherical components, write an expression for the velocity field, v, which gives the tan- 
gential velocity at any point within the sphere: 

As in problem 1.20, we find the tangential velocity as the product of the angular velocity and 
the perperdicular distance from the rotation axis. With clockwise rotation, we obtain 

v(r,Q) = VlrsmOa^ (r < a) 



b) Convert to rectangular components: 

From here, the problem is the same as part c in Problem 1.20, except the rotation direction is 
reversed. The answer is v(x, y) = ft [— y& x + xa y ], where (x 2 + y 2 + z 2 ) 1 / 2 < a. 



1.23. The surfaces p = 3, p = 5, <f> = 100°, <p = 130°, z = 3, and z = 4.5 define a closed surface. 

a) Find the enclosed volume: 

/•4.5 rl30° z-5 

Vol= / / / pdpdd)dz = 6.28 

J3 JW0° J3 

NOTE: The limits on the (j> integration must be converted to radians (as was done here, but not 
shown) . 

b) Find the total area of the enclosing surface: 

/■130° z-5 z-4.5 /-130 

Area = 2 / pdpdcj) + / / 3d(f)dz 

J100° J3 J3 J100° 

/•4.5 /-130 z-4.5 z-5 

+ / / 5d(f)dz + 21 \ dpdz = 20.7 

J3 Jl00° J3 J3 



c) Find the total length of the twelve edges of the surfaces: 

30 c 



Length = 4x1.5 + 4x2 + 2x 



360 c 



x 2vr x 3 



30° 
360° 



x 2ir x 5 



22.4 



d) Find the length of the longest straight line that lies entirely within the volume: This will be 
between the points A(p = 3, <f) = 100°, z = 3) and B(p = 5, (f> = 130°, z = 4.5). Performing 
point transformations to cartesian coordinates, these become A(x = —0.52, y = 2.95, z = 3) 
and B(x = —3.21, y = 3.83, z = 4.5). Taking A and B as vectors directed from the origin, the 
requested length is 

Length = |B - A| = | (-2.69, 0.88, 1.5) | = 3.21 
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1.24. Express the field E = Aa r /r 2 in 
a) rectangular components: 



A A . A -y/x 2 + y 2 x Ax 



E x = — a r ■ a x = — sin 9 cos 



r 2 r x r 2 r X 2 + y 2 + Z 2 ^2 + y 2 + z 2 ^2^2 ( x 2 + y 2 + ^2)3/2 



^4 A . „ . , A Jx 2 + y 2 y Ay 

E„ = — a r ■ a„ = — sm 9 sin r — 



" " r 2 r y r 2 " r x 2 + y 2 + Z 2 + y 2 + z 2 ^2^2 ( x 2 + y 2 + ^2)3/2 

^4 ,4 „ A 2 Az 

fi z = -a r 'a z = - cos 9 



r 2 r z r2 x 2 + y 2 + z 2 ^2 + y 2 + z 2 ( x 2 + y 2 + ^2)3/2 

Finally 

E(x,y,z) 



A(xa x + ya y + za z ) 



(x 2 + y 2 + z 2 ) 3 /2 

b) cylindrical components: First, there is no component, since there is none in the spherical 
representation. What remains are: 

A A . . A p An 

E n = — a r ■ a n = — sm 9 



P r 2 r P T 2 ^" (p 2 + Z 2 ) y p 2 + z 2 ( p 2 +z 2}3/2 

and 

A A A z _ Az 

E z --a r -a z --cos9- ^ - ~ (p2 + z 2 )3 /2 

Finally 

_ A{pa p + za z ) 
[Pl ] ~ {p 2 + z 2 f/ 2 



1.25. Given point P(r = 0.8, 9 = 30°, = 45°), and 

If smcj) \ 

E = — cos 4> a r + £U 
r 2 y sine/ / 

a) Find E at P: E = 1.10a p + 2.21a . 

b) Find |E| at P: |E| = Vl-10 2 4- 2.21 2 = 2.47 . 

c) Find a unit vector in the direction of E at P: 

E 

a E = — = 0.45a r + 0.89a^, 



1.26. Express the uniform vector field, F = 5a x in 

a) cylindrical components: F p = 5a x ■ a p = 5cos^>, and = 5 a x ■ a^ = — 5sin</>. Combining, we 
obtain F(p, <f>) = 5(cos0a p — sin^a^). 

b) spherical components: F r = 5a x -a r = 5 sin 9 cos </>; = Sa^-a^ = 5 cos 9 cos (f>; F^ = 5a x -a0 = 
—5 sin (f). Combining, we obtain F(r, 0, 0) = 5 [sin 9 cos a r + cos cos 4>ae — sin a^] . 
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1.27. The surfaces r = 2 and 4, 8 = 30° and 50°, and 4> = 20° and 60° identify a closed surface, 
a) Find the enclosed volume: This will be 



Vol= / / / r 2 sin 9drd9dd) = 2.91 

J20° ^30° J2 



where degrees have been converted to radians, 
b) Find the total area of the enclosing surface: 

/■60° /.50° p4 /-60° 

Area= / / (4 2 + 2 2 ) sin 0cL9d<t> + / / r (sin 30° + sin 50°) drdcf) 

J20° J30° J2 J20° 

p50° z-4 

+ 2 / / rdrdg = 12.61 



30° J2 



c) Find the total length of the twelve edges of the surface: 

r 50° r 60° 



Length = 4 / dr + 2 (4 + 2)d6+ / (4 sin 50° + 4 sin 30° + 2 sin 50° + 2 sin 30°) # 

J2 J30° J20° 

= 17.49 

d) Find the length of the longest straight line that lies entirely within the surface: This will be 
from A(r = 2, 6 = 50°, = 20°) to B(r = 4, 9 = 30°, 4> = 60°) or 

A(x = 2 sin 50° cos 20°, y = 2 sin 50° sin 20°, z = 2 cos 50°) 

to 

B(x = 4sin30°cos60°,y = 4 sin 30° sin 60°, z = 4cos30°) 
or finally ^(1.44, 0.52, 1.29) to 5(1.00,1.73,3.46). Thus B - A = (-0.44,1.21,2.18) and 

Length = |B - A| = 2.53 

1.28. Express the vector field, G = 8sin(/>a# in 
a) rectangular components: 

z x 

G x = 8 sin 4> a# • a x = 8 sin 4> cos 9 cos 4 



^Jx 2 + y 2 \/x 2 + y 2 + z 2 \/x 2 + y 2 
xyz 



(x 2 + y 2 )\/x 2 + y 2 + z 2 

8y 



G y = 8 sin <f) ae ■ a y = 8 sin (f> cos 9 sin (p 



■\/ x 2 + y 2 \J x 2 + y 2 + z 2 \J x 2 + y 2 
8y 2 z 



(x 2 + y 2 )\/x 2 + y 2 + z 2 
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1.28a) (continued) 



G z = 8sin0ag • a z = 8sin</>(— sin#) 
-8y 



-8y 



yjx 2 + y 2 



\J x 2 + y 2 \J x 2 + y 2 + z 2 



-y/x 2 + y 2 + z 2 



Finally, 



G(x,y,z) 



8y 



■\Jx 2 + y 2 + z 2 



x 2 + y 2 



yz 



x 2 + y 



2 "2/ 



b) cylindrical components: The ag direction will transform to cylindrical components in the a p 
and a z directions only, where 

G p = 8 sin 4> ag ■ a p = 8 sin cos = 8 sin (j> 



The z component will be the same as found in part a, so we finally obtain 



G(p,z) 



ism ( 



1.29. Express the unit vector a x in spherical components at the point: 
a) r = 2, e = 1 rad, = 0.8 rad: Use 

a x = (a x • a r )a r + (a x ■ a e )a e + (a x ■ a^a^ = 

sin(l) cos(0.8)a r + cos(l) cos(0.8)a e + (- sin(0.8))a<^ = 0.59a r + 0.38a e - 0.72a^, 



b) x 

9 : 



= 3,y = 2,z = — 1: First, transform the point to spherical coordinates. Have r 
cos-^-l/v 7 !!) = 105.5°, and (f> = tan" 1 (2/3) = 33.7°. Then 

a x = sin(105.5°) cos(33.7°)a r + cos(105.5°) cos(33.7°)a e + (- sin (33. 7°)^ 

= 0.80a r - 0.22a e - 0.55a,* 



14, 



c) p = 2.5, 4> = 0.7 rad, z = 1.5: Again, convert the point to spherical coordinates, r = y/ p 2 + z 2 
^8T5, 9 = cos-^z/r) = cos" 1 (1.5/VKE) = 59.0°, and <f> = 0.7rad = 40.1°. Now 

a x = sin(59°) cos(40.1°)a r + cos(59°) cos(40.1°)a e + (- sin(40.1°))a^ 

= 0.66a r + 0.39a e - O.64a 



1.30. At point B(5, 120°, 75°) a vector field has the value A = — 12a r — 5ag + 15a^. Find the vector 
component of A that is: 

a) normal to the surface r = 5: This will just be the radial component, or — 12 a r . 

b) tangent to the surface r = 5: This will be the remaining components of A that are not normal, 
or — hag + 15a<£. 

c) tangent to the cone 9 = 120°: The unit vector normal to the cone is a#, so the remaining 
components are tangent: — 12 a r + 15 a^. 

d) Find a unit vector that is perpendicular to A and tangent to the cone 9 = 120°: Call this vector 
b = b r a r + b^a^, where b 2 + b\ = 1. We then require that A • b = = —12b r + 156^, and 

therefore 6 = (4/5)6 r . Now 6 2 [1 + (16/25)] = 1, so b r = 5/V41. Then b^ = 4/\/4T. Finally, 
b= (l/v / 4l)(5a r + 4a < ^) 
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CHAPTER 2 



2.1. Four lOnC positive charges are located in the z = plane at the corners of a square 8cm on a side. 
A fifth lOnC positive charge is located at a point 8cm distant from the other charges. Calculate the 
magnitude of the total force on this fifth charge for e = eo: 

Arrange the charges in the xy plane at locations (4,4), (4,-4), (-4,4), and (-4,-4). Then the fifth charge 
will be on the z axis at location z = 4y/2, which puts it at 8cm distance from the other four. By 
symmetry, the force on the fifth charge will be z-directed, and will be four times the z component of 
force produced by each of the four other charges. 



4 q 2 4 (lO" 8 ) 2 



V2 4ire d 2 y/2 4vr(8.85 x 10" 12 )(0.08) ; 



4.0 x 10 -4 N 



2.2. Two point charges of Qi coulombs each are located at (0,0,1) and (0,0,-1). (a) Determine the locus 
of the possible positions of a third charge Q2 where Q2 may be any positive or negative value, such 
that the total field E = at (0,1,0): 

The total field at (0,1,0) from the two Q\ charges (where both are positive) will be 

Ei (0,1,0) = , 2Q \ cos45°a„ = % a v 

where R = y/2. To cancel this field, Q2 must be placed on the y axis at positions y > 1 if Q2 > 0, 
and at positions y < 1 if Q2 < 0. In either case the field from Q 2 will be 

E2 (0,l,0)==^!a s 



and the total field is then 



Et — Ei + E2 



Qi |Q 2 



4v / 2vre 47re 



Therefore 



V2 (y-i) 2 ^ y V Q 



where the plus sign is used if Q2 > 0, and the minus sign is used if Q2 < 0. 

(b) What is the locus if the two original charges are Q\ and — Qi? 

In this case the total field at (0,1,0) is Ei(0, 1,0) = —Qi/{A\f2ireQ) a z , where the positive Qi is 
located at the positive z (= 1) value. We now need Q2 to lie along the line x = 0, y = 1 in order 
to cancel the field from the positive and negative Q\ charges. Assuming Q 2 is located at (0, l,z), 
the total field is now 

E t = Ei + E 2 = -P^- a z + J^L = 
or z = ±2 1//4 ^/|<52|/Qi) where the plus sign is used if Q2 < 0, and the minus sign if Q 2 > 0. 



1 



3. Point charges of 50nC each are located at ,4(1,0,0), £(-1,0,0), C(0,1,0), and D(0,-1,0) in free 
space. Find the total force on the charge at A. 



The force will be: 



(50 x 10 



-9\2 



Rca Rda , Rba 



4vre [\K C a\ 3 |Rda| 3 |Rba| 3 J 

where Rca = a x — a y , Rda = a a; + and Rba = 2a x . The magnitudes are |Rca| = I Rda I = V%, 
and | Rba | =2. Substituting these leads to 

_ (50 x 10" 9 ) 2 



4vre 



1 1 2 

2^2 + 2^2 + 8 



a x = 21. Sa^ /xN 



where distances are in meters. 



4. Eight identical point charges of Q C each are located at the corners of a cube of side length a, with 
one charge at the origin, and with the three nearest charges at (a, 0,0), (0,a,0), and (0,0, a). Find 
an expression for the total vector force on the charge at P(a, a, a), assuming free space: 

The total electric field at P(a, a, a) that produces a force on the charge there will be the sum 
of the fields from the other seven charges. This is written below, where the charge locations 
associated with each term are indicated: 



B net (a,a,a) 



Aireoa 2 



a x + a y + a z _|_ a y + a z _|_ a x + a z _|_ a x + a y _|_ ^ _|_ ^ _|_ ^ 



3^ 



2^ 2^ 

(a,0,0) (0,a,0) 



2\/2 



-' (0,o,o) (o,0,o) (a, a,0) 



(0,0,0) (a, 0,0) (0,o,0) (0,0,o) 

The force is now the product of this field and the charge at (a, a, a). Simplifying, we obtain 



F(a,a,a) = qE net (a,a,a) 



47reoa 2 



1 + i 



3>/3 v 7 ^ 



- L9 ° g 2 

(a x + a„ + a z J — - ^ (a^ -\- a y -\- a z ) 
47reoa 



in which the mag nitude is |F| = 3.29 y 2 /(47re a 2 ). 



5. Let a point charge Qi25 nC be located at Pi (4, —2, 7) and a charge Q2 = 60 nC be at -P 2 (— 3,4, —2). 
a) If e = e , find E at P 3 (l, 2, 3): This field will be 



E 



10" 



47re 



25R 13 60R 23 
|R 13 I 3 IR 23 I 3 



where R13 = — Sa^ +4a y — 4a 2 and R23 = — 2a y + f>a z . Also, |R 13 | 
So 



41 and R 23 = V45. 



E 



10" 



47re n 



25 x (-3a;,: + 4a y - 4a^) 60 x (4a,,, - 2a y + 5a 2 ) 



(41)1-5 

4.58a x - 0.15a y + 5.51a z 



+ 



(45) !• 



b) At what point on the y axis is E x = 0? P 3 is now at (0, y, 0), so R13 = — 4aa, + (y + 2)a y — 7a z 
and R 23 = 3a x + (y - 4)a y + 2a^. Also, |Ri 3 | = ^65 + {y + 2) 2 and |R 23 | = ^13 + {y-4) 2 . 
Now the x component of E at the new P 3 will be: 



10" 



47re n 



25 x (-4) 



+ 



60 x 3 



[65 + (y + 2) 2 ] 1 -5 [i3 + (y-4) 2 ]i-5 



To obtain E x = 0, we require the expression in the large brackets to be zero. This expression 
simplifies to the following quadratic: 

0.4% 2 + 13.92y + 73.10 = 

which yields the two values: y = —6.89, —22.11 

2.6. Three point charges, each 5 x 10~ 9 C, are located on the x axis at x = —1, 0, and 1 in free space, 
a) Find E at x = 5: At a general location, x, 



E(x) 



4vre n 



(x + 1) 2 x 2 (x-1) 



At x = 5, and with q = 5 x 10 9 C, this becomes E(x = 5) = 5.8 a^ V/m. 

b) Determine the value and location of the equivalent single point charge that would produce the 
same field at very large distances: For x » 1, the above general field in part a becomes 



E(x » 1) = 



3q 



Aireox 2 

Therefore, the equivalent charge will have value 3q = 1.5 x 10 -8 C, and will be at location x = . 

c) Determine E at x = 5, using the approximation of (b). Using 3q = 1.5 x 10 -8 C and x = 5 in 
the part b result gives E(x = 5) = 5.4aa; V/m, or about 7% lower than the exact result. 

2.7. A 2 fiC point charge is located at ^4(4,3,5) in free space. Find E p , E^, and E z at P(8, 12,2). Have 
2 x 10" 6 Rap 2 x 10" 6 



E, 



4ire | Rap | 



4vre 



4a x + 9aj, - 3a z 



65.9a x + 148.3a„ - 49.4a z 



(106) 1 - 5 

Then, at point P, p = V8 2 + 12 2 = 14.4, = tan" 1 (12/8) = 56.3°, and z = z. Now, 

E p = E p • a p = 65.9(a x • a p ) + 148.3(3^ • a p ) = 65.9 cos(56.3°) + 148.3 sin(56.3°) = 159.7 

and 

E$ = E p • a^ = 65.9^ • a<^) + 148.3(a y • a^) = -65.9 sin(56.3°) + 148.3 cos(56.3°) = 27,4 
Finally, E z = -49.4 V/m 

2.8. A crude device for measuring charge consists of two small insulating spheres of radius a, one of which 
is fixed in position. The other is movable along the x axis, and is subject to a restraining force kx, 
where k is a spring constant. The uncharged spheres are centered at x = and x = d, the latter 
fixed. If the spheres are given equal and opposite charges of Q coulombs: 

a) Obtain the expression by which Q may be found as a function of x: The spheres will attract, and 
so the movable sphere at x = will move toward the other until the spring and Coulomb forces 
balance. This will occur at location x for the movable sphere. With equal and opposite forces, 
we have 

Q 2 



4ireo(d — x) 2 



kx 



3 



from which Q = 2(d — x)y^reokx. 

b) Determine the maximum charge that can be measured in terms of eo, k, and d, and state the 
separation of the spheres then: With increasing charge, the spheres move toward each other until 
they just touch at x max = d — 2a. Using the part a result, we find the maximum measurable 
charge: Q ma x = ^a^J-ne^k^d — 2a). Presumably some form of stop mechanism is placed at 
x = x^x to prevent the spheres from actually touching. 

c) What happens if a larger charge is applied? No further motion is possible, so nothing happens. 

2.9. A 100 nC point charge is located at A(—l, 1,3) in free space. 

a) Find the locus of all points P(x,y, z) at which E x = 500 V/m: The total field at P will be: 

100 x 10" 9 R A p 

Ep — 



47re | Rap | 3 



where Rap = (x+l)a x + (y-l)ay + (z-3)a z , and where |Rap| = [(x+l) 2 + (y-l) 2 + (z-3) 2 ] 1/2 . 
The x component of the field will be 



E~ 



100 x 10 



-9 r 



(x + 1) 



[(x + l) 2 + (y-l) 2 + (z-3) 2 ] 1 - 5 



4vre 

And so our condition becomes: 

(x + l) = 0.56 [(x + l) 2 + (y- l) 2 + (z- 3) 2 ] 1 - 5 



= 500 V/m 



b) Find y\ if P(—2, yi, 3) lies on that locus: At point P, the condition of part a becomes 

3.19= [l + ( yi -l) 2 ] 3 
from which ( Vl - l) 2 = 0.47, or y 1 = 1.69 or 0.31 

2.10. A positive test charge is used to explore the field of a single positive point charge Q at P(a, b, c). If 
the test charge is placed at the origin, the force on it is in the direction 0.5 & x — 0.5-^3 a y , and when 
the test charge is moved to (1,0,0), the force is in the direction of 0.6 & x — 0.8 & y . Find a, b, and c: 

We first construct the field using the form of Eq. (12). We identify r = x& x + ya y + za z and 
r' = aa x + ba y + ca z . Then 

E = Q[{x-a)a x + (y- b) a y + (z - c) a z ] 
4vr eo [(x - a) 2 + (y- b) 2 + (z - c) 2 ] 3/2 

Using (1), we can write the two force directions at the two test charge positions as follows: 

at (0,0,0): ^T^+V)^ 1 = ~ 0W5a » (2) 

at (1,0,0): K ( |r- i^ 2 + #7'* = " ^ ^ 
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We observe immediately that c = 0. Also, from (2) we find that b = —ay/3, and therefore 
Va 2 + b 2 = 2a. Using this information in (3), we write for the x component: 



1 — a 1 — a 

= = -. = 0.6 

^{l-a) 2 + b 2 Vl-2a + 4a 2 

or 0.44a 2 + 1.28a - 0.64 = 0, so that 

_ -1.28 ± ^(1.28) 2 + 4(0.44)(0.64) 



0.88 



0.435 or -3.344 



The corresponding b values are respectively —0.753 and 5.793. So the two possible P coordinate 
sets are (0.435, —0.753, 0) and (—3.344, 5.793, 0). By direct substitution, however, it is found that 
only one possibility is entirely consistent with both (2) and (3), and this is 

P(a,b,c) = (-3.344,5.793,0) 



2.11. A charge Qo located at the origin in free space produces a field for which E z = 1 kV/m at point 
P(-2,l,-l). 



a) Find Q : The field at P will be 



E, 



Qo 

4vre 



6^ 



Since the z component is of value 1 kV/m, we find Qo = — 47reo6 15 x 10 3 = —1.63 fiC. 
b) Find E at M(l,6,5) in cartesian coordinates: This field will be: 



E 



M 



■1.63 x 10" 
4vre 



a x + 6a y + 5a z 
[1 + 36 + 25] 1 - 5 



or E 



M 



-30.11a x - 180.633^ - 150.53a 2 . 



c) Find E at M(l,6,5) in cylindrical coordinates: At M, p = ^1 + 36 = 6.08, (f> = tan'^e/l) 
80.54°, and z = 5. Now 



E p = E M ■ a p = -30.11 cos 4> - 180. 63 sin (p = -183.12 

= Em • = — 30.11(— sin0) — 180.63 cos 4> = (as expected) 
so that E M = -183.12a p - 150.53a z . 



d) Find E at M(l,6,5) in spherical coordinates: At M, r = ^1 + 36 + 25 = 7.87, (p = 80.54° (as 
before), and 9 = cos _1 (5/7.87) = 50.58°. Now, since the charge is at the origin, we expect to 
obtain only a radial component of Em- This will be: 



E r = B M ■ a r = -30.11 sin 9 cos <f> - 180.63 sin 9 sin 4> - 150.53 cos 9 = -237.1 
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2.12. Electrons are in random motion in a fixed region in space. During any lps interval, the probability 
of finding an electron in a subregion of volume 10 -15 m 2 is 0.27. What volume charge density, 
appropriate for such time durations, should be assigned to that subregion? 

The finite probabilty effectively reduces the net charge quantity by the probability fraction. With 
e = —1.602 x 10~ 19 C, the density becomes 



0.27 x 1.602 x 10" 19 



Pv = ~- 



10 



-15 



-43.3 //C/m 3 



2.13. A uniform volume charge density of 0.2 //C/m 3 is present throughout the spherical shell extending 
from r = 3 cm to r = 5 cm. If p v = elsewhere: 



a) find the total charge present throughout the shell: This will be 

2tt r -K i-.05 r „,3V 05 



Q 



J J. 03 



0.2 r z sin dr d6 d(f> 



4vr(0.2)- 



5.21 x 10" 5 fiC = 82.1 pC 



.03 



b) find r\ if half the total charge is located in the region 3cm < r < r\: If the integral over r in 
part a is taken to n, we would obtain 



4vr(0.2)- 



4.105 x 10" 5 



.03 



Thus 



3 x 4.105 x 10" 
0.2 x 4vr 



nl/3 



(.03) E 



= 4.24 cm 



2.14. The charge density varies with radius in a cylindrical coordinate system as p v = po/(p 2 + a 2 ) 2 C/m 3 . 
Within what distance from the z axis does half the total charge lie? 

Choosing a unit length in z, the charge contained up to radius p is 



Q(p) 



1 r2n 



Po 



o Jo (p' 2 + « 2 ) 2 



p'dp'd(f>dz = 2irp 



-1 


p 

_ vpo 




_2(a 2 +//2)_ 


~ a 2 
o a 


1 1 + p 2 /a? 



The total charge is found when p — > oo, or Q ne t = Trp /a 2 . It is seen from the Q(p) expression 
that half of this occurs when p = a. 



2.15. A spherical volume having a 2 pirn radius contains a uniform volume charge density of 10 C/m 3 . 

a) What total charge is enclosed in the spherical volume? 
This will be Q = (4/3)tt(2 x 10" 6 ) 3 x 10 15 = 3.35 x 10~ 2 C . 

b) Now assume that a large region contains one of these little spheres at every corner of a cubical 
grid 3mm on a side, and that there is no charge between spheres. What is the average volume 
charge density throughout this large region? Each cube will contain the equivalent of one little 
sphere. Neglecting the little sphere volume, the average density becomes 



Pv, 



avg 



3.35 x 10" 2 
(0.003) 3 



1.24 x 10 6 C/m 3 



6 



2.16. Within a region of free space, charge density is given as p v = p^r/a C/m 3 , where po and a are 
constants. Find the total charge lying within: 

a) the sphere, r < a: This will be 



Qa 



2tt />7r pa 



Por r 2 sin9 drdOd<b = 4tt f p ° r ^ - - 



io Jo Jo a 
b) the cone, r < a, < < O.Itt: 

,-2-k /-O.Itt r a 



dr = 7T/9 a 



JO JO 



Por 2 . 



r 2 sin dr d0 d<f) = 2tt^- [1 - cos(O.Itt)] = 0.0247rpo< 



a 



c) the region, r < a, < < O.Itt, < (f) < 0.2tt. 



/■0.27T pO.Itv pa 

Q c = / / 

Jo Jo Jo 



— r 2 sin 0drd0d(j) = 0.024vrp a 3 f — ) = 0.0024vrp a 3 
a V 2tt " 



2.17. A uniform line charge of 16 nC/m is located along the line defined by y = —2, 2 = 5. If e = eo: 
a) Find E at P(l,2,3): This will be 



E, 



Pi R-i 



27re |Rp| 2 



where R P = (1,2,3) - (1,-2,5) = (0,4,-2), and |R P | 2 = 20. So 

16 x 10" 9 



E, 



2vre 



4a y - 2a 2 
20 



57.5a y - 28.8a 2 V/m 



b) Find E at that point in the z = plane where the direction of E is given by (l/3)a 3/ — (2/3)a 2 
With z = 0, the general field will be 



E 



2 = 



(y + 2)a y - 5a z 



27re [ (y + 2) 2 + 25 
We require \E Z \ = —\2E y \, so 2(y + 2) = 5. Thus y = 1/2, and the field becomes: 

Pi 



E 



2 = 



2vre 



(2.5) 2 + 25 _ 



23a 7( — 46a, 



2.18. An infinite uniform line charge pi, = 2 nC/m lies along the x axis in free space, while point charges 
of 8 nC each are located at (0,0,1) and (0,0,-1). 

a) Find E at (2,3,-4). 

The net electric field from the line charge, the point charge at z = 1, and the point charge at 
z = — 1 will be (in that order): 

2p L (3ay - 4a z ) q{2a x + 3a y - 5a^) q{2a x + 3a y - 3& z ) ~ 
25 (38) 3 '/ 2 (22) 3 / 2 



E 



tot 



47re 



7 



Then, with the given values of pl and q, the field evaluates as 

E tot = 2.Q aa; + 7.3a y -9.4a^ V/m 

b) To what value should pl be changed to cause E to be zero at (0,0,3)? 
In this case, we only need scalar addition to find the net field: 



£(0,0,3) 



PL 



+ 



+ 







Therefore 



1 1 

4 + 16 



2pL 
3 



27re (3) 4vre (2) 2 47re (4) 2 

-0A7q = -3.75 nC/m 



PL 



15 
32* 



2.19. A uniform line charge of 2 /iC/m is located on the z axis. Find E in cartesian coordinates at P(l, 2, 3) 
if the charge extends from 
a) — oo < z < oo: With the infinite line, we know that the field will have only a radial component 
in cylindrical coordinates (or x and y components in cartesian). The field from an infinite line 
on the z axis is generally E = [pi/(2ireop)]a p . Therefore, at point P: 



Ei 



pi TL zP J2x 10" 6 ) a x + 2a y 



2ne |R^p| 2 



27re 



7.23^ + 14.43^ kV/m 



where H z p is the vector that extends from the line charge to point P, and is perpendicular to 
the z axis; i.e., R zP = (1,2,3) - (0,0,3) = (1,2,0). 



b) — 4 < z < 4: Here we use the general relation 



E, 



/ 



pidz r r' 
47reo |r — r'| 3 



where r = a x + 2a„ + 3a z and r' = za z . So the integral becomes 



E, 



(2 x 10" 6 ) Z" 4 aa; + 2a y + (3 - z)a z 



4vre 



/_ 



4 [5 + (3-z) 2 ] 1 - 5 



Using integral tables, we obtain: 



E, 



3597 



(a x + 2a y )(z-3) + 5az 
{z 2 -6z + 14) 



1 4 



V/m = 4.9a,; + 9.8a y + 4.9a 2 kV/m 



The student is invited to verify that when evaluating the above expression over the limits — oo < 
z < oo, the z component vanishes and the x and y components become those found in part a. 
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2.20. The portion of the z axis for which \z\ < 2 carries a nonuniform line charge density of 10|z| nC/m, 
and pi, = elsewhere. Determine E in free space at: 

a) (0,0,4): The general form for the differential field at (0,0,4) is 



dE 



p L dz (r - r') 
4-7reo|r — r'| 3 



where r = 4a z and r' = za z . Therefore, r — r' = (4 — z) a z and |r — r'| = 4 — z. Substituting 
Pl = 10|z| nC/m, the total field is 



E(0,0,4) = j 



1 W- 8 \z\dza z 

2 4vre (4- z) 2 

_ 1Q- 8 

" 4vr x 8.854 x 10" 12 

= 34.0 a z V/m 



L 



-/_ 



10" 8 zdza 2 



2 10" 8 zdza z 



4vre (4 - z) 2 7_ 2 47re (4 - z) 2 



-i 2 



ln(4 - z) + 



ln(4 - z) + 



b) (0,4,0): In this case, r = 4a y and r'=za z as before. The field at (0,4,0) is then 



E(0,4,0) 



£ 10" 8 |z| dz(4a y -za z 
2 47re (16 + z 2 ) 3 / 2 



Note the symmetric limits on the integral. As the z component of the integrand changes sign 
at z = 0, it will contribute equal and opposite portions to the overall integral, which will can- 
cel completely (the z component integral has odd parity). This leaves only the y component 
integrand, which has even parity. The integral therefore simplifies to 



E(0,4,0) = 2 



4 x 10~ 8 zdza 1I 



-2 x 10" 8 a ?I 



o 4vre (16 + z 2 ) 3 / 2 tt x 8.854 x 10" 12 [^16 + z 2 



1 



18.983^ V/m 



2.21. Two identical uniform line charges with pi = 75 nC/m are located in free space at x = 0, y = ±0.4 
m. What force per unit length does each line charge exert on the other? The charges are parallel to 
the z axis and are separated by 0.8 m. Thus the field from the charge at y = —0.4 evaluated at the 
location of the charge at y = +0.4 will be E = [pz/(27reo(0.8))]a y . The force on a differential length 
of the line at the positive y location is dF = dqE = pidz~E. Thus the force per unit length acting on 
the line at postive y arising from the charge at negative y is 

r 1 o 2 dz 

F = J 2-7,(0 s) ay = 1 - 26x 10 ~ Aa y N / m = 126 a y ^ N / m 

The force on the line at negative y is of course the same, but with — a y . 

2.22. Two identical uniform sheet charges with p s = 100 nC/m 2 are located in free space at z = ±2.0 cm. 
What force per unit area does each sheet exert on the other? 

The field from the top sheet is E = — p s /(2eo)a z V/m. The differential force produced by this 
field on the bottom sheet is the charge density on the bottom sheet times the differential area 
there, multiplied by the electric field from the top sheet: dF = p s ddEi. The force per unit area is 
then just F = p s E = (100 x 10" 9 )(-100 x 10" 9 )/(2e ) a z = -5.6 x 10" 4 a z N/m 2 . 
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2.23. Given the surface charge density, p s = 2 pC/m 2 , in the region p < 0.2 m, z = 0, and is zero elsewhere, 
find E at: 

a) Pa{p = 0, z = 0.5): First, we recognize from symmetry that only a z component of E will be 
present. Considering a general point z on the z axis, we have r = za z . Then, with r' = pa p , we 
obtain r — r' = za z — pa p . The superposition integral for the z component of E will be: 



E 



z,Pa 



2tt nO.2 



Zpdpd(j) 27T/9 S 

4vre Jo J {p 2 + z 2 ) 1 - 5 " 47re 



Vz 2 + p 2 



0.2 



2e ' 



z 2 v 7 ^ 2 + 0.04. 



With z = 0.5 m, the above evaluates as E Z: p A =8.1 kV/m. 
b) With z at —0.5 m, we evaluate the expression for E z to obtain E Z: p B = —8.1 kV/m. 

2.24. For the charged disk of Problem 2.23, show that: 

a) the field along the z axis reduces to that of an infinite sheet charge at small values of z: In 
general, the field can be expressed as 



Ps 

2e 



y/z 2 + 0.04, 



At small z, this reduces to E z = p s /2e , which is the infinite sheet charge field. 

b) the z axis field reduces to that of a point charge at large values of z: The development is as 
follows: 



Ps 

2e 



Vz 2 + 0.04, 



Ps 

2e 



1 



Zy/1 +0.04/Z 2 



Ps 

2e 



l + (l/2)(0.04)/z 2 



where the last approximation is valid if z >> .04. Continuing: 

P 



E. ^ [1 - [1 - (l/2)(0.04)/^]] = ^ = 



AtT€oZ z 



This the point charge field, where we identify q = 7r(0.2) 2 p s as the total charge on the disk (which 
now looks like a point). 

2.25. Find E at the origin if the following charge distributions are present in free space: point charge, 12 nC 
at P(2,0,6); uniform line charge density, 3nC/m at x = —2, y = 3; uniform surface charge density, 
0.2nC/m 2 at x = 2. The sum of the fields at the origin from each charge in order is: 



E 



(12 x 10~ 9 ) {-2a x - Qa z ) 

47re (4 + 36) 1 - 5 

-3.9a x - 12.43^ - 2.5a^ V/m 



+ 



(3 x 10" 9 ) (2a x - 3a y ) 



2vre 



(4 + 9) 



(0.2 x 10" 9 )a, 
2^ 
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2.26. An electric dipole (discussed in detail in Sec. 4.7) consists of two point charges of equal and opposite 
magnitude ±Q spaced by distance d. With the charges along the z axis at positions z = ±d/2 (with 
the positive charge at the positive z location), the electric field in spherical coordinates is given by 
E(r, 9) = [Qd/ (47reor 3 )] [2 cos 6a r + sin dag] , where r » d. Using rectangular coordinates, determine 
expressions for the vector force on a point charge of magnitude q: 

a) at (0,0,z): Here, 6 = 0, a r = a z , and r = z. Therefore 

F(0,0, 2) = ^N 
4ire z 6 

b) at (0,y,0): Here, 9 = 90°, ag = —a z , and r = y. The force is 



2.27. Given the electric field E = (4x — 2y)a x — (2x + 4y)a y , find: 

a) the equation of the streamline that passes through the point P(2, 3, —4): We write 

dy _ E y _ -(2x + 4y) 



Thus 



or 



So 



or 



dx E x (4x - 2y) 



2(x dy + y dx) = ydy — xdx 



2d(xy)= 1 -d(y*)- 1 -d(x 2 ) 



Ci + 2xy = l -y 2 - X -x 2 



y 2 -x 2 = 4xy + C 2 



Evaluating at P(2, 3, —4), obtain: 

9-4 = 24 + C 2 , or C 2 = -19 
Finally, at P, the requested equation is 

y 2 — x 2 = Axy — 19 



b) a unit vector specifying the direction of E at Q(3, —2,5): Have Eq = [4(3) + 2(2)]a x — [2(3) — 
A{2)]a y = 16a x + 2a y . Then |E| = V16 2 + 4 = 16.12 So 

\d>a x + 2a v 
a Q = 1612 y = 0.99a a + 0.12a y 
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2.28 A field is given as E = 2xz 2 a x + 2z(x 2 + l)a z . Find the equation of the streamline passing through 
the point (1,3,-1): 

dz E z x 2 + 1 , x 2 + 1, 2 2 , „ . 

— = — = => zcte = dx z 2 = x z + 2 In x + (7 

ax £/ K xz x 

At (1,3,-1), the expression is satisfied if C = 0. Therefore, the equation for the streamline is 
z 2 = x 2 + 2 In x . 

2.29. If E = 20e- 5 y (cosSxa^ - sin5xa y ), find: 

a) |E| at P(tt/6, 0.1, 2): Substituting this point, we obtain Ep = — lO^a^ — 6-la^, and so |Ep| = 
12.2 . 

b) a unit vector in the direction of Ep: The unit vector associated with E is (cosSxa^ — sin5xa y ), 
which evaluated at P becomes a# = —0.878^ — O^Oa^. 

c) the equation of the direction line passing through P: Use 

dy — sin5x 

— = = — tan ox dy = — tan ox dx 

ax cos 5x 

Thus y = | In cos 5x + C. Evaluating at P, we find C = 0.13, and so 

y = ^ In cos 5x + 0.13 



2.30. For fields that do not vary with z in cylindrical coordinates, the equations of the streamlines are 
obtained by solving the differential equation Ep/E^ = dp(pdcf)). Find the equation of the line passing 
through the point (2,30°,0) for the field E = pcos2</>a p — p sin 2(f) a^: 



E n 



dp 



-pcos . 



E(f, pd<j) p sin 2(f> 



— cot 2(f) 



Integrate to obtain 



dp 



— cot 2(f> d(f> 



2 In p = In sin 2</> + In C = In 



sin 2(f) 



C 



sin 2</> 



At the given point, we have 4 = Cj sin(60°) 
the streamline is p 2 = 2y/3/ sin 2(f). 



C = 4 sin 60° = 2v / 3. Finally, the equation for 
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CHAPTER 3 



3.1. An empty metal paint can is placed on a marble table, the lid is removed, and both parts are 
discharged (honorably) by touching them to ground. An insulating nylon thread is glued to 
the center of the lid, and a penny, a nickel, and a dime are glued to the thread so that they 
are not touching each other. The penny is given a charge of +5 nC, and the nickel and dime 
are discharged. The assembly is lowered into the can so that the coins hang clear of all walls, 
and the lid is secured. The outside of the can is again touched momentarily to ground. The 
device is carefully disassembled with insulating gloves and tools. 

a) What charges are found on each of the five metallic pieces? All coins were insulated 
during the entire procedure, so they will retain their original charges: Penny: +5nC; 
nickel: 0; dime: 0. The penny's charge will have induced an equal and opposite negative 
charge (-5 nC) on the inside wall of the can and lid. This left a charge layer of +5 nC on 
the outside surface which was neutralized by the ground connection. Therefore, the can 
retained a net charge of — 5nC after disassembly. 

b) If the penny had been given a charge of +5 nC, the dime a charge of —2 nC, and the nickel 
a charge of — 1 nC, what would the final charge arrangement have been? Again, since the 
coins are insulated, they retain their original charges. The charge induced on the inside 
wall of the can and lid is equal to negative the sum of the coin charges, or — 2nC. This 
is the charge that the can/lid contraption retains after grounding and disassembly. 

3.2. A point charge of 20 nC is located at (4,-1,3), and a uniform line charge of -25 nC/m is lies 
along the intersection of the planes x = — 4 and z = 6. 

a) Calculate D at (3,-1,0): 

The total flux density at the desired point is 



D(3,-l,0) 



20 x 10" 9 
4tt(1 + 9) 



3a 2 



point charge 



25 x 10" 



7a x -6a 2 
^/TT9 2tiV49 + 36 [ V49 + 36 . 



line charge 



-0.383^ + 0.13a z nC/m 2 



b) How much electric flux leaves the surface of a sphere of radius 5, centered at the origin? 
This will be equivalent to how much charge lies within the sphere. First the point charge is 
at distance from the origin given by R p = a/16 + 1 + 9 = 5.1, and so it is outside. Second, 
the nearest point on the line charge to the origin is at distance Re = a/16 + 36 = 7.2, and 
so the entire line charge is also outside the sphere. Answer: zero . 

c) Repeat part b if the radius of the sphere is 10. 

First, from part b, the point charge will now lie inside. Second, the length of line 
ch arge that lie s inside the sphere will be given by 2y , where yo satisfies the equation, 
y/16 + yl + 36 = 10. Solve to find y = 6.93, or 2y = 13.86. The total charge within the 
sphere (and the net outward flux) is now 



<£> = Q encl = [20 - (25 x 13.86)] = -326 nC 
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3. The cylindrical surface p = 8 cm contains the surface charge density, p s = 5e 20 l z nC/m 2 . 
a) What is the total amount of charge present? We integrate over the surface to find: 



OO />27T 



Q = 2 



II 

Jo Jo 



be- Mz {m)d4>dz nC = 20vr(.08) \ — | 



-20z 



0.25 nC 



b) How much flux leaves the surface p = 8 cm, 1 cm < z < 5cm, 30° < 4> < 90°? We just 
integrate the charge density on that surface to find the flux that leaves it. 



.05 /-90 



$ = Q< = / / 5e- 20z (.08) d(/>dz nC 

J .01 J30° 

= 9.45 x 10 _3 nC = 9.45 pC 



20z 



.05 



.01 



4. In cylindrical coordinates, let D = (pa p + za z )/ [47r(/9 2 -fz 2 ) 1 - 5 ]. Determine the total flux 
leaving: 

a) the infinitely-long cylindrical surface p = 7: We use 



-1- r, 



■dS 



2tt 



po a p + z a z 
o 4vr(p 2 + z 2 )3/2 



r 

a p po d(j) dz = p / 

■/ 



(pg + ^ 2 ) 3 / 2 



where po = 7 (immaterial in this case), 
b) the finite cylinder, p = 7, \z\ < 10: 

The total flux through the cylindrical surface and the two end caps are, in this order: 



-2 JO 



+ 



-zo 
2-k 



po a p ■ a p 

47r(p 2 + ^ 2 ) 3 / 2 



Po d(f> dz 



PO 



zp a z ■ a z 
o 4vr(p 2 + z 2 )3/2 



pdpd<f> + 



2-k 



Po 



-zo a z 



o Jo Mp 2 + 4) 3/2 



pdp d(p 



where po = 7 and zq = 10. Simplifying, this becomes 



Pi 



[■Zo 

JO 



dz 



o (pI + z^ 



+ z 



zo 



Po 



pdp 



o (P 2 + 4T' 2 
Po _ z 





Vp 2 + 4 VpI + z< 



+ 1 



zo 







VpI + z o 



where again, the actual values of po and zo (7 and 10) did not matter. 

5. Let D = 4xya x + 2(x 2 + z 2 )a y + 4yza z C/m 2 and evaluate surface integrals to find the total 
charge enclosed in the rectangular parallelepiped < i < 2, < y < 3, < K 5 m: Of the 6 
surfaces to consider, only 2 will contribute to the net outward flux. Why? First consider the 
planes at y = and 3. The y component of D will penetrate those surfaces, but will be inward 
at y = and outward at y = 3, while having the same magnitude in both cases. These fluxes 
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will thus cancel. At the x = plane, D x = and at the z = plane, D z = 0, so there will be 
no flux contributions from these surfaces. This leaves the 2 remaining surfaces at x = 2 and 
2 = 5. The net outward flux becomes: 

^5 /'S ^3 ^2 

$ = / / B\ ■a x dydz+ / / D | ^ =5 • a z ofe 

Jo J JO 

= 5 / 4(2)ydy + 2 / 4(5)ydy = 360_C 
Jo Jo 



3.6. In free space, volume charge of constant density p v = po exists within the region — oo < x < oo, 
— oo < y < oo, and — d/2 < z < d/2. Find D and E everywhere. 

From the symmetry of the configuration, we surmise that the field will be everywhere 
z-directed, and will be uniform with x and y at fixed z. For finding the field inside the 
charge, an appropriate Gaussian surface will be that which encloses a rectangular region 
defined by— 1 < a; < 1, — 1 < y < 1, and \z\ < d/2. The outward flux from this surface 
will be limited to that through the two parallel surfaces at ±z: 

® in = f D • dS = 2 / / D z dxdy = Q enc i = / l po dxdydz' 

J J-l J -l J -z J-l J-l 

where the factor of 2 in the second integral account for the equal fluxes through the 
two surfaces. The above readily simplifies, as both D z and p are constants, leading to 
Dm = Pqzsl z C/m 2 (\z\ < d/2), and therefore E in = (p z/eo)a z V/m (\z\ < d/2). 

Outside the charge, the Gaussian surface is the same, except that the parallel boundaries 
at ±z occur at \z\ > d/2. As a result, the calculation is nearly the same as before, with 
the only change being the limits on the total charge integral: 



//» 1 f 1 pdJ'Z f\ f\ 

D • dS = 2 / / D z dxdy = Q enc i = P° dxdydz' 

J-l J-l J -d/2 J-l J-l 

Solve for D z to find the constant values: 



, ( Po d/2) az (z>d/2) 2 f (p d/2eo)a z (z > d/2) 

1 -{p d/2)a z (z<d/2) { -(p d/2e ) a z (z < d/2) 



3.7. Volume charge density is located in free space as p v = 2e _1000r nC/m 3 for < r < 1 mm, and 
p v = elsewhere. 

a) Find the total charge enclosed by the spherical surface r = 1 mm: To find the charge we 
integrate: 

r-277 r iT r .001 



Q= / / 2e- 1000 V sin OdrdO, 

Jo Jo Jo 



Integration over the angles gives a factor of Air. The radial integration we evaluate using 
tables; we obtain 



Q = 8vr 



_ r 2 e -1000r .001 2 e - WOOr .001 



1000 



+ 7 -^(-1000r - 1) 

o 1000 (1000) 2V ; 



o 



4.0 x 10" 9 nC 
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b) By using Gauss's law, calculate the value of D r on the surface r = 1 mm: The gaussian 
surface is a spherical shell of radius 1 mm. The enclosed charge is the result of part a. 
We thus write 4irr 2 D r = Q, or 

D ^^. 4 ; , xlo ;; = 3 . 2xl o-^ c/m ^ 

4vrr 2 4vr(.001) 2 '- 



3.8. Use Gauss's law in integral form to show that an inverse distance field in spherical coordinates, 
D = Aa r /r, where A is a constant, requires every spherical shell of 1 m thickness to contain 
4irA coulombs of charge. Does this indicate a continuous charge distribution? If so, find the 
charge density variation with r. 

The net outward flux of this field through a spherical surface of radius r is 



/f 2n f n A 
D ■ dS = / / — a r • a r r 2 sin 9 d9 d<j) = 4nAr = Q enc i 
Jo Jo r 



We see from this that with every increase in r by one m, the enclosed charge increases 
by 4ttA (done). It is evident that the charge density is continuous, and we can find the 
density indirectly by constructing the integral for the enclosed charge, in which we already 
found the latter from Gauss's law: 



Q encl =4irAr= / / p(r') (r') 2 sin 9 dr 1 dO # = 4tt / p(r') (r') 2 dr' 
Jo Jo Jo Jo 

To obtain the correct enclosed charge, the integrand must be p{r) = A/r 2 . 

3.9. A uniform volume charge density of 80//C/m 3 is present throughout the region 8 mm < r < 
10 mm. Let p v = for < r < 8 mm. 
a) Find the total charge inside the spherical surface r = 10 mm: This will be 

c 2tt r w r .010 r 3 .010 



Q= / / (80 x 10- 6 )r 2 sin9drd9d(f) = 4Tr x (80 x 10" 6 )- 

./O Jo J .008 3 

= 1.64 x 10 _10 C = 164pC 



.008 



b) Find D r at r = 10 mm: Using a spherical gaussian surface at r = 10, Gauss' law is 
written as 4nr 2 D r = Q = 164 x 10~ 12 , or 

164 x 10 -12 

A.(10mm) = - . . 9 = 1.30 x 10" 7 C/m 2 = 130nC/m 2 
47r(.01) z 

c) If there is no charge for r > 10 mm, find D r at r = 20 mm: This will be the same 
computation as in part b, except the gaussian surface now lies at 20 mm. Thus 

1 64 x 1 -12 

J D r (20mm) = — = 3.25 x 10- 8 C/m 2 = 32.5nC/m 2 

y ' 4vr(.02) 2 1 



3.10. Volume charge density varies in spherical coordinates as p v = (po sin7rr)/r 2 , where po is a 
constant. Find the surfaces on which D = 0. 
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3.11. In cylindrical coordinates, let p v = for p < 1 mm, p v = 2 sin(20007r/)) nC/m 3 for 1mm < 
p < 1.5 mm, and p v = for p > 1.5 mm. Find D everywhere: Since the charge varies only 
with radius, and is in the form of a cylinder, symmetry tells us that the flux density will be 
radially-directed and will be constant over a cylindrical surface of a fixed radius. Gauss' law 
applied to such a surface of unit length in z gives: 

a) for p < 1 mm, D p = 0, since no charge is enclosed by a cylindrical surface whose radius 
lies within this range. 

b) for 1 mm < p < 1.5 mm, we have 




,-9 



1 



sin(20007T/9) 



P 



cos(2000vr/)) 



4tt x 10 



(2000vr) 2 



2000vr 



J .001 



or finally, 




1Q- 15 r 
2vr 2 p . 



sin(20007r/9) + 2vr [l - 10 3 pcos(20007rp)] C/m 2 (1mm < p < 1.5mm) 
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3.11. (continued) 

c) for p > 1.5 mm, the gaussian cylinder now lies at radius p outside the charge distribution, 
so the integral that evaluates the enclosed charge now includes the entire charge distri- 
bution. To accomplish this, we change the upper limit of the integral of part b from p to 
1.5 mm, finally obtaining: 

2 5 x 10 -15 
D p =— C/m 2 (p > 1.5mm) 



3.12. The sun radiates a total power of about 2 x 10 26 watts (W). If we imagine the sun's surface 
to be marked off in latitude and longitude and assume uniform radiation, (a) what power is 
radiated by the region lying between latitude 50° N and 60° N and longitude 12° W and 27° 
W? (b) What is the power density on a spherical surface 93,000,000 miles from the sun in 
W/m 2 ? 

3.13. Spherical surfaces at r = 2, 4, and 6 m carry uniform surface charge densities of 20 nC/m 2 , 
— 4nC/m 2 , and p s o, respectively. 

a) Find D at r = 1, 3 and 5 m: Noting that the charges are spherically-symmetric, we 
ascertain that D will be radially-directed and will vary only with radius. Thus, we apply 
Gauss' law to spherical shells in the following regions: r < 2: Here, no charge is enclosed, 
and so D r = 0. 



an x in -9 

2<r<4: Airr 2 D r = 4vr(2) 2 (20 x 10" 9 ) D r = ^ C/m 2 

So D r {r = 3) = 8.9 x 10" 9 C/m 2 . 



16 x 10 -9 

4 < r < 6 : 4vrr 2 D r = 4vr(2) 2 (20 x 10" 9 ) + 4vr(4) 2 (-4 x 10" 9 ) => D r = 



So D r {r = 5) = 6.4 x 10" 10 C/m 



2 



b) Determine p s $ such that D = at r = 7 m. Since fields will decrease as 1/r 2 , the question 
could be re-phrased to ask for p s0 such that D = at all points where r > 6 m. In this 
region, the total field will be 

Requiring this to be zero, we find p s o = —(4/9) x 10~ 9 C/m 2 . 

3.14. The sun radiates a total power of about 2 x 10 26 watts (W). If we imagine the sun's surface 
to be marked off in latitude and longitude and assume uniform radiation, (a) what power is 
radiated by the region lying between latitude 50° N and 60° N and longitude 12° W and 27° 
W? (b) What is the power density on a spherical surface 93,000,000 miles from the sun in 
W/m 2 ? 

3.15. Volume charge density is located as follows: p v = for p < 1 mm and for p > 2 mm, 
p v = 4p //C/m 3 for 1 < p < 2 mm. 
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a) Calculate the total charge in the region < p < pi, < z < L, where 1 < pi < 2 mm: 
We find 

Q= / 4ppdpd(f)dz= [pi -10~ 9 }pC 

Jo Jo J .001 2 

where pi is in meters. 

b) Use Gauss' law to determine D p at p = pi: Gauss' law states that 2np\LD p = Q, where 
Q is the result of part a. Thus 

3pi 

where p\ is in meters. 

c) Evaluate D p at p = 0.8 mm, 1.6 mm, and 2.4 mm: At p = 0.8 mm, no charge is enclosed 
by a cylindrical gaussian surface of that radius, so D p (0.8mm) =0. At p = 1.6 mm, we 
evaluate the part b result at p\ = 1.6 to obtain: 



4[(.0016) 3 - (.0010) 31 
3(.0016) 



£> p (1.6mm) = " LV '""'" y v^^i J = 3.6 x 10" 6 pC/m 2 



At p = 2.4, we evaluate the charge integral of part a from .001 to .002, and Gauss' law is 
written as 

2tt P LD p = — [(.002) 2 - (.001) 2 ] pC 
from which D p (2.4mm) = 3.9 x 10 -6 pC/m 2 . 

3.16. In spherical coordinates, a volume charge density p v = 10e~ 2r C/m 3 is present, (a) Determine 
D. (b) Check your result of part a by evaluating V • D. 

3.17. A cube is defined by 1 < x, y, z < 1.2. If D = 2x 2 ya x + 3x 2 y 2 a y C/m 2 : 

a) apply Gauss' law to find the total flux leaving the closed surface of the cube. We call the 
surfaces at x = 1.2 and x = 1 the front and back surfaces respectively, those at y = 1.2 
and y = 1 the right and left surfaces, and those at z = 1.2 and z = 1 the top and bottom 
surfaces. To evaluate the total charge, we integrate D • n over all six surfaces and sum 
the results. We note that there is no z component of D, so there will be no outward flux 
contributions from the top and bottom surfaces. The fluxes through the remaining four 
are 

//•1.2 />1.2 y*1.2 /»1.2 

T>nda= / 2(1.2) 2 y dy dz + / -2(l) 2 ydydz 

v ' v ' 

front back 
1.1.2 i.1.2 1-1.2 1-1.2 

+ / / ~3x 2 (l) 2 dxdz+ / / 3x 2 (1.2) 2 dxdz = 0.1028C 

v ' v ' 

left right 

b) evaluate V • D at the center of the cube: This is 

V • D = [4xy + 6x 2 y] = 4(1. 1) 2 + 6(1. 1) 3 = 12.83 

33 



c) Estimate the total charge enclosed within the cube by using Eq. (8): This is 
Q = V ■ D| center x Av = 12.83 x (0.2) 3 = 0.1026 Close! 

3.18. State whether the divergence of the following vector fields is positive, negative, or zero: (a) the 
thermal energy flow in J/(m 2 — s) at any point in a freezing ice cube; (b) the current density 
in A/m 2 in a bus bar carrying direct current; (c) the mass flow rate in kg/(m 2 — s) below the 
surface of water in a basin, in which the water is circulating clockwise as viewed from above. 

3.19. A spherical surface of radius 3 mm is centered at P(4, 1,5) in free space. Let D = xa x C/m 2 . 
Use the results of Sec. 3.4 to estimate the net electric flux leaving the spherical surface: We 
use 3> = V • DAv, where in this case V • D = (d/dx)x = 1 C/m 3 . Thus 

$ = -vr(.003) 3 (l) = 1.13 x 10" 7 C = 113 nC 



3.20. Suppose that an electric flux density in cylindrical coordinates is of the form D = D p a p . 
Describe the dependence of the charge density p v on coordinates p, 4>, and z if (a) D p = z); 

(b) d p = (i/p)/(<M; (c) d p = f( P ). 

3.21. Calculate the divergence of D at the point specified if 

a) D = (l/z 2 ) [Wxyza x + 5x 2 za y + (2z 3 -5x 2 y)a z ] at P(-2, 3,5): We find 



VD 



lOy 10xV 
— + + 2 + — 5-^ 



8.96 



(-2,3,5) 



b) D = 5z 2 a p + Vdpza z at P(3, —45°, 5): In cylindrical coordinates, we have 



p op p oq> oz 



5z 2 



+ Wp 



71.67 



(3 -45° ,5) 



c) D = 2r sin 9 sin <fi a r + r cos 9 sin (f> a# + r cos 4> at P(3, 45°, — 45°): In spherical coordi- 
nates, we have 



V - D = \ir( r2D r) + — r •)/) 
r z or r sin 09 



smODe) + 



rsin# dcf) 



6 sin 9 sin 4> + 



cos 29 sin <f> sin < 



sin l 



sin ( 



= -2 



(3,45°, -45°) 



3.22. (a) A flux density field is given as Fi = 5a z . Evaluate the outward flux of Fi through the 
hemispherical surface, r = a, < 9 < tt/2, < <fi < 2tt. (b) What simple observation would 
have saved a lot of work in part a? (c) Now suppose the field is given by F 2 = 5za z . Using the 
appropriate surface integrals, evaluate the net outward flux of F 2 through the closed surface 
consisting of the hemisphere of part a and its circular base in the xy plane, (d) Repeat part 
c by using the divergence theorem and an appropriate volume integral. 
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3.23. a) A point charge Q lies at the origin. Show that div D is zero everywhere except at the 
origin. For a point charge at the origin we know that D = Q/(4-7rr 2 ) a r . Using the formula 
for divergence in spherical coordinates (see problem 3.21 solution), we find in this case that 



V • D = — — r 



1 d ( 2 Q 



r 2 dr \ 4nr 2 

The above is true provided r > 0. When r = 0, we have a singularity in D, so its divergence 
is not defined. 

b) Replace the point charge with a uniform volume charge density p V Q for < r < a. Relate 
Pvo to Q and a so that the total charge is the same. Find div D everywhere: To achieve 
the same net charge, we require that (4/3)7ra 3 /\,o = Q, so p v o = 3Q/(47ra 3 ) C/m 3 . Gauss' 
law tells us that inside the charged sphere 

4irr D r = -7rr p v0 



3 ru " a 3 
Thus 

Dr = -9lL c/m 2 and V • D = — — ( Ql * ) = ^- 
r 47ra 3 r 2 dr \4-7ra 3 / 47ra 3 

as expected. Outside the charged sphere, D = Q/(47rr 2 ) a r as before, and the divergence 
is zero. 



3.24. (a) A uniform line charge density pl lies along the z axis. Show that V • D = everywhere 
except on the line charge, (b) Replace the line charge with a uniform volume charge density 
po for < p < a. Relate po to pl so that the charge per unit length is the same. Then find 
V • D everywhere. 



3.25. Within the spherical shell, 3 < r < 4 m, the electric flux density is given as 

D = 5(r-3) 3 a r C/m 2 

a) What is the volume charge density at r = 4? In this case we have 

p v = V ■ D = \^(r 2 D r ) = -(r - 3) 2 (5r - 6) C/m 3 

which we evaluate at r = 4 to find p v {r = 4) = 17.50 C/m 3 . 

b) What is the electric flux density at r = 4? Substitute r = 4 into the given expression to 
find D(4) = 5a r C/m 2 

c) How much electric flux leaves the sphere r = 4? Using the result of part b, this will be 
$ = 4^(4) 2 (5) = 3207T C 

d) How much charge is contained within the sphere, r = 4? From Gauss' law, this will be 
the same as the outward flux, or again, Q = 3207T C . 

3.26. If we have a perfect gas of mass density p m kg/m 3 , and assign a velocity U m/s to each 
differential element, then the mass flow rate is p m \J kg/(m 2 — s). Physical reasoning then 
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leads to the continuity equation, V • (p m U) = —dp m /dt. (a) Explain in words the physical 
interpretation of this equation, (b) Show that § /0 m U • dS = —dMj dt, where M is the total 
mass of the gas within the constant closed surface, S, and explain the physical significance of 
the equation. 



3.27. Let D = 5.00r 2 a r mC/m 2 for r < 0.08 m and D = 0.205 a r /r 2 pC/m 2 for r > 0.08 m (note 
error in problem statement), 
a) Find p v for r = 0.06 m: This radius lies within the first region, and so 



1 d 



1 d 



. {r 2 D r ) = — — (5.00r 4 ) = 20r mC/m 3 
H dr r z dr 



Pv = V • D 

/— ur r~ ur 

which when evaluated at r = 0.06 yields p v (r = .06) = 1.20 mC/m 3 . 

b) Find p v for r = 0.1 m: This is in the region where the second field expression is valid. 
The 1/r 2 dependence of this field yields a zero divergence (shown in Problem 3.23), and 
so the volume charge density is zero at 0.1 m. 

c) What surface charge density could be located at r = 0.08 m to cause D = for r > 0.08 
m? The total surface charge should be equal and opposite to the total volume charge. 
The latter is 



/•2-7T />7T /".08 

Q= / / 20r(mC/m 3 ) r 2 sin 9 dr d9 d<j) = 2.57 x 10" 3 mC = 2.57^C 
Jo Jo Jo 



So now 



2.57 
_4tt(.08) 5 



-32 pC/m 2 



3.28. Repeat Problem 3.8, but use V • D = p v and take an appropriate volume integral. 

3.29. In the region of free space that includes the volume 2 < x,y,z < 3, 

2 

D = — (yza x + xza y - 2xya z ) C/m 2 

a) Evaluate the volume integral side of the divergence theorem for the volume defined above: 
In cartesian, we find V • D = 8xy/z 3 . The volume integral side is now 

/ V • Vdv = [ 3 C C ^ dxdydz = (9 - 4)(9 - 4) ( \ - ^] = 3.47 C 
Jvoi J2 J2 J2 z \4 9/ 

b. Evaluate the surface integral side for the corresponding closed surface: We call the surfaces 
at x = 3 and x = 2 the front and back surfaces respectively, those at y = 3 and y = 2 
the right and left surfaces, and those at z = 3 and z = 2 the top and bottom surfaces. 
To evaluate the surface integral side, we integrate D • n over all six surfaces and sum the 
results. Note that since the x component of D does not vary with x, the outward fluxes 
from the front and back surfaces will cancel each other. The same is true for the left 
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and right surfaces, since D y does not vary with y. This leaves only the top and bottom 
surfaces, where the fluxes are: 

fv-dS = £ jf Zp-dxdy- j* j* zip/ dxdy = ( 9_4 )( 9_ 4) Q_^ = 3.47 C 

V «, ' V «, / 

top bottom 



30. Let D = 20/9 2 a p C/m 2 . (a) What is the volume charge density at the point P(0.5, 60°, 2)? 
(b) Use two different methods to find the amount of charge lying within the closed surface 
bounded by p = 3, < z < 2. 



31. Given the flux density 



D 



16 



cos(20) a(? C/m 2 



use two different methods to find the total charge within the region l<r<2m, 1 < < 2 
rad, 1 < 4> < 2 rad: We use the divergence theorem and first evaluate the surface integral 
side. We are evaluating the net outward flux through a curvilinear "cube" , whose boundaries 
are defined by the specified ranges. The flux contributions will be only through the surfaces 
of constant 0, however, since D has only a component. On a constant-theta surface, the 
differential area is da = r sin 9drd<fi, where 9 is fixed at the surface location. Our flux integral 
becomes 

//>2 />2 -j^g />2 />2 -j^g 

D -dS = - J J — cos(2) r sin(l) drdcf) + J J — cos(4) r sin(2) drdcj) 



9=1 



9=2 



= -16 [cos(2) sin(l) - cos(4) sin(2)] = -3.91 C 
We next evaluate the volume integral side of the divergence theorem, where in this case, 



V D 



d 



r sin 9 d9 
We now evaluate: 



(sin9D e ) 



d 



r sin 9 d9 



16 



cos 29 sin 9 



16 



cos 29 cos 9 
sin 9 



- 2 sin 29 



n />2 />2 f'1 

\ V-Bdv= / / 

Jvol Jl Jl Jl 



16 



cos 29 cos 9 
sin 9 



2 sin 29 



r 2 sin 9 drd9d<p 



The integral simplifies to 

1-2 P 2 r 2 



/A /"Z /"Z /"Z 
J J 16[cos20cos0-2sin20sin0]drd0# = 8y [3 cos 30 - cos 9} d9 = -3.91 C 
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CHAPTER 4 

4.1. The value of E at P(p = 2, <j> = 40°, z = 3) is given as E = 100a p - 2003^ + 300a 2 V/m. 
Determine the incremental work required to move a 20 fiC charge a distance of 6 jum: 

a) in the direction of a p : The incremental work is given by dW = — gE • dL, where in this 
case, dL = dpa p = 6 x 10 _6 a p . Thus 

dW = -(20 x 10 _6 C)(100V/m)(6 x 10 _6 m) = -12 x 10 -9 J = -12 nJ 

b) in the direction of a^: In this case dL = 2 defray = 6 x 10~ 6 a^,, and so 

dW = -(20 x 10 _6 )(-200)(6 x 10 -6 ) = 2.4 x 10 -8 J = 24 nJ 

c) in the direction of a z : Here, dL = dz a z = 6 x 10 _6 a 2 , and so 

dW = -(20 x 10- 6 )(300)(6 x 10" 6 ) = -3.6 x 10" 8 J = -36 nJ 

d) in the direction of E: Here, dL = 6 x 10~ 6 a#, where 

100a„ - 200a,* + 300a 2 

°° = pferaoyl = 0267 «- - 0535 »« + 802 

Thus 

dW = -(20 x lO- 6 )[lOOa p -2OOa + 3OOa z ] • [0.267 a p - 0.535 a + 0.802 a z ] (6 x 10" 6 ) 
= -44.9 n J 

e) In the direction of G = 2 a x — 3 a y + 4a 2 : In this case, dL = 6 x 10~ 6 ag, where 

2a T — 3a„ + 4a z 
*G = [22 + 32 ^ 42]1/2 - "-37J a, - 0.557a, + ().7-I3a ; 

So now 



dVF = -(20 x 10 _6 )[100a p -200a^ + 300a 2 ] • [0.371 a,, - 0.557 a y + 0.743 a z ] (6 x 10 -6 ) 
= -(20 x 10" 6 ) [37.1(a p • a*) - 55.7(a p • a y ) - 74.2(a^ • a x ) + 111.4(a • a y ) 
+ 222.9] (6 x 10" 6 ) 

where, at P, (a p • a x ) = (a^, • a y ) = cos(40°) = 0.766, (a p ■ a y ) = sin(40°) = 0.643, and 
(a<£ • a x ) = — sin(40°) = —0.643. Substituting these results in 

dW = -(20 x 10" 6 )[28.4 - 35.8 + 47.7 + 85.3 + 222.9](6 x 10" 6 ) = -41.8 nJ 
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4.2. An electric field is given as E = — 10e y (sin2za x + xsin2za ?y + 2xcos2za 2 ) V/m. 
a) Find E at P(5, 0, tt/12): Substituting this point into the given field produces 

Ep = —10 [sin(7r/6) a x + 5sin(-7r/6) a y + 10 cos(7r/6) a z ] = — 5 a^ + 25 a y + 50\/3a 



b) How much work is done in moving a charge of 2 nC an incremental distance of 1 mm 
from P in the direction of a x ? This will be 



dW x = -qE -dLa x = -2x 10" 9 (-5)(10- 3 ) = 10" 11 J = 10 pJ 

c) of a y ? 

dW y = -qE ■ dLa y = -2 x 10" 9 (-25)(10- 3 ) = 50" 11 J = 50 pJ 

d) ofa^? 

dW z = -qE -dLa z = -2x 10- 9 (-50V3)(10" 3 ) = 100^3 pJ 

e) of (a^ +a y + a z )l 



a x + a y + a z ) _ 10 + 50 + lOOy^ 



dW xyz = -qE ■ dL x - y J ZJ = ^ V = 135 pJ 



4.3. If E = 120 a p V/m, find the incremental amount of work done in moving a 50 /u,m charge a 
distance of 2 mm from: 

a) P(l,2,3) toward Q(2,l,4): The vector along this direction will be Q - P = (1,-1,1) 
from which apq = [a x — a y + a z ]/V3. We now write 



dW = -qE ■ dL = -(50 x 10" 6 ) 



120a - — VI 



(2 x 10 -3 ) 



= -(50 x 10" 6 )(120) [(a p • a,) - (a p • a v )\ -±=(2 x 10" 3 ) 

v3 

At P, cf> = tan" 1 (2/1) = 63.4°. Thus (a p ■ a x ) = cos(63.4) = 0.447 and (a p ■ a y ) = 
sin(63.4) = 0.894. Substituting these, we obtain dW = 3.1 fiJ. 

b) Q(2, 1,4) toward P(l,2,3): A little thought is in order here: Note that the field has only 
a radial component and does not depend on ^ or z. Note also that P and Q are at the 
same radius (V5) from the z axis, but have different <fi and z coordinates. We could just 
as well position the two points at the same z location and the problem would not change. 
If this were so, then moving along a straight line between P and Q would thus involve 
moving along a chord of a circle whose radius is \/5. Halfway along this line is a point of 
symmetry in the field (make a sketch to see this). This means that when starting from 
either point, the initial force will be the same. Thus the answer is dW = 3.1 [iJ as in part 
a. This is also found by going through the same procedure as in part a, but with the 
direction (roles of P and Q) reversed. 
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4. It is found that the energy expended in carrying a charge of 4 fj,C from the origin to (x,0,0) 
along the x axis is directly proportional to the square of the path length. If E x = 7 V/m at 
(1,0,0), determine E x on the x axis as a function of x. 

The work done is in general given by 

W = -q [ E x dx = Ax 2 
Jo 

where A is a constant. Therefore E x must be of the form E x = Eqx. At x = 1, E x = 7, 
so Eq = 7. Therefore E x = 7s V/m. Note that with the positive- x-directed field, the 
expended energy in moving the charge from to x would be negative. 

5. Compute the value of/ A G - dL for G = 2ya x with A(l, -1,2) and P(2, 1,2) using the path: 

a) straight-line segments A(l, —1, 2) to 5(1, 1,2) to P(2, 1,2): In general we would have 

f G ■ dL = I 2ydx 

J A J A 

The change in x occurs when moving between B and P, during which y = 1. Thus 

\ GdL = 2ydx= / 2(l)dx = 2 

b) straight-line segments .4(1,— 1,2) to C(2, — 1,2) to P(2,l,2): In this case the change in 
x occurs when moving from A to C, during which y = — 1. Thus 

-p f c 

' " ' s Ix 



I G dL= 2ydx= / 2(-l)da 



6. Determine the work done in carrying a 2-fiC charge from (2,1,-1) to (8,2,-1) in the field 
E = ya x + xa y along 

a) the parabola x = 2y 2 : As a look ahead, we can show (by taking its curl) that E is 
conservative. We therefore expect the same answer for all three paths. The general 
expression for the work is 



W 



J A 



E ■ dL = -t 



U2 



y dx + xdy 



In the present 2y 2 , and so y = \fx/2. Substituting these and the charge, we 

get 



Wi = -2x10" 



J ^/x/2dx + J 2y 2 dy 



-2xl0 -6 



V2 



.3/2 



2 3" 



-28 /itJ 



b) the hyperbola x = 8/(7 - 3y): We find y = 7/3 - 8/3x, and the work is 



W 2 = -2 x 10" 6 
= -2 x 10 -6 



i: 



7 8 
3 ~ 3x 



dx + 



3y 



dy 



3(8-2)--ln 



ln(7 - 3y) 



-28 fjj 
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4.6c. the straight line x = 6y — 4: Here, y = x/6 + 2/3, and the work is 



W 3 = -2x 10" 



U2 



x 2. , 
6 + 3 ldX + 



^ (6y-4) 



dy 



-28 /jJ 



4.7. Let G = 3xy 3 a x + 2za y . Given an initial point P(2,l,l) and a final point Q(4, 3,1), find 
f G ■ dL using the path: 

a) straight line: y = x — 1, z = 1: We obtain: 

//»4 /*3 ^4 p3 

G ■ dL = / 3xy 2 dx + / 2zdy = 3x(x-l) 2 dx + / 2(1) dy = 90 

b) parabola: 6y = x 2 + 2, 2 = 1: We obtain: 

jG-dL = J^ 3xy 2 dx + J^ 2zdy = ^x(x 2 + 2) 2 dx + ^ 2(1) dy = 82 



4.8. Given E = -ia x + ya y , find the work involved in moving a unit positive charge on a circular 
arc, the circle centered at the origin, from x = atox = y = aj\[2. 

In moving along the arc, we start at (f> = and move to 4> = ir/4. The setup is 

r7r/4 /•'r/4 



VF 



E • dL = — y E ■ adcf) &</> = — J (— x a x • a^ +y a y • a^adcj) 

— sin cos c/> 

/•tt/4 

• = - / a 2 sin(20) # = -a 2 /2 
Jo 



2a sin <A cos < 



where g = 1, x = ocos0, and y = asin0. 

Note that the field is conservative, so we would get the same result by integrating along 
a two-segment path over x and y as shown: 



W 



,-a/s/2 ra/s/2 

{—x)dx+ \ ydy 
Jo 



~a 2 /2 



4.9. A uniform surface charge density of 20 nC/m 2 is present on the spherical surface r = 0.6 cm 
in free space. 

a) Find the absolute potential at P(r = 1 cm, = 25°, <p = 50°): Since the charge density 
is uniform and is spherically-symmetric, the angular coordinates do not matter. The 
potential function for r > 0.6 cm will be that of a point charge of Q = 4ira 2 p s , or 

. , 4vr(0.6 x 10" 2 ) 2 (20 x 10" 9 ) 0.081 T . , . 

Vyr) = = V with r m meters 

47reor r 



At r = 1 cm, this becomes V(r = 1 cm) = 8.14 V 
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b) Find V AB given points A(r = 2 cm, 9 = 30°, <j> = 60°) and B(r = 3 cm, (9 = 45°, <p = 90°): 
Again, the angles do not matter because of the spherical symmetry. We use the part a 
result to obtain 



V AB = V a ~V b = 0.081 



1 



1 



0.02 0.03 



1.36 V 



10. Express the potential field of an infinite line charge 

a) with zero reference at p = po: We write in general: 



Vl{p) = ~j 2^p d P + C ^ = -£r Hp) + Cl = ° at 9 = Po 



Therefore 



and finally 



b) with V = Vq at p = po- Using the reasoning of part o, we have 



and finally 



Vi(po) = Vv = p- ln(po) + C 2 => C 2 = V + ^ ln(po) 
27reo 27reo 



c) Can the zero reference be placed at infinity? Why? Answer: No, because we would have 
a potential that is proportional to the undefined ln(oo/p). 

11. Let a uniform surface charge density of 5nC/m 2 be present at the z = plane, a uniform line 
charge density of 8nC/m be located at x = 0, z = 4, and a point charge of 2 pC be present 
at P(2, 0, 0). If V = at M(0, 0, 5), find V at N(l, 2, 3): We need to find a potential function 
for the combined charges which is zero at M. That for the point charge we know to be 

V P (r) Q 



4-Keor 



Potential functions for the sheet and line charges can be found by taking indefinite integrals 
of the electric fields for those distributions. For the line charge, we have 

For the sheet charge, we have 

V,(z) = - [ ^dz + C 2 = -^z + C 2 
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The total potential function will be the sum of the three. Combining the integration constants, 
we obtain: 

V=-® ^\n(p)-^z + C 

4ne r 2tt€ 2e 

The terms in this expression are not referenced to a common origin, since the charges are at 
different positions. The parameters r, p, and z are scalar distances from the charges, and will 
be treated as such here. To evaluate the constant, C, we first look at point M, where Vr = 0. 



At M, r = V2 2 + 5 2 = V29, p = 1, and z = 5. We thus have 

0= 2x I 0^_8x Ir » 5xl0^ 5 + c ^ c= _ LWxl0 , v 

47re v / 29 2vre 2e 



At point N, r = y/l + 4 + 9 = v 7 ^, P = and 2 = 3. The potential at TV is thus 

= 2xl0 "^ _ 8 x 10 " 9 i n (V2) - 5X10 " 9 (3) - 1.93 x 10 3 = 1.98 x 10 3 V = 1.98kV 
47re >/l4 2vreo V 7 2e W 



12. In spherical coordinates, E = 2r/(r 2 + a 2 ) 2 & r V/m. Find the potential at any point, using 
the reference 

a) V = at infinity: We write in general 

V(r) = ~f f T^\v +C=^— 2 +C 
J [r 2 + a A ) z r z + a 2 

With a zero reference at r — > 00, C = and therefore V(r) = l/(r 2 + a 2 ). 

b) F = at r = 0: Using the general expression, we find 

V{0) = \ + C = c = ~^ 

Therefore 

1 1 -r 2 

V{r) 



r 2 + a 2 a 2 a 2 (r 2 + a 2 ) 
c) V = 100V at r = a: Here, we find 

V(a) = ^ + C = 100 ^ = 100-^ 

Therefore 

13. Three identical point charges of 4 pC each are located at the corners of an equilateral triangle 
0.5 mm on a side in free space. How much work must be done to move one charge to a point 
equidistant from the other two and on the line joining them? This will be the magnitude of 
the charge times the potential difference between the finishing and starting positions, or 



W 



(4 x 10- 



-12\2 



2vre 



1 1 

2l ~ 5 



x 10 4 = 5.76 x 10" 10 J = 576 pJ 



47 



4.14. Given the electric field E = (y + l)a x + (x — l)a y + 2a z , find the potential difference between 
the points 

a) (2,-2,-1) and (0,0,0): We choose a path along which motion occurs in one coordinate 
direction at a time. Starting at the origin, first move along x from to 2, where y = 0; 
then along y from to —2, where x is 2; then along z from to —1. The setup is 



V b -V a 



(v + i) 



y=o 



dx 



(x-1) 



x=2 



dy 



r 

Jo 



2dz 



b) (3,2,-1) and (-2,-3,4): Following similar reasoning, 



V b -V a 



dx 



l=-3 



(x-r 



x=3 



dy 



2 dz = 10 



4.15. Two uniform line charges, 8 nC/m each, are located at x = 1, z = 2, and at x = —1, y = 2 
in free space. If the potential at the origin is 100 V, find V at P(4, 1,3): The net potential 
function for the two charges would in general be: 



V 



Pi 



ln(i?i) 



Pi 



\n(R 2 ) + C 



27reo 27reo 
At the origin, R 1 = R 2 = y/E, and V = 100 V. Thus, with pi = 8 x 10" 9 , 

(8 x 10" 9 ) 



100 = -2- 



2^e r 



ln(V5) + C =» C = 331.6 V 



At P(4,l,3), i?i = |(4, 1,3) -(1,1,2)| = VlOandfis = |(4, 1, 3) - (-1, 2, 3)| = V26. Therefore 



(8 x 10" 9 ) 
2vre 



ln(V10) + ln(V26) 



+ 331.6 = -68.4 V 



4.16. The potential at any point in space is given in cylindrical coordinates by V = (k/p 2 ) cos(60) 
V/m, where k and b are constants. 

a) Where is the zero reference for potential? This will occur at p — > oo, or whenever 
cos(6</>) = 0, which gives 4> = (2m — l)n/2b, where m = 1,2,3... 

b) Find the vector electric field intensity at any point (p, (ft, z). We use 

dV 1 dV k 
E(p, (ft, z) = - W = - — a p — a^, = — [2 cos(60) a p + 6 sin(^) a^,] 



4.17. Uniform surface charge densities of 6 and 2 nC/m 2 are present at p = 2 and 6 cm respectively, 
in free space. Assume V = at p = 4 cm, and calculate V at: 

a) p = 5 cm: Since V = at 4 cm, the potential at 5 cm will be the potential difference 
between points 5 and 4: 

Vj - - r E . riL - - f ^ dp = - ' ° 2 » 6 * 10 ' 9) In fTU -3.026 V 
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b) p = 7 cm: Here we integrate piecewise from p = 4 to p = 7: 

" 7 (ap sa + bp sb ) 



Vr = -[ a -^d P -f 
h top .h 



dp 



With the given values, this becomes 



V 7 



(.02)(6 x 10" 



In 



(.02)(6 x 10" 9 ) + (.06)(2 x 10" 9 ) 
eo 



In 



-9.678V 



18. Find the potential at the origin produced by a line charge Pl = kx/(x 2 + a 2 ) extending along 
the x axis from x = a to +oo, where a > 0. Assume a zero reference at infinity. 

Think of the line charge as an array of point charges, each of charge dq = pi,dx, and each 
having potential at the origin of dV = p^dxIi^Txe^x). The total potential at the origin is 
then the sum of all these potentials, or 



V 



r°°PLdx = r 

Ja ^€ X J a 



k dx 



k 



4tt€qx J a 47reo(x 2 + a 2 ) 4tt€ { 



- tan" 1 - 
a \aJ a 



k 



4ire a 



7T 7T 

2 ~ 4 



k 



16eoa 



19. The annular surface, 1cm < p < 3 cm, 2 = 0, carries the nonuniform surface charge density 
p s = 5pnC/m 2 . Find V at P(0, 0, 2cm) if V = at infinity: We use the superposition integral 
form: 

t t ff Psda 
Vp = 



4-7reo|r — r'| 

where r = za z and r' = pa p . We integrate over the surface of the annular region, with 



da = pdp d(j). Substituting the given values, we find 

j 2 J j m (5 x 10-> 2 dp# 



V P 



l.oi 4Tre ^/p 2 + z 2 
Substituting z = .02, and using tables, the integral evaluates as 



V P 



.03 



.081V 



J .01 



20. A point charge Q is located at the origin. Express the potential in both rectangular and 
cylindrical coordinates, and use the gradient operation in that coordinate system to find the 
electric field intensity. The result may be checked by conversion to spherical coordinates. 

The potential is expressed in spherical, rectangular, and cylindrical coordinates respec- 
tively as: 

v = Q Q = Q 

4ire r 2 4tt€ (x 2 + y 2 + z 2 ) 1 / 2 4ire {p 2 + z 2 ) 1 / 2 

Now, working with rectangular coordinates 



E 



-VV 



dV 



dV 



dV 



Q 



dx &x dy Ay dz &z 4neo |_ (x 2 + y 2 + z 2 ) 3 / 2 
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4.20. (continued) 

Now, converting this field to spherical components, we find 



E r — E • Si r 



Q 



r sin 9 cos 4>(a x ■ a r ) + r sin 9 sin 4>(a y ■ a r ) + r cos 9(a z ■ a r ) 



Q 

4vre 



sin 9 cos 2 d> + sin sin <A + cos 



2 fll 



47re 
Continuing: 

Eg = E • a# 



47ren 



r sin cos ^(a^ ■ a#) + r sin sin ^(a^ • ag) + r cos #(a 2 • a#) 



g 
47re n 



Finally 



Ea. — E • a^ 



Q 



sin cos 9 cos 2 + sin 9 cos 6* sin — cos 9 sin 



r sin 9 cos ^(a^ • a^,) + r sin sin <f)(a y ■ a^) + r cos #(a 2 • a^) 



4vre 



g 
4vre 

sin 9 cos 0(— sin <j>) + sin sin 4> cos + 



check 



Now, in cylindrical we have in this case 

w ay 

E =- w =-^-*r 

Converting to spherical components, we find 



E r 



Q 

4vre r 



r sin #(a p • a r ) + r cos 9(a z ■ a r ) 



Q 

4vre 



Q 

4vre n 



( p 2 + z 2)3/2_ 



sin 2 + cos 2 i 



Q 



Eg 



Q 

4vre n 



r sin #(a p • ag) + r cos #(a z • ag) 



sin 6* cos 9 + cos #(— sin 9) 



Ej; 



Q 

4vre 



4ire 

r sin 6*(a p • a^) + r cos #(a 2 • a^ 



check 



4.21. Let V = 2xy 2 z 3 + 3 ln(x 2 + 2y 2 + 3z 2 ) V in free space. Evaluate each of the following quantities 
at P(3,2,-l): 

a) V: Substitute P directly to obtain: V = -15.0 V 

b) |V|. This will be iust 15.0V . 

c) E: We have 



E 



-W 



+ I 6xy 2 z 2 + 



2y 2 z 3 



18z 



6x 



x 2 + 2y 2 + 3z 2 



4xyz 3 + 



12y 



x 2 + 2y 2 + 3z 2 



x 2 + 2y 2 + 3z 2 



7.1a x + 22.Sa y - 71.1a a V/m 
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4.21d) |E|p: taking the magnitude of the part c result, we find |E|p = 75.0 V/m. 
e) a^: By definition, this will be 



a N 



E 

|E| 



-0.095 a x - 0.304 a y + 0.948 a z 



f) D: This is D 



e E 



= 62. 8a,; + 202aj, - 629a z pC/m 2 . 



4.22. A certain potential field is given in spherical coordinates by V = Vb(r/a) sin#. Find the total 
charge contained within the region r < a: We first find the electric field through 



E 



-W 



dV 



1 dV 



dr &r r 89 



— [sin 9 a r + cos 9 ag\ 
a 



The requested charge is now the net outward flux of D = e E through the spherical shell of 
radius a (with outward normal a r ): 



Q= I D-dS 
's 



2lT />7T 



^0 



e E • a r a 2 sm9d6< 



— 27raVoeo / sin 9 d9 = —tt aepVp C 
'o 



The same result can be found (as expected) by taking the divergence of D and integrating 
over the spherical volume: 



w 13 / 2^0 . \ Id fe V . \ e V 

V • D = - — — \r z sin 9] — — cos 9 sm = 

H or \ a ) rsm9 o9 \ a J ra 

[2 sm 6* + 1 — 2 sm 0J = - — = p v 



2sin6> + 



cos(26») 
sin 9 



ra sm 



ra sin # 



Now 



Q 



p'2ti />7r f'd 

Jo Jo Jo 



ra sin 



r 2 sin 9 dr d9 d(f> 



-27 r 2 e y r 

« 7o 



r dr = — 7r 2 aeoVo C 



4.23. It is known that the potential is given as V = 80p' 6 V. Assuming free space conditions, find: 
a) E: We find this through 



E = -W = -^a p 
dp 



-48p~ A V/m 



b) the volume charge density at p = .5 m: Using D = eoE, we find the charge density 
through 



Pv 



[V-D]. 



1\ d 



P) dp 



(PD P ) 



.5 



-28.8e p 



-1.4 



-673pC/m 3 



c) the total charge lying within the closed surface p = .6, < z < 1: The easiest way to do 
this calculation is to evaluate D p at p = .6 (noting that it is constant), and then multiply 
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by the cylinder area: Using part a, we have D p = — 48eo(.6) A = — 521pC/m 2 . Thus 
Q = -2vr(.6)(l)521 x 10" 12 C = -1.96 nC . 



.6 



4.24. The surface defined by the equation x 3 + y 2 + z = 1000, where x, y, and z are positive, is an 
equipotential surface on which the potential is 200 V. If |E| = 50 V/m at the point P(7, 25, 32) 
on the surface, find E there: 

First, the potential function will be of the form V(x, y, z) = Ci(x 3 + y 2 + z) + C2, where 
C\ and C2 are constants to be determined (C2 is in fact irrelevant for our purposes). The 
electric field is now 

E = -VV = -d(3x 2 a x + 2ya y + a z ) 



And the magnitude of E is |E| = Ci^/9x 4 + Ay 2 + 1, which at the given point will be 

|E| P = CiV9(7) 4 +4(25) 2 + 1 = 155.27Ci = 50 => d = 0.322 

Now substitute C\ and the given point into the expression for E to obtain 

E P = -(47.34a;, + 16.10 a y + 0.32 a z ) 

The other constant, C2, is needed to assure a potential of 200 V at the given point. 

4.25. Within the cylinder p = 2, < z < 1, the potential is given by V = 100 + 50p + 15Opsin0 V. 
a) Find V, E, D, and p v at P(l, 60°, 0.5) in free space: First, substituting the given point, 
we find V P = 279.9V . Then, 

dV 1 dV 

E = - W = - — a p - - — a = - [50 + 150 sin 0] a p - [150 cos <f>] a 

Evaluate the above at P to find E P = -179.9a p - 75. 0a^ V/m 
Now D = e E, so Dp = -1.59a p - .6643^ nC/m 2 . Then 



,~ , , 1 A d , „ , I 3D 

p v = V-U = - - r {pD p ) + 



1 (50 + 150 sin </.) + -150 sin < 



p J dp p d(f) p p 

At P, this is p vP = -443 pC/m 3 . 



50 

£0 = CO ^ 

P 



b) How much charge lies within the cylinder? We will integrate p v over the volume to obtain: 
Q= [ [ [ - — pdpd<t>dz = -27r(50)g (2) = -5.56nC 
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4.26. Let us assume that we have a very thin, square, imperfectly conducting plate 2m on a side, 
located in the plane z = with one corner at the origin such that it lies entirely within the 
first quadrant. The potential at any point in the plate is given as V = —e~ x s'my. 

a) An electron enters the plate at x = 0, y = ir/3 with zero initial velocity; in what direction 
is its initial movement? We first find the electric field associated with the given potential: 

E = — W = — e~ x [sin ya x — cos y a y ] 

Since we have an electron, its motion is opposite that of the field, so the direction on 
entry is that of -E at (0,7r/3), or \/3/2a x - 1/2 a y . 

b) Because of collisions with the particles in the plate, the electron achieves a relatively low 
velocity and little acceleration (the work that the field does on it is converted largely into 
heat). The electron therefore moves approximately along a streamline. Where does it 
leave the plate and in what direction is it moving at the time? Considering the result 
of part o, we would expect the exit to occur along the bottom edge of the plate. The 
equation of the streamline is found through 



E y dy cos y 
E x dx sin y 



j tan ydy + C = ln(cos y) + C 



At the entry point (0,7r/3), we have = ln[cos(7r/3)] + C, from which C = 0.69. Now, 
along the bottom edge (y = 0), we find x = 0.69, and so the exit point is (0.69,0). From 
the field expression evaluated at the exit point, we find the direction on exit to be — a y . 

4.27. Two point charges, InC at (0,0,0.1) and — InC at (0,0,-0.1), are in free space, 
a) Calculate V at P(0.3, 0, 0.4): Use 

v P = q q 



47re |R + | 47re |R~| 

where R+ = (.3,0, .3) and R~ = (.3,0, .5), so that |R+| = 0.424 and |R"| = 0.583. Thus 

1 1 



v - 10 " 9 ' 

V P - 

4vre 



.424 .583 



5.78V 



b) Calculate |E| at P: Use 

„ q(.?>a x + .?>a z ) q(.?>a x + .ha z ) 10~ 9 r , , . , r . 

= U(.424)3 " L„(. 58 3)3 = 4^ I 2 ' 428 * + L4l8 J V ' m 

Taking the magnitude of the above, we find |Ep| = 25.2 V/m. 

c) Now treat the two charges as a dipole at the origin and find V at P: In spherical coor- 
dinates, P is located at r = V-3 2 + A 2 = .5 and 9 = sin _1 (.3/.5) = 36.9°. Assuming a 
dipole in far-field, we have 

_ qdcosO _ 10- 9 (.2)cos(36.9°) 

47re r 2 47re (.5) 2 
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28. Use the electric field intensity of the dipole (Sec. 4.7, Eq. (36)) to find the difference in 
potential between points at 9 a and 9b, each point having the same r and coordinates. Under 
what conditions does the answer agree with Eq. (34), for the potential at 9 a l 

We perform a line integral of Eq. (36) along an arc of constant r and 4>: 

f 0a qd f 9a qd 

Vab = — -. q [2 cos 9 a r + sin 9 a#] • a# r d9 = — j ^ sin 9 d9 

Je b 47re H ' J db 4vre r 2 

_ — qd_ ^ ^ _ ^ 



This result agrees with Eq. (34) if 9 a (the ending point in the path) is 90° (the xy plane). 
Under this condition, we note that if 9b > 90°, positive work is done when moving (against 
the field) to the xy plane; if 9b < 90°, negative work is done since we move with the field. 

29. A dipole having a moment p = 3a x — 5a y + 10a z nC • m is located at Q(l, 2, —4) in free space. 
Find V at P(2, 3, 4): We use the general expression for the potential in the far field: 

v _ p-(r-r') 



47reo|r — r'| 3 

where r - r' = P - Q = (1, 1, 8). So 

(3a x - 5a y + 10a z ) • (a^ + a v + 8a z ) x 10~ 9 
P 4^e [l 2 + l 2 + 8 2 ] 1 - 5 



30. A dipole for which p = 10eo a z C • m is located at the origin. What is the equation of the 
surface on which E z = but E^O? 

First we find the z component: 

10 5 

E T . = E ■ a, = - — ^ [2 cos 6> (a r • a z ) + sin 9 (a e ■ a z )] = [2 cos 2 9 - sin 2 9] 



Airr 3 2ttt 3 
This will be zero when [2 cos 2 9 — sin 2 9] = 0. Using identities, we write 

2 cos 2 9 - sin 2 (9 = - [1 + 3 cos(20)] 
The above becomes zero on the cone surfaces, 9 = 54.7° and 9 = 125.3° . 



31. A potential field in free space is expressed as V = 20 /(xyz) V. 

a) Find the total energy stored within the cube 1 < x, y, z < 2. We integrate the energy 
density over the cube volume, where W£ = (l/2)eoE-E, and where 



E = - W = 20 
The energy is now 

W E = 200e ( 



1 



x 2 yz 



a x + 



-a, + 



xy 2 z y ' xyz 2 



+ 



+ 



x 4 y 2 z 2 x 2 y 4 z 2 x 2 y 2 z A 



V/m 



dx dy dz 
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4.31a. (continued) 

The integral evaluates as follows: 

W E = 200e 



200e c 



1 Jl L 

2 P 2 



3 / x 3 y 2 z 2 xy 4 z 2 xy 2 z 4 



dy dz 



l Ji 

2 



1 + m^ + m 1 



200e 



= 200e 

'1 L 
200e (3) 



7 

24y/y 2 z 2 ' \2 J y A z 2 ' ^2 ^ y 2 z 4 

2 



7 \ 1 



1 \ 1 



24 y yz 2 V 6 7 y 3z2 V 2 / y^ 4 



7 

96 



48 ) z 2 + (48) z 2 + (4) z 4 
387 p J 



dz 



b) What value would be obtained by assuming a uniform energy density equal to the value 
at the center of the cube? At C(1.5, 1.5, 1.5) the energy density is 



w E = 200e (3) 



2.07 x 10 _iU J/m' 



(1.5) 4 (1.5) 2 (1.5) 2 _ 

This, multiplied by a cube volume of 1, produces an energy value of 207 pJ. 

4.32. Using Eq. (36), a) find the energy stored in the dipole field in the region r > a: 
We start with 



E(r, 9) 



qd 



[2 cos 6 a r + sin 9 a#] 



Then the energy will be 
1 



We. 



: e E • Edv 



vol 



2-7T /»7T rco 



-2Tr(gd) 2 J_ 
327r 2 e 3^3 

(Qd) 2 T 



J a 32vr 2 e r 6 ^ 

/ [?> cos 2 9 + 1} sin 9 d9 
a Jo 



[4 cos 2 9 + sin 2 9] r 2 sin 9 dr d9 d(f> 



3 cos 2 + 1 

(Qd) 2 
487r 2 e a 3 ^ 



[- cos 3 9 - cos 9] q 



127reoa 3 



b) Why can we not let a approach zero as a limit? From the above result, a singularity in the 
energy occurs as a — > 0. More importantly, a cannot be too small, or the original far-field 
assumption used to derive Eq. (36) (a » d) will not hold, and so the field expression 
will not be valid. 



4.33. A copper sphere of radius 4 cm carries a uniformly-distributed total charge of 5 /xC in free 
space. 

a) Use Gauss' law to find D external to the sphere: with a spherical Gaussian surface at 
radius r, D will be the total charge divided by the area of this sphere, and will be a r - 
directed. Thus 

Q 5xl0" 6 2 

D = - — -a r = — — —a r C/m 2 
ATir z 4:Tir z 
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4.33b) Calculate the total energy stored in the electrostatic field: Use 



w E = i -d-e^= r r r\^2L^L r 2 s - medrded 



rol 2 Jo Jo J.04 2 16vr 2 e r 4 

u ^ i 1 } (g x io " 6 ) 2 r dr 25 x 10-12 1 o v 1 1 



c) Use PFs = Q 2 /(2C) to calculate the capacitance of the isolated sphere: We have 

Q 2 _ (5 x 10~ 6 
2Wb ~ 2(2.81) 



C = = (5 * 10 ' )2 = 4.45 x IO" 12 F = 4.45 P F 



4.34. A sphere of radius a contains volume charge of uniform density p C/m 3 . Find the total stored 
energy by applying 

a) Eq. (43): We first need the potential everywhere inside the sphere. The electric field 
inside and outside is readily found from Gauss's law: 

Pqt poa 3 

Ei = a r r < a and E 2 = k a r r > a 

3e 3e r z 

The potential at position r inside the sphere is now the work done in moving a unit 
positive point charge from infinity to position r: 

V(r) = - [ a E 2 . ar dr- f r E 1 . ar dr' = - Cg^dr- f ^ dr' = g- (3a 2 - r 2 ) 
Joo Ja Joo 3e H J a 3e 6e 

Now, using this result in (43) leads to the energy associated with the charge in the sphere: 

2 Jo Jo Jo 6e 3e Jo v 15e 

b) Eq. (45): Using the given fields we find the energy densities 

1 PV , 1 „ „ Poo 6 

w e i = -e Ei • Ei = r < a and w e2 = -e E 2 ■ E 2 = 1Q U 4 r > a 

2 18e 2 18e r 4 

We now integrate these over their respective volumes to find the total energy: 
We = / ^r 2 sm6 drd6dct>+ / / -^- r 2 sm 9 dr d9 dcf> - 47r ° Po 



o Jo Jo !8eo Jo Jo J a 18e r 4 15e 
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4.35. Four 0.8 nC point charges are located in free space at the corners of a square 4 cm on a side, 
a) Find the total potential energy stored: This will be given by 



W, 



E 



I 4 



n=l 



where V n in this case is the potential at the location of any one of the point charges that 
arises from the other three. This will be (for charge 1) 



7 41 



4vre 



1 1 1 
M + M + MV2_ 



Taking the summation produces a factor of 4, since the situation is the same at all four 
points. Consequently, 



W, 



1, A . (.8xl0- 9 ) 2 
-2 (4)g ^ = 2 7 r eo (.04) 



2 + 



V2j 



7.79 x 10" 7 J = 0.779 



b) A fifth 0.8 nC charge is installed at the center of the square. Again find the total stored 
energy: This will be the energy found in part a plus the amount of work done in moving 
the fifth charge into position from infinity. The latter is just the potential at the square 
center arising from the original four charges, times the new charge value, or 



4(.8 x 10 



-9\2 



.813 



4tc (.04 v / 2/2) 
The total energy is now 

W E net = VFij(parta) + AW E = .779 + .813 = 1.59 /xJ 
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CHAPTER 5 



5.1. Given the current density J = — 10 4 [sin(2x)e 2y a x + cos(2x)e 2y a y ] kA/m 2 : 

a) Find the total current crossing the plane y = 1 in the a y direction in the region < x < 1, 
< z < 2: This is found through 

I = / / J ■ n da = / J ■ a y dx dz = / — 10 4 cos(2x)e -2 dx dz 
J Js s Jo Jo y= l Jo Jo 



-10 4 (2)-sin(2a;; 



-1.23 MA 



b) Find the total current leaving the region 0<x,x<l,2<z<3by integrating J dS over 
the surface of the cube: Note first that current through the top and bottom surfaces will 
not exist, since J has no z component. Also note that there will be no current through the 
x = plane, since J x = there. Current will pass through the three remaining surfaces, 
and will be found through 



3 /•! 



2 ./o 



J • (-ay) 



1=0 



dxdz + I / J • (a y ) 

2 Jo 



/>3 n\ p<5 f' i 

10 4 / / [cos(2x) e -° -cos(2x) e - 2 ] dxdz- 10 4 / / sin(2) e~ 2y dy dz 

J2 Jo Jl Jo 



dxdz + / J • (a x ) 
y=i J2 Jo 

3 /.1 



x=l 



dy dz 



10 4 



1 ^ sin(2x) \3 - 2) [1 - e" 2 ] + 10 4 (\ ) sin(2)e- 2 ^ "(3 - 2) = 

\ A / 



c) Repeat part b, but use the divergence theorem: We find the net outward current through 
the surface of the cube by integrating the divergence of J over the cube volume. We have 

V • J = — - + — ^ = -lO- 4 [2cos(2x)e- 2y - 2 cos(2x)e- 2y ] = as expected 
ox oy L J 



5.2. A certain current density is given in cylindrical coordinates as J = 100e _2z (pa p +a z ) A/m 
Find the total current passing through each of these surfaces: 

a) z = 0, < p < 1, in the a z direction: 

I a = 3dS= / 100e~ 2(0) (pa p + a z ) • a z p dp dxf> = IOOtt 
is Jo Jo 

where a p ■ a z =0. 

b) z = l,0<p<l, in the a z direction: 

f' />2"7T f'\ 

I b = / 3-dS= / / 100e~ 2(1) (pa^ + a z ) ■ a z p dp d(f> = lOOTre" 2 
is JO 



c) closed cylinder defined by0<z<l,0<p<l, in an outward direction: 

/" 1 I'llX 

I T = I b -I a + / / lOOe" 2 ^ (l)a p +a z )-a p (1) d^ciz = 1007r( e - 2 -l)+1007r(l- e - 2 ) = 
Jo Jo 



1 



5.3. Let 



400 sin 9 

r 2 +4 



a r A/m 2 



a) Find the total current flowing through that portion of the spherical surface r = 0.8, 
bounded by O.lvr < 6 < 0.3vr, < 4> < 2vr: This will be 



J n 

3n 



da 



m (-8) 2 +4 

346.5 f hi -cos(29)]d6 = 77 A A 

J An 2 



• r: lOOsin^, 2 . 400(.8) 2 2^ 



4.64 



,3tt 



sin 2 d0 



In 



b) Find the average value of J over the defined area. The area is 

Area= / / (.8) 2 sm6 d6 d(j) = 1.46m 2 

JO J An 

The average current density is thus J avg = (77.4/1.46) a r = 53.0 a r A/m 2 . 

5.4. Assume that a uniform electron beam of circular cross-section with radius of 0.2 mm is gen- 
erated by a cathode at x = and collected by an anode at x = 20 cm. The velocity of the 
electrons varies with x as v x = 10 8 x ' 5 m/s, with x in meters. If the current density at the 
anode is 10 A/m 2 , find the volume charge density and the current density as functions of x. 

The requirement is that we have constant current throughout the beam path. Since the 
beam is of constant radius, this means that current density must also be constant, and 
will have the value J = 10 4 a x A/m 2 . Now J = p v v p v = J/v = 10~ 4 x -0 - 5 C/m 3 . 



5.5. Let 



25 



20 



p 2 + 0.01 



a z A/m 2 



a) Find the total current crossing the plane z = 0.2 in the & z direction for p < 0.4: Use 

<.2tt r-A 



//.'- 



da 



z=.1 







-20 



o P 2 + -01 



pdpdcf) 



1\ - 4 

- 201n(.01 + p 2 ) (2tt) = -207rln(17) = -178.0A 

£ J 



b) Calculate dp v /dt: This is found using the equation of continuity: 

d Pv Id dJ z id 3 ( -20 



c) Find the outward current crossing the closed surface defined by p = 0.01, p = 0.4, z = 0, 
and z = 0.2: This will be 



2 r 2n 



/ / ^a p -(-a p )(.01)#cfe + 
/o ■/ o - Ui JO JO 

f2n r A on r 2n r-A 



2 r 2n 



& p ■ (a p )(.4) dcj)dz 



-20 



o Jo P 



.01 



a z • (-a. z ) p dp dcj) + 



-20 



o 7o P 



.01 



a z • (a z ) pdpd(f> = 



2 



since the integrals will cancel each other. 

d) Show that the divergence theorem is satisfied for J and the surface specified in part b. 
In part c, the net outward flux was found to be zero, and in part b, the divergence of J 
was found to be zero (as will be its volume integral). Therefore, the divergence theorem 
is satisfied. 

5.6. The current density in a certain region is approximated by J = (0.1/r)exp ( — 10 6 i) a r A/m 2 
in spherical coordinates. 

a) At t = 1 ps, how much current is crossing the surface r = 5? At the given time, 
I a = 4vr(5) 2 (0.1/5)e- 1 = 2vre- 1 = 2.31 A . 

b) Repeat for r = 6: Again, at 1 ps, I b = 4vr(6) 2 (0.1/6)e- 1 = 2 Aire' 1 = 2.77 A . 

c) Use the continuity equation to find p v (r, t), under the assumption that p v — > as t — > oo: 

V • J = \l- (r^e-^) = °4e~^ = -**> 
r 2 or \ r ) r 2 ot 

Then 

p v (r, t) = -j ^e- lo6 < dt + f(r) = ^e" 1 ^ + f(r) 

Now, p v —y as t — > oo; thus f(r) = 0. Final answer: p v (r,t) = (10~ 7 /r 2 )e~ 106 * C/m 3 . 

d) Find an expression for the velocity of the charge density. 

J (0.1/r)e- lo6 *a r , 
V= ^ = (10-Vr 2 )e-^ = 10ra - m / S 



5.7. Assuming that there is no transformation of mass to energy or vice-versa, it is possible to 
write a continuity equation for mass. 

a) If we use the continuity equation for charge as our model, what quantities correspond to J 
and p v ? These would be, respectively, mass flux density in (kg/m 2 — s) and mass density 
in (kg/m 3 ). 

b) Given a cube 1 cm on a side, experimental data show that the rates at which mass is 
leaving each of the six faces are 10.25, -9.85, 1.75, -2.00, -4.05, and 4.45 mg/s. If we 
assume that the cube is an incremental volume element, determine an approximate value 
for the time rate of change of density at its center. We may write the continuity equation 
for mass as follows, also invoking the divergence theorem: 



/ ~^T dv = ~ f V ' Jmdv = ~ / 

Jv OK Jv J s 



J m ■ dS 



where 



j> J m ■ dS = 10.25 - 9.85 + 1.75 - 2.00 - 4.05 + 4.45 = 0.550 mg/s 
Treating our 1 cm 3 volume as differential, we find 
dp m . 0.550 x 10" 3 g/s 



dt 10-a m 3 - 55 ° g/m " S 
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5.8. The conductivity of carbon is about 3 x 10 4 S/m. 

a) What size and shape sample of carbon has a conductance of 3 x 10 S? We know that 
the conductance is G = aA/£, where A is the cross-sectional area and £ is the length. To 
make G = a, we may use any regular shape whose length is equal to its area. Examples 
include a square sheet of dimensions £ x £, and of unit thickness (where conductance is 
measured end-to-end), a block of square cross-section, having length £, and with cross- 
section dimensions VI x \fj, or a solid cylinder of length £ and radius a = y/l/it. 

b) What is the conductance if every dimension of the sample found in part a is halved? 
In all three cases mentioned in part a, the conductance is one-half the original value if 
all dimensions are reduced by one-half. This is easily shown using the given formula for 
conductance. 



5.9a. Using data tabulated in Appendix C, calculate the required diameter for a 2-m long nichrome 
wire that will dissipate an average power of 450 W when 120 V rms at 60 Hz is applied to it: 
The required resistance will be 

R V ' J ' 



P a(vra 2 ) 
Thus the diameter will be 



d = 2a = 2\/-^ = 2W / y 5 °) ^ = 2.8 x !Q- 4 m = 0.28mm 
V ctttV y (10 6 )^(120) 2 

b) Calculate the rms current density in the wire: The rms current will be I = 450/120 
3.75 A. Thus 

J = — , = 6.0 x 10 7 A/m 2 

vr (2.8 x 10" 4 /2) 2 



5.10. A solid wire of conductivity a\ and radius a has a jacket of material having conductivity 02, 
and whose inner radius is a and outer radius is b. Show that the ratio of the current densities 
in the two materials is independent of a and b. 

A constant voltage between the two ends of the wire means that the field within must be 
constant throughout the wire cross-section. Calling this field E, we have 

£j = = — = 

01 02 J 2 02 

which is independent of the dimensions. 



5.11. Two perfectly-conducting cylindrical surfaces of length I are located at p = 3 and p = 5 cm. 
The total current passing radially outward through the medium between the cylinders is 3 A 
dc. 

a) Find the voltage and resistance between the cylinders, and E in the region between the 
cylinders, if a conducting material having a = 0.05 S/m is present for 3 < p < 5 cm: 
Given the current, and knowing that it is radially-directed, we find the current density 
by dividing it by the area of a cylinder of radius p and length I: 

J = — ^— a A/m 2 
2npl 9 1 
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5.11a. (continued) 

Then the electric field is found by dividing this result by a: 



3 9.55 

E= 2^/ a ' = 7T a ' V/m 



The voltage between cylinders is now: 

V = - J E-dL = y — a p • a p dp = — In [ - | - — \ 



Now, the resistance will be 

V 4.88 1.63 

fi = T = ^r = ~^ 

b) Show that integrating the power dissipated per unit volume over the volume gives the 
total dissipated power: We calculate 

P= f E-Jdv = f r r, vT^7^79 Pdpd<j>dz= — gL-lnff) =^W 



/ 7 7. 3 (2vr)V(-05)/ 2r r r 2vr(.05)Z V3 
We also find the power by taking the product of voltage and current: 

which is in agreement with the power density integration. 

5.12. Two identical conducting plates, each having area A, are located at z = and z = d. The re- 
gion between plates is filled with a material having z-dependent conductivity, cr(z) = aoe~ z / d , 
where ao is a constant. Voltage Vo is applied to the plate at z = d; the plate at z = is at 
zero potential. Find, in terms of the given parameters: 

a) the resistance of the material: We start with the differential resistance of a thin slab of 
the material of thickness dz, which is 

,„ dz e z / d dz , f ,„ f d e z l d dz d . „ 1.72d _ 

dR = — = — so that R= dR= / — = e - 1 = 

a A a A J J a A a A y a A 

b) the total current flowing between plates: We use 

_ Vo _ o-q^Vq 
~ i? ~ 1.72d 

c) the electric field intensity E within the material: First the current density is 

3 = -A az = Ti2d az sothat E = ^y = ^r azV/m 
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5.13. A hollow cylindrical tube with a rectangular cross-section has external dimensions of 0.5 in by 
1 in and a wall thickness of 0.05 in. Assume that the material is brass, for which a = 1.5 x 10 7 
S/m. A current of 200 A dc is flowing down the tube. 

a) What voltage drop is present across a lm length of the tube? Converting all measurements 
to meters, the tube resistance over aim length will be: 

R = 1 

1 (1.5 x 10 7 ) [(2.54)(2.54/2) x 10" 4 - 2.54(1 - .1)(2.54/2)(1 - .2) x 10" 4 ] 

= 7.38 x 10 -4 n 



The voltage drop is now V = IRi = 200(7.38 x 10" 4 = 0.147 V . 

b) Find the voltage drop if the interior of the tube is filled with a conducting material for 
which <j = 1.5 x 10 5 S/m: The resistance of the filling will be: 

R2 = (1.5 x 105)(l/2)(2.54)2 x 10" 4 (.9)(.8) = ^ * ^ " 
The total resistance is now the parallel combination of R\ and R 2 : 

R T = R 1 R 2 /(R 1 + R 2 ) = 7.19x 10" 4 n, and the voltage drop is now V = 200R T = ,144V . 



5.14. A rectangular conducting plate lies in the xy plane, occupying the region < x < a, < y < b. 
An identical conducting plate is positioned directly above and parallel to the first, at z = d. 
The region between plates is filled with material having conductivity cr(x) = aoe~ x ^ a , where 
o"o is a constant. Voltage Vq is applied to the plate at z = d; the plate at z = is at zero 
potential. Find, in terms of the given parameters: 

a) the electric field intensity E within the material: We know that E will be z-directed, 
but the conductivity varies with x. We therefore expect no z variation in E, and also 
note that the line integral of E between the bottom and top plates must always give Vq . 
Therefore E = -V /da z V/m. 

b) the total current flowing between plates: We have 



J = a(x)E = 




Using this, we find 

I = J J ' dS = L Jo d a,-(-a,)d a! dy=- 5 -(l- e ) = ^ A 



c) the resistance of the material: We use 



R - V °- d n 
/ 0.63 aba 
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5.15. Let V = 10(p + l)z 2 cos^V in free space. 



a) Let the equipotential surface V = 20 V define a conductor surface. Find the equation of 
the conductor surface: Set the given potential function equal to 20, to find: 

(p + l)z 2 cos0 = 2 



b) Find p and E at that point on the conductor surface where (p = 0.27T and z = 1.5: At 
the given values of 4> and z, we solve the equation of the surface found in part a for p, 
obtaining p = .10 . Then 

„„ dV ldV dV 
E = - VV = -^-p^-^ 

= —10z 2 cos <j>a p + 10 - — - z 2 sin (fia^ — 20(p + l)zcoscf)a z 

Then 

E(.10, .2tt, 1.5) = -18.2 a p + 145 a^ - 26.7 a z V/m 

c) Find \p s \ at that point: Since E is at the perfectly-conducting surface, it will be normal 
to the surface, so we may write: 



p s = e E-n 



= e ^5^ = eoVE • E = e ^(l8.2) 2 + (145) 2 + (26.7) 2 = 1.32 nC/m 2 

surface E 



5.16. In cylindrical coordinates, V = lOOOp 2 . 

a) If the region 0.1 < p < 0.3 m is free space while the surfaces p = 0.1 and p = 0.3 m 
are conductors, specify the surface charge density on each conductor: First, we find the 
electric field through 

dV 

E = -W = - — a„ = -2000pa„ so that D = e E = -2000e pa„ C/m 2 
op 



Then the charge densities will be 

inner conductor : p s \ = D • a p 



= -200e C/m 2 

p=0.1 



outer conductor : p S 2 = D • (— a p ) = 600eo C/m 2 

p=0.3 

b) What is the total charge in a 1-m length of the free space region, 0.1 < p < 0.3 (not 
including the conductors)? The charge density in the free space region is 

p v = V ■ D = ~^-(pD p ) = -4000e C/m 3 
pop 

Then the charge in the volume is 

f'\ r'lir />0.3 -i 

Q v = / -4000e pdp d<pdz = -27r(4000)e - [(0.3) 2 - (O.l) 2 ] = -3207re C 

Jo Jo Jo.i 2 
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5.16c What is the total charge in a 1-m length, including both surface charges? 
First, the net surface charges over a unit length will be 



Q sl (p = 0.1) = -200e [27r(0.1)](l) = -407re C 

and 

Q s2 (p = 0.3) = 600e [2vr(0.3)](l) = 3607re C 
The total charge is now Q tot = Q sl + Q s2 + Q v = 0. 

5.17. Given the potential field V = 100xz/(x 2 + 4) V. in free space: 

a) Find D at the surface z = 0: Use 

E = —VV = -lOOz-H- (-£—) a.-Oa,- a z V/m 

dx \ x 2 + 4 / y x 2 + 4 

At z = 0, we use this to find D(z = 0) = e E(z = 0) = -100e x/(x 2 + 4) a z C/m 2 . 

b) Show that the z = surface is an equipotential surface: There are two reasons for this: 
1) E at z = is everywhere z-directed, and so moving a charge around on the surface 
involves doing no work; 2) When evaluating the given potential function at z = 0, the 
result is for all x and y. 

c) Assume that the z = surface is a conductor and find the total charge on that portion 
of the conductor defined by0<x<2, — 3 < y < 0: We have 



p s = D a 2 

So 



100e x ^ / 2 



z=o x 2 + 4 



C/m 2 



z-2 



100e x , . . (I 



Q= / ^rT^^ = -(3)(100)e - ln(x 2 + 4) 



3 JO 



rc 2 +4 a wv y u V 2 



2 



= -150e In 2 = -0.92 nC 

o 



5.18. A potential field is given as V = 100 In {[(x + l) 2 + y 2 ]/[(x - l) 2 + y 2 }} V. It is known that 
point P(2, 1, 1) is on a conductor surface and that the conductor lies in free space. At P, find 
a unit vector normal to the surface and also the value of the surface charge density on the 
conductor. 

A normal vector is the electric field vector, found (after a little algebra) to be 



E 



-200 



(x + l)(x - l)[(x - 1) - (x + 1)] + 2y 



21 



200 



[(x+l) 2 + y 2 ][(x 
y[(x-l) 2 -(x + l) 2 ] 

[( x+ l)2 + y 2] [(x _ 1) 2 +y 2] 



l) 2 



V/m 



At the specified point (2,1,1) the field evaluates as Ep = 40 a x + 80 a y , whose magnitude 
is 89.44 V/m. The unit normal vector is therefore n = E/|E| = 0.447 a x + 0.894 a y . Now 

p s = D • n = 89.44eo = 792 pC/m 2 . This could be positive or negative, since we do not 
know which side of the surface the free space region exists. 
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5.19. Let V = 20x 2 yz — 10z 2 V in free space. 

a) Determine the equations of the equipotential surfaces on which V = and 60 V: Setting the 
given potential function equal to and 60 and simplifying results in: 

AtOV: 2x 2 y-z = 

At 60V: 2x 2 y-z = - 

z 

b) Assume these are conducting surfaces and find the surface charge density at that point 
on the V = 60 V surface where x = 2 and z = 1. It is known that < V < 60 V is the 
field-containing region: First, on the 60 V surface, we have 

2x 2 y-z--=0 => 2(2) 2 y(l)- 1-6 = y=- 

Now 

E = -VV = -40xyza x - 20x 2 za y - [20xy - 20z] a z 
Then, at the given point, we have 

D(2, 7/8,1) = e E(2, 7/8,1) = -e [70a x + 80a y + 50a z ] C/m 2 

We know that since this is the higher potential surface, D must be directed away from 
it, and so the charge density would be positive. Thus 

p s = a/D • D = 10e V7 2 + 8 2 + 5 2 = 1.04nC/m 2 

c) Give the unit vector at this point that is normal to the conducting surface and directed 
toward the V = surface: This will be in the direction of E and D as found in part b, or 



7aa; + 8a y + 5a z 
V7 2 +W+W 



-[0.603^ + 0.683^ + 0.433 



5.20. Two point charges of — 1007T fiC are located at (2,-1,0) and (2,1,0). The surface x = is a 
conducting plane. 

a) Determine the surface charge density at the origin. I will solve the general case first, in 
which we find the charge density anywhere on the y axis. With the conducting plane in 
the yz plane, we will have two image charges, each of +1007T /iC, located at (-2, -1, 0) 
and (-2, 1, 0). The electric flux density on the y axis from these four charges will be 

[(y - I) a y - 2 a x ] [(y + 1) a y - 2 a x ] 

[( y _ 1)2 + 4 ]3/2 + [( y+ l)2 +4 ]3/2 

' v ' 

given charges 



[{y-l)ay + 2a x ] _ [(y + 1) a y + 2a,] 
[(y-l) 2 +4]3/2 [(y + l)2 + 4 ]3/2 

• v ■ 

image charges 



D(y) 



-lOOvr 

47T 



//C/m 2 
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5.20a. (continued) 

In the expression, all y components cancel, and we are left with 



D(y) = 100 



+ 



[(y _ 1)2 + 4 ]3/2 [( y + 1 )2 +4 ]3/2_ 

We now find the charge density at the origin: 

- 17.9 ^C/m 2 



a x fiC/m 2 



p s (0,0,0) = D-a ; 
b) Determine ps at P(0,h,0). This will be 



y=o 



Ps (0,h,0) = D a a 



l=h 



100 



+ 



j(/i-i) 2 + 4]3/ 2 [{h + iy + 4] 3 / 2 



/xC/m 2 



5.21. Let the surface y = be a perfect conductor in free space. Two uniform infinite line charges 
of 30 nC/m each are located at x = 0, y = 1, and x = 0, y = 2. 
a) Let V = at the plane y = 0, and find V at P(l, 2, 0): The line charges will image across 
the plane, producing image line charges of -30 nC/m each at x = 0, y = —1, and x = 0, 
y = —2. We find the potential at P by evaluating the work done in moving a unit positive 
charge from the y = plane (we choose the origin) to P: For each line charge, this will 
be: 



Vp — Vb,o,o 



Pi 



In 



final distance from charge 



27reo [initial distance from charge 



where Vo,o,o = 0. Considering the four charges, we thus have 



V P 



Pi 
2ne 

Pi 



In [ - ) + In 



V2 X 



-In 



10 



-In 



17 



2ire 
1.20 kV 



In (2) + In 



V2 



In 



(VW) + In 



17 



30 x 10" 



2vre, 



In 



o 



10V17 



b) Find E at P: Use 
Pi 



E, 



27re 



(1,2,0) -(0,1,0) + (1,2,0) -(0,2,0) 



Ci, 1,0)1= 



1,0, 



(1,2,0) -(0,-1,0) (1,2,0) -(0,-2,0) 



1(1,3,0)1* 



;i,w 



pi 

2ire 



(1,1,0) | (1,0,0) (1,3,0) (1,4,0) 



10 



17 



723 a x - 18.9 aj, V/m 
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22. The line segment x = 0, — 1 < y < 1, z = 1, carries a linear charge density pl = n\y\ pC/m. 
Let z = be a conducting plane and determine the surface charge density at: (a) (0,0,0); (b) 
(0,1,0). 

We consider the line charge to be made up of a string of differential segments of length, dy', 
and of charge dq = pl dy'. A given segment at location (0, y' , 1) will have a corresponding 
image charge segment at location (0,y', —1). The differential flux density on the y axis 
that is associated with the segment-image pair will be 



dU 



Pl dy'[{y - y') a y - a z ] p L dy'[(y - y') a y + a z ] ^ 

4vr[(y - y') 2 + 1] 3/2 47r[(y - y') 2 + l] 3 / 2 ~ 2vr[(y - y') 2 + 1] 3/2 



-p L dy' a z 



In other words, each charge segment and its image produce a net field in which the y 
components have cancelled. The total flux density from the line charge and its image is 
now 

-7r|y'| a z dy' 



D(y) = JdD = J 1 



27r[(y-y') 2 + i] 3/2 



+ 



2 Jo U(y-y') 2 + l] 3/2 [(y + y') 2 + l] 3/2 



dy' 



2 

<*£ 
2 



y{y - y') + 1 



+ 



y{y + y') + l 



-i i 



[(y _ y /)2 + 1] l/2 [(y + y /)2 + 1] l/2 



[(y_l)2 + 1 ]l/2 [( y+ l)2 + 1 ]l/2 

Now, at the origin (part a), we find the charge density through 



1) 



1/2 



p s (0,0,0) =D-a 2 



y=0 2 

Then, at (0,1,0) (part b), the charge density is 



v/2 v 7 ^ 



p s (0,l,0) = D-a 2 



2 



1 + 



-0.29 /iC/m 2 



-0.24 /iC/m 2 



23. A dipole with p = 0.1a z pC ■ m is located at ^4(1,0,0) in free space, and the x = plane is 
perfectly-conducting. 

a) Find V at P(2, 0, 1). We use the far-field potential for a z-directed dipole: 

p cos 8 p z 



V 



Aire r 2 4ire [x 2 + y 2 + z 2 ] 1 - 5 



The dipole at x = 1 will image in the plane to produce a second dipole of the opposite 
orientation at x = — 1. The potential at any point is now: 



V 



V 



4vre 



[(x - l) 2 + y 2 + z 2 } 1 - 5 [(x + l) 2 + y 2 + z 2 ] 1 - 5 



Substituting P(2,0, 1), we find 

.1 x 10 e 



47re 



1 



1 



2V2 ioVw 
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289.5 V 



5.23b) Find the equation of the 200-V equipotential surface in cartesian coordinates: We just set the 
potential exression of part a equal to 200 V to obtain: 



[(x - l) 2 + y 2 + z 2 } 1 - 5 [(x + l) 2 + y 2 + z 2 } 1 - 5 



0.222 



5.24. At a certain temperature, the electron and hole mobilities in intrinsic germanium are given as 
0.43 and 0.21 m 2 /V • s, respectively. If the electron and hole concentrations are both 2.3 x 10 19 
m -3 , find the conductivity at this temperature. 

With the electron and hole charge magnitude of 1.6 x 10~ 19 C, the conductivity in this 
case can be written: 

a = \p e \p e + p h p h = (1.6 x 10" 19 )(2.3 x 10 19 )(0.43 + 0.21) = 2.36 S/m 



5.25. Electron and hole concentrations increase with temperature. For pure silicon, suitable expres- 
sions are ph = —p e = 6200T 1 ' 5 e _7000 / T C/m 3 . The functional dependence of the mobilities 
on temperature is given by pu = 2.3 x 10 5 T~ 2 - 7 m 2 /V • s and p e = 2.1 x 10 5 T~ 2 - 5 m 2 /V • s, 
where the temperature, T, is in degrees Kelvin. The conductivity will thus be 

a = -p e p e + p h p h = 6200T 1 - 5 e- 7000/T [2.1 x 10 5 T" 2 - 5 + 2.3 x 10 5 T" 2 - 7 ] 
= 1.30 x 10 9 e _ 700 o/T ^ + L095T -.2] g/m 

Find a at: 

a) 0° C: With T = 273°K, the expression evaluates as <r(0) = 4.7 x 10~ 5 S/m . 

b) 40° C: With T = 273 + 40 = 313, we obtain cr(40) = 1.1 x 10~ 3 S/m . 

c) 80° C: With T = 273 + 80 = 353, we obtain <r(80) = 1.2 x 10~ 2 S/m . 

5.26. A semiconductor sample has a rectangular cross-section 1.5 by 2.0 mm, and a length of 11.0 
mm. The material has electron and hole densities of 1.8 x 10 18 and 3.0 x 10 15 m -3 , respectively. 
If p e = 0.082 m 2 /V • s and pu = 0.0021 m 2 /V • s, find the resistance offered between the end 
faces of the sample. 

Using the given values along with the electron charge, the conductivity is 

a = (1.6 x 10" 19 ) [(1.8 x 10 18 )(0.082) + (3.0 x 10 15 )(0.0021)] = 0.0236 S/m 
The resistance is then 

R= — = t = 155 m 

aA (0.0236)(0.002)(0.0015) 
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CHAPTER 6. 



6.1. Atomic hydrogen contains 5.5 x 10 25 atoms/m 3 at a certain temperature and pressure. When 
an electric field of 4 kV/m is applied, each dipole formed by the electron and positive nucleus 
has an effective length of 7.1 x 10~ 19 m. 
a) Find P: With all identical dipoles, we have 

p = Nqd = (5.5 x 10 25 )(1.602 x 10 _19 )(7.1 x 10 -19 ) = 6.26 x 10 -12 C/m 2 = 6.26 pC/m 2 



b) Find e r : We use P = eoXeE, and so 

P 6.26 x 10" 12 _ 4 

Xe ~^E~ (8.85 x 10" 12 )(4 x 10 3 ) ~ X 

Then e r = 1 + \e = 1-000176 . 

6.2. Find the dielectric constant of a material in which the electric flux density is four times the 
polarization. 

First we use D = e E + P = e E + (1/4)D. Therefore D = (4/3)e E, so we identify 
e r = 4/3. 

6.3. A coaxial conductor has radii a = 0.8 mm and 6 = 3 mm and a polystyrene dielectric for 
which e r = 2.56. If P = (2/p)a p nC/m 2 in the dielectric, find: 

a) D and E as functions of p: Use 

F _ P _ (2/p)xl0-% _ 144.9 

e (e r -l) (8.85 x 10" 12 )(1.56) p p 1 



Then 



D = e E + P 



2 x 10" 9 a 



p 



1.56 



3.28 x 10 _9 a„ _ , o 3.28a 



p c/m 2 = nC/m 2 



b) Find V a b and Xe- Use 

r°- s 144 q / 3 \ 

V *—J, — ^="4. 9 ln(-j=lS2V 

Xe = £r — 1 = 1-56 , as found in part a. 

c) If there are 4 x 10 19 molecules per cubic meter in the dielectric, find p(p): Use 

P (2 x W- 9 /p) 5.0 x 10" 29 
P= iV = 4x10^ ap = ~p ^ C - m 
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4. Consider a composite material made up of two species, having number densities iVi and N 2 
molecules/m 3 respectively. The two materials are uniformly mixed, yielding a total number 
density of iV = N\ + N 2 . The presence of an electric field E, induces molecular dipole 
moments pi and P2 within the individual species, whether mixed or not. Show that the 
dielectric constant of the composite material is given by e r = fe r \ + (1 — f)e r2 , where / is the 
number fraction of species 1 dipoles in the composite, and where e r \ and e r2 are the dielectric 
constants that the unmixed species would have if each had number density N. 

We may write the total polarization vector as 

P to t = N lPl + N 2 p 2 = N (^ Pl + ^p 2 ) = N [f Pl + (1 - /)p 2 ] = /Pi + (1 - /)P 2 

In terms of the susceptibilities, this becomes Ptot — £o [fXei + (1 — f)Xe2[ E, where \ei 
and Xe2 are evaluated at the composite number density, N. Now 

D = e r e E = e E + P tot = e [1 + fXei + (1 - f)Xe 2 ] E 



Identifying e r as shown, we may rewrite it by adding and subracting /: 

e r = [1 + / - / + fXei + (1 - f)Xe2] = [/(I + Xel) + (1 - /)(1 + Xe 2 )] 

= [fe rl + (1 - f)e r2 ] Q.E.D. 

5. The surface x = separates two perfect dielectrics. For x > 0, let e r = e r \ = 3, while e r2 = 5 
where x < 0. If Ei = 80a x - 60a y - 30a 2 V/m, find: 

a) E N1 : This will be Ei ■ a x = 80 V/m. 

b) En. This has components of Ei not normal to the surface, or E^i = —60a. y — 30a 2 V/m. 

c) E T1 = ^(60) 2 + (30) 2 = 67.1 V/m . 

d) Et = ^(80)2 + (60)2 + (3 )2 = 1Q4.4 y/ m . 

e) The angle 6\ between Ei and a normal to the surface: Use 

f) D N2 = D N1 = e rl e E N1 = 3(8.85 x 10- 12 )(80) = 2.12 nC/m 2 . 

g) D T2 = e r2 e E T1 = 5(8.85 x 10" 12 )(67.1) = 2.97nC/m 2 . 

h) D 2 = e r ieoE]yia x + e r2 eo^Ti = 2.12a x — 2.663^ — 1.33a 2 nC/m 2 . 



i) P 2 = D 2 - e E 2 = D 2 [1 - (l/e r2 )] = (4/5)D 2 = 1.70a x - 2.13^ - 1.06a z nC/m 2 . 

j) the angle 6 2 between E 2 and a normal to the surface: Use 

E 2 -a x D 2 a, 2.12 

cos 6^2 = = = — . = .581 

E 2 D 2 ^(2.12)2 = (2.66)2 + (1.33)2 

Thus 9 2 = cos" 1 (.581) = 54.5° . 



6.6. The potential field in a slab of dielectric material for which e r = 1.6 is given by V = —5000a;. 

a) Find D, E, and P in the material. 

First, E = -W = 5000 a x V/m. Then D = e r e E = 1.6e (5000) a x = 70.83^ nC/m 2 . 
Then, Xe = e r -\ = 0.6, and so P = e x e E = 0.6e (5000) a x = 26.6 a x nC/m 2 . 

b) Evaluate p v , pb, and p t in the material. Using the results in part a, we find p v = V-D = 0, 
p h = -V • P = 0, and p t = V • e E = 0. 

6.7. Two perfect dielectrics have relative permittivities e r \ = 2 and e r2 = 8. The planar interface 
between them is the surface x — y + 2z = 5. The origin lies in region 1. If Ei = lOOa^ + 2003,, — 
50& z V/m, find E 2 : We need to find the components of Ei that are normal and tangent to 
the boundary, and then apply the appropriate boundary conditions. The normal component 
will be Eni = Ei • n. Taking / = x — y + 2z, the unit vector that is normal to the surface is 

V/ 1 

This normal will point in the direction of increasing /, which will be away from the origin, or 
into region 2 (you can visualize a portion of the surface as a triangle whose vertices are on the 
three coordinate axes at x = 5, y = —5, and z = 2.5). So E N1 = (l/v / 6)[100 — 200 — 100] = 
— 81.7V/m. Since the magnitude is negative, the normal component points into region 1 from 
the surface. Then 

B N1 = -81.65 (^-^=j i a x - a y + 2a z] = -33.333^ + 33.33a y - 66.67a^ V/m 

Now, the tangential component will be Eti = Ei — Ejvi = 133. 3a x + 166. 7a y + 16.67a^. Our 
boundary conditions state that Et2 = En and Eat2 = (e r i/e r 2)EAri = (1/4)Ejvi- Thus 

E 2 = E T2 + EAT2 = E T i + ^E^i = 133.3a x + 166. 7a y + 16.67a z - 8.3a,; + 8.3a y - 16.67a^ 
= 1253^ + ma^ V/m 



6.8. Region 1 (x > 0) is a dielectric with e r \ = 2, while region 2 (x < 0) has e r2 = 5. Let 
Ei = 203^ - 10a y + 50a^ V/m. 

a) Find D2: One approach is to first find E2. This will have the same y and z (tangential) 
components as Ei, but the normal component, E x , will differ by the ratio e r i/e r2 ; this 
arises from D xl = D x2 (normal component of D is continuous across a non-charged 
interface). Therefore E 2 = 20(e r i/e r 2) &x — 10a y + 50a^ = Sa^ — 10a y + 50a z . The flux 
density is then 

D 2 = e r2 eoE 2 = 40e a x - 50e o a y + 250e a z = 0.35a x - 0.44a y + 2.21a^ nC/m 2 

b) Find the energy density in both regions: These will be 

w el = ^e r ie E! • Ei = ^(2)e [(20) 2 + (10) 2 + (50) 2 ] = 3000e = 26.6 nJ/m 3 

w e2 = ^e r2 eoE 2 ■ E 2 = ^(5)e [(8) 2 + (10) 2 + (50) 2 ] = 6660e = 59.0 nJ/m 3 
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6.9. Let the cylindrical surfaces p = 4 cm and p = 9 cm enclose two wedges of perfect dielectrics, 
e rl = 2 for < (f) < vr/2, and e r2 = 5 for vr/2 < (f) < 2vr. If Ei = (2000//?)a p V/m, find: 

a) E2: The interfaces between the two media will lie on planes of constant 4>, to which Ei 
is parallel. Thus the field is the same on either side of the boundaries, and so E2 = Ei . 

b) the total electrostatic energy stored in a lm length of each region: In general we have 
we = (l/2)e r eo-E 2 . So in region 1: 

Wei = £ J*'* J*^(2)e ^^pdpd ( t ) dz= ^ eo (2000) 2 In Q = 45.1^1 

In region 2, we have 

W E2 = I 1^ f U 5 ) € o^^pdpd ( f>dz= ^e (2000) 2 lnf^ = 338/iJ 

JO Jir/2 J A 1 P2 4 \A J 



6.10. Let S = 100mm 2 , d = 3 mm, and e r = 12 for a parallel-plate capacitor. 

a) Calculate the capacitance: 

b) After connecting a 6 V battery across the capacitor, calculate E, D, Q, and the total 
stored electrostatic energy: First, 

E = V /d = 6/(3 x 10" 3 ) = 2000 V/m, then D = e r e E = 2.4 x 10 4 e = 0.21 pC/m 2 



The charge in this case is 

Q = D • n| s = DA = 0.21 x (100 x 10 -6 ) = 0.21 x 10 -4 pC = 21 pC 

Finally, W e = (1/2)QV = 0.5(21)(6) = 63 pj . 

c) With the source still connected, the dielectric is carefully withdrawn from between the 
plates. With the dielectric gone, re-calculate E, D, Q, and the energy stored in the 
capacitor. 

E = V /d = 6/(3 x 10" 3 ) = 2000 V/m, as before. D = e E = 2000e = 17.7 nC/m 2 



The charge is now Q = DA = 17.7 x (100 x 10" 6 ) nC = 1.8 pC . 

Finally, W e = (1/2)QV = 0.5(1.8)(6) = 5.4 pj . 

d) If the charge and energy found in (c) are less than that found in (b) (which you should 
have discovered), what became of the missing charge and energy? In the absence of 
friction in removing the dielectric, the charge and energy have returned to the battery 
that gave it. 
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6.11. Capacitors tend to be more expensive as their capacitance and maximum voltage, V max , 
increase. The voltage V max is limited by the field strength at which the dielectric breaks 
down, Ebd- Which of these dielectrics will give the largest CV max product for equal plate 
areas: (a) air: e r = 1, Ebd = 3 MV/m; (b) barium titanate: e r = 1200, Ebd = 3 MV/m; 
(c) silicon dioxide: e r = 3.78, E BD = 16 MV/m; (d) polyethylene: e r = 2.26, E B d = 4.7 
MV/m? Note that V max = EBDd, where d is the plate separation. Also, C = e r eoA/d, and 
so V max C = e r eoAEBD, where A is the plate area. The maximum CV max product is found 
through the maximum e r EsD product. Trying this with the given materials yields the winner, 
which is barium titanate. 



6.12. An air-filled parallel-plate capacitor with plate separation d and plate area A is connected to 
a battery which applies a voltage Vq between plates. With the battery left connected, the 
plates are moved apart to a distance of lOd. Determine by what factor each of the following 
quantities changes: 

a) Vq: Remains the same , since the battery is left connected. 

b) C: As C = eoA/d, increasing d by a factor of ten decreases C by a factor of 0.1 . 

c) E: We require E x d = Vq, where Vq has not changed. Therefore, E has decreased by a 
factor of 0.1 . 

d) D: As D = e^E, and since E has decreased by 0.1, D decreases by 0.1 . 

e) Q: Since Q = CVq, and as C is down by 0.1, Q also decreases by 0.1 . 

f) ps'. As Q is reduced by 0.1, ps reduces by 0.1 . This is also consistent with D having been 
reduced by 0.1. 

g) W e : Use W e = 1/2CV 2 , to observe its reduction by 0.1 , since C is reduced by that factor. 

6.13. A parallel plate capacitor is filled with a nonuniform dielectric characterized by e r = 2 + 2 x 
10 6 x 2 , where x is the distance from one plate. If S = 0.02m 2 , and d = 1 mm, find C: Start by 
assuming charge density p s on the top plate. D will, as usual, be x-directed, originating at the 
top plate and terminating on the bottom plate. The key here is that D will be constant over 
the distance between plates. This can be understood by considering the x-varying dielectric as 
constructed of many thin layers, each having constant permittivity. The permittivity changes 
from layer to layer to approximate the given function of x. The approximation becomes exact 
as the layer thicknesses approach zero. We know that D, which is normal to the layers, will 
be continuous across each boundary, and so D is constant over the plate separation distance, 
and will be given in magnitude by p s . The electric field magnitude is now 



E 



D 



(2 + 2 x 10 6 x 2 ) 



The voltage beween plates is then 
p s dx 



V 



Jo 



e (2 + 2 x 10 6 x 2 ) e V4 x 10 6 



tan" 



xV4 x 10 6 



10" 




Ps 



1 



e 2 x 10 3 V4 



7T 



Now Q = p s (.02), and so 



c = Q = p s (.02) eo (2xlQ3)(4) = 4 ^ x iQ _ 10 F = 



V 



p s ir 



P F 
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6.14. Repeat Problem 6.12 assuming the battery is disconnected before the plate separation is 
increased: The ordering of parameters is changed over that in Problem 6.12, as the progression 
of thought on the matter is different. 

a) Q: Remains the same , since with the battery disconnected, the charge has nowhere to go. 

b) ps: As Q is unchanged, ps is also unchanged, since the plate area is the same. 

c) D: As D = ps, it will remain the same also. 

d) E: Since E = D/eo, and as D is not changed, E will also remain the same . 

e) Vq: We require E x d = Vb, where E has not changed. Therefore, Vq has increased by a 
factor of 10. 

f) C: As C = eoA/d, increasing d by a factor of ten decreases C by a factor of OA. The 
same result occurs because C = Q/Vq, where Vb is increased by 10, whereas Q has not 
changed. 

g) W e : Use W e = 1/2 CV" 2 = 1/2 QV , to observe its increase by a factor of 10. 

6.15. Let e r i = 2.5 for < y < 1 mm, e r 2 = 4 for 1 < y < 3 mm, and e r s for 3 < y < 5 mm. 
Conducting surfaces are present at y = and y = 5 mm. Calculate the capacitance per square 
meter of surface area if: a) e r s is that of air; b) e r s = e r i; c) e r 3 = e r2 ; d) region 3 is silver: 
The combination will be three capacitors in series, for which 



1 1 1 d 1 d 2 d 3 10" 



1 2 2 

2^5 + 4 + 



C Ci C2 C3 e r ie (l) £r2eo(l) ^3^0(1) 
So that 

(5 x 10- 3 )eoe r3 
10 + 4.5e r3 

Evaluating this for the four cases, we find a) C = 3.05 nF for e r z = 1, b) C = 5.21 nF for 
e r 3 = 2.5, c) C = 6.32 nF for e r s = 4, and d) C = 9.83 nF if silver (taken as a perfect 
conductor) forms region 3; this has the effect of removing the term involving e r s from the 
original formula (first equation line), or equivalently, allowing e r s to approach infinity. 

6.16. A parallel-plate capacitor is made using two circular plates of radius a, with the bottom plate 
on the xy plane, centered at the origin. The top plate is located at z = d, with its center on 
the z axis. Potential Vq is on the top plate; the bottom plate is grounded. Dielectric having 
radially- dependent permittivity fills the region between plates. The permittivity is given by 
e(p) = e (l + p/a). Find: 

a) E: Since e does not vary in the z direction, and since we must always obtain V when 
integrating E between plates, it must follow that E = — Vo/da z V/m. 

b) D: D = eE = -[e (l + p/a)V /d} a z C/m 2 . 

c) Q: Here we find the integral of the surface charge density over the top plate: 



271 e (l + p/a)Vo , x , 27re Vb 



Q = ^D-dS = ' d ri ~ J ' u a z -{-a z )pdpd<t>= ^-f^ (p + p 2 /a)dp 

57re a 2 

= ^d- y ° 

d) C: We use C = Q/Vq and our previous result to find C = 5eo{na 2 )/(3d) F. 
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6.17. Two coaxial conducting cylinders of radius 2 cm and 4 cm have a length of lm. The region 
between the cylinders contains a layer of dielectric from p = c to p = d with e r = 4. Find the 
capacitance if 

a) c = 2 cm, d = 3 cm: This is two capacitors in series, and so 



1 

C 



1 

C~i 



1 

C~2 



1 



2vre n 



1 



In 



+ In 



C = 143 pF 



b) d = 4 cm, and the volume of the dielectric is the same as in part a: Having equal volumes 
requires that 3 2 — 2 2 = 4 2 — c 2 , from which c = 3.32 cm. Now 



1 

C 



1 1 

C~i + C~2 



1 



2TT6r 



In 



3.32 



+ - In 
4 



3.32 



C = 101 pF 



6.18. (a) If we could specify a material to be used as the dielectric in a coaxial capacitor for which 
the permittivity varied continuously with radius, what variation with p should be used in order 
to maintain a uniform value of the electric field intensity? 

Gauss's law tells us that regardless of the radially-varying permittivity, D = [ap s / p) a p , 
where a is the inner radius and p s is the presumed surface charge density on the inner 
cylinder. Now 

E=° = ^a p 

e ep 

which indicates that e must have a 1/p dependence if E is to be constant with radius. 

b) Under the conditions of part a, how do the inner and outer radii appear in the expression 
for the capacitance per unit distance? Let e = g/p where g is a constant. Then E = 
ap s /gaLp and the voltage between cylinders will be 

t r f a aps , ap s 

V = - a p -a p dp= (b-a) 

Jb 9 9 

where b is the outer radius. The capacitance per unit length is then C = 2irap s /Va = 
2irg/(b — a), or a simple inverse-distance relation. 



6.19. Two conducting spherical shells have radii a = 3 cm and 6 = 6 cm. The interior is a perfect 
dielectric for which e r = 8. 

a) Find C: For a spherical capacitor, we know that: 

C=P^= n 4 ^ - = 1.92*60 = 53.3pF 

-a-\ (I - J) (100) V ~ 



b) A portion of the dielectric is now removed so that e r = 1.0, < <j) < 7r/2, and e r = 8, 
7r/2 < (j) < 2-7T. Again, find C: We recognize here that removing that portion leaves 
us with two capacitors in parallel (whose C's will add). We use the fact that with the 
dielectric completely removed, the capacitance would be C{e r = 1) = 53.3/8 = 6.67 pF. 
With one-fourth the dielectric removed, the total capacitance will be 

C = ^(6.67) + ^(53.4) = 41.7 P F 
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6.20. Show that the capacitance per unit length of a cylinder of radius a is zero: Let p s be the 
surface charge density on the surface at p = a. Then the charge per unit length is Q = 2Trap s . 
The electric field (assuming free space) is E = (ap s )/(eop) a p . The potential difference is 
evaluated between radius a and infinite radius, and is 



V = - f 

J OO 



ap s 



loo e 0P 

The capacitance, equal to Q/Vq, is therefore zero. 



a p dp 



6.21. With reference to Fig. 6.9, let b = 6 m, h = 15 m, and the conductor potential be 250 V. 
Take e = eo- Find values for Ki, pL, a, and C: We have 



h + Vh 2 + b 2 



15 + V(15) 2 + (6) 2 



23.0 



We then have 



4vre ^o 4^e (250) 
Pl = i — ^ — = i ^ oX = 8.87 nC/m 



In 



ln(23) 



Next, a = Vh 2 - b 2 = ^(15) 2 - (6) 2 = 13.8m . Finally, 

27re 27reo 



C 



cosh _1 (/i/&) cosh _1 (15/6) 



35.5 pF 



6.22. Two ^16 copper conductors (1.29-mm diameter) are parallel with a separation d between 
axes. Determine d so that the capacitance between wires in air is 30 pF/m. 

We use 

— = 60 pi* /m = 1 

L P 7 ca&r\hfb) 

The above expression evaluates the capacitance of one of the wires suspended over a plane 
at mid-span, h = d/2. Therefore the capacitance of that structure is doubled over that 
required (from 30 to 60 pF/m). Using this, 

h , /2vre \ , /2vr x 8.854\ 

b = C ° sh [cjl ) = C ° sh { 60 ) =1M 

Therefore, d=2h = 26(1.46) = 2(1.29/2) (1.46) = 1.88 mm . 

6.23. A 2 cm diameter conductor is suspended in air with its axis 5 cm from a conducting plane. 
Let the potential of the cylinder be 100 V and that of the plane be V. Find the surface 
charge density on the: 

a) cylinder at a point nearest the plane: The cylinder will image across the plane, producing 
an equivalent two-cylinder problem, with the second one at location 5 cm below the 
plane. We will take the plane as the zy plane, with the cylinder positions at x = ±5. 
Now 6 = 1 cm, h = 5 cm, and V = 100 V. Thus a = \Jh 2 - b 2 = 4.90 cm. Then 
K t = [{h + a)/b) 2 = 98.0, and p L = {47re V ) / In K x = 2.43 nC/m. Now 



2ir 



(x + a)a x + ya y _ (x - a)a x + ya y 
(x + a) 2 + y 2 {x — a) 2 + y 2 
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6.23a. (continued) 
and 



Ps,i 



D 



x=h — b,y=0 2lT 



h — b + a 



h-b 



_{h-b + a) 2 {h-b-a) 2 _ 



473nC/m 2 



b) plane at a point nearest the cylinder: At x = y = 0, 

PL 



D(0,0) 



2vr 



-aa. 



from which 



p s = D(0,0) - a, 



Pi 

7TO 



< 

2-7T a 



-15.8 nC/m 2 



6.24. For the conductor configuration of Problem 6.23, determine the capacitance per unit length. 
This is a quick one if we have already solved 6.23. The capacitance per unit length will be 
C = p L /V = 2.43 [nC/m]/100 = 24.3 pF/m . 

6.25 Construct a curvilinear square map for a coaxial capacitor of 3-cm inner radius and 8-cm outer 
radius. These dimensions are suitable for the drawing, 
a) Use your sketch to calculate the capacitance per meter length, assuming €r = 1: The 
sketch is shown below. Note that only a 9° sector was drawn, since this would then be 
duplicated 40 times around the circumference to complete the drawing. The capacitance 
is thus 

C = e ^ = e ^ = 59 pF/m 



N v 
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b) Calculate an exact value for the capacitance per unit length: This will be 
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6.26 Construct a curvilinear-square map of the potential field about two parallel circular cylinders, 
each of 2.5 cm radius, separated by a center-to-center distance of 13cm. These dimensions are 
suitable for the actual sketch if symmetry is considered. As a check, compute the capacitance 
per meter both from your sketch and from the exact formula. Assume cr = 1. 

Symmetry allows us to plot the field lines and equipotentials over just the first quadrant, as 
is done in the sketch below (shown to one-half scale). The capacitance is found from the 
formula C = (Nq/Nv)€q, where Nq is twice the number of squares around the perimeter 
of the half-circle and Ny is twice the number of squares between the half-circle and the left 
vertical plane. The result is 

C = ^e = ^e = 2e = 17.7 pF/m 



We check this result with that using the exact formula: 

7re vre 



C 



cosh _1 (d/2a) cosh _1 (13/5) 



1.95e = 17.3 pF/m 
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6.27. Construct a curvilinear square map of the potential field between two parallel circular cylin- 
ders, one of 4-cm radius inside one of 8-cm radius. The two axes are displaced by 2.5 cm. 
These dimensions are suitable for the drawing. As a check on the accuracy, compute the 
capacitance per meter from the sketch and from the exact expression: 



cosh' 1 ^ 2 + b 2 - D 2 )/(2ab)} 
where a and b are the conductor radii and D is the axis separation. 

The drawing is shown below. Use of the exact expression above yields a capacitance value of 
C = 11.5eo F/m. Use of the drawing produces: 



22 x 2 

C = -^—e = lle F/m 
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6.28. A solid conducting cylinder of 4-cm radius is centered within a rectangular conducting cylinder 
with a 12-cm by 20-cm cross-section. 



a) Make a full-size sketch of one quadrant of this configuration and construct a curvilinear- 
square map for its interior: The result below could still be improved a little, but is 
nevertheless sufficient for a reasonable capacitance estimate. Note that the five-sided 
region in the upper right corner has been partially subdivided (dashed line) in anticipation 
of how it would look when the next-level subdivision is done (doubling the number of field 
lines and equipotentials) . 



b) Assume e = eo and estimate C per meter length: In this case Nq is the number of squares 
around the full perimeter of the circular conductor, or four times the number of squares 
shown in the drawing. Ny is the number of squares between the circle and the rectangle, 
or 5. The capacitance is estimated to be 





4 x 13 



5 



e = 10.4e = 90 pF/m 
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6.29. The inner conductor of the transmission line shown in Fig. 6.14 has a square cross-section 
2a x 2a, while the outer square is 5a x 5a. The axes are displaced as shown, (a) Construct 
a good-sized drawing of the transmission line, say with a = 2.5 cm, and then prepare a 
curvilinear-square plot of the electrostatic field between the conductors, (b) Use the map to 
calculate the capacitance per meter length if e = 1.6eo- (c) How would your result to part b 
change if a = 0.6 cm? 

a) The plot is shown below. Some improvement is possible, depending on how much time 
one wishes to spend. 



/ 

/ 

/ 

/ 




b) From the plot, the capacitance is found to be 

16 x 2 

C = — — (1.6)eo = 12.8e = 110 pF/m 

c) If a is changed, the result of part b would not change, since all dimensions retain the same 
relative scale. 

6.30. For the coaxial capacitor of Problem 6.18, suppose that the dielectric is leaky, allowing current 
to flow between the inner and outer conductors, while the electric field is still uniform with 
radius. 

a) What functional form must the dielectric conductivity assume? We must have constant 
current through any cross-section, which means that J = I/(27rp)a p A/m 2 , where I is 
the radial current per unit length. Then, from J = crE, where E is constant, we require 
a 1/p dependence on a, or let a = a /p, where o"o is a constant. 

b) What is the basic functional form of the resistance per unit distance, R? From Problem 
6.18, we had E = ap s /ga p V/m, where p s is the surface charge density on the inner con- 
ductor, and g is the constant parameter in the permittivity, e = g/p. Now, / = 2irpaE = 
2-Kap s (Jo/ g, and Vq = ap s (b — a)/g (from 6.18). Then R = Vq/I = (6 — a)/(27rcr )- 
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6.30c) What parameters remain in the product, RC, where the form of C, the capacitance per unit 
distance, has been determined in Problem 6.18? With C = 2irg/(b — a) (from 6.18), we have 
RC = g/ap. 



6.31. A two- wire transmission line consists of two parallel perfectly-conducting cylinders, each hav- 
ing a radius of 0.2 mm, separated by center-to-center distance of 2 mm. The medium sur- 
rounding the wires has e r = 3 and a = 1.5 mS/m. A 100-V battery is connected between the 
wires. Calculate: 

a) the magnitude of the charge per meter length on each wire: Use 



C = 



vr x 3 x 8.85 x 10" 



3.64 x 10 -9 C/m 



cosh-^/t/k) 



cosh" 1 (1/0.2) 



Then the charge per unit length will be 



Q = CV = (3.64 x 10- n )(100) = 3.64 x 10" 9 C/m = 3.64 nC/m 



b) the battery current: Use 



RC 



R = 



3 x 8.85 x 10- 



486 ft 



a 



(1.5 x 10" 3 )(3.64 x 10" 11 ) 



Then 




Vo _ 100 
~R ~ 486 



= 0.206 A = 206 mA 
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CHAPTER 7 



7.1. Let V = 2xy 2 z 3 and e = e . Given point P(l, 2, -1), find: 

a) F at P: Substituting the coordinates into V, find Vp = — 8 V . 

b) E at P: We use E = —W = — 2y 2 z 3 a x — 4xyz 3 a y — 6xy 2 z 2 a z , which, when evaluated 
at P, becomes Ep = + 8a y — 24a z V/m 

c) p v at P: This is p v = V • D = -e V 2 V = -4xz(z 2 + 3y 2 ) C/m 3 



d) the equation of the equipotential surface passing through P: At P, we know V = — 8 V, 
so the equation will be xy 2 z 3 = —4. 

e) the equation of the streamline passing through P: First, 

E y dy 4xyz 3 2x 
E x dx 2y 2 z 3 y 

Thus 

ydy = 2xdx, and so -y 2 = x 2 + C\ 

Evaluating at P, we find C\ = 1. Next, 

E z dz 6xy 2 z 2 3x 
E x dx 2y 2 z 3 z 

Thus 

3 1 

3xdx = zdz, and so -x 2 = -z 2 + C2 
Evaluating at P, we find C2 = 1. The streamline is now specified by the equations: 

^ 2 -2x 2 = 2 and 3x 2 - z 2 = 2 

f) Does V satisfy Laplace's equation? No, since the charge density is not zero. 

7.2. Given the spherically-symmetric potential field in free space, V = Voe~ r / a , find: 

a) p v at r = a; Use Poisson's equation, V 2 V = —p v /e, which in this case becomes 



1 d f r a = 4^f r v^=^f 2 -n 

\ ar J ar z or \ / ar V a/ 



eo r 2 dr \ dr J ar 2 dr 

from which 



-r I a 



I \ e ° V ° fr, r \ -r/a l \ £ 0' / -1 nl 

Pv{r) = 2 e 1 => Pv{a) = — C/m 

b) the electric field at r = a; this we find through the negative gradient: 



E(r)=-Vy = -^a r =-e- r /°a r => E(a) = — e" 1 ^ V/m 
dr a a 
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7.2c) the total charge: The easiest way is to first find the electric flux density, which from part b is 
D = eoE = (eoVo/a)e _r / a a r . Then the net outward flux of D through a sphere of radius r 
would be 

*(r) = Qend(r) = 47rr 2 D = ^e^r 2 (T r l a C 
As r — > oo, this result approaches zero, so the total charge is therefore Q ne t = Q. 

7.3. Let V(x, y) = 4e 2x + f(x) — 3y 2 in a region of free space where p v = 0. It is known that both 
E x and V are zero at the origin. Find /(x) and V(x, y): Since p v = 0, we know that V 2 V = 0, 
and so 

ox z oy z dx z 



Therefore 

dx 2 dx 



(J2J l(i< 2 -' • (i ;• ''J N< • (ir • ( 



Now 



ox ax 



and at the origin, this becomes 



EJO) = 8+^f- = 0(as given) 

dx x=o 

Thus df /dx \ x =o = —8, and so it follows that C\ = 0. Integrating again, we find 

f(x,y) = -4e 2x + 3x 2 + C 2 

which at the origin becomes /(0,0) = -4 + C 2 . However, V(0,0) = = 4 + /(0,0). So 
/(0, 0) = -4 and C 2 = 0. Finally, /(x, y) = -4e 2x +3x 2 , and V(ar, y) = 4e 2x - 4e 2x + 3x 2 - 
3y 2 = 3(x 2 -|/ 2 ) . 

7.4. Given the potential field, V(p, 4>) = (Vop/d) cos0: 
a) Show that V(p, <fi) satisfies Laplace's equation: 

VV = -— (p—) + -— = -— f^cos^ - -— f^sin, 
p dp \ dp J p 2 d<j> 2 pdp \ d J p 2 d<j> \ d 

V p , V p 

= — — cos (p — sin d> = 

d d 



b) Describe the constant-potential surfaces: These will be surfaces on which pcos<f) is a 
constant. At this stage, it is helpful to recall that the x coordinate in rectangular co- 
ordinates is in fact pcoscf), so we identify the surfaces of constant potential as (plane) 
surfaces of constant x (parallel to the yz plane). 

c) Specifically describe the surfaces on which V = Vq and V = 0: In the first case, we would 
have x = (or the yz plane); in the second case, we have the surface x = d . 

d) Write the potential expression in rectangular coordinates: Using the argument in part b, 
we would have V(x) = V$x/d. 
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7.5. Given the potential field V = (Ap 4 + Bp~ 4 ) sin 40: 
a) Show that V 2 V = 0: In cylindrical coordinates, 



~ r i d ( dv\ i d 2 v 
W= -— (p— + 



p dp \ dp J p 2 d<fr 2 

= -^- (p(4Ap 3 -4Bp- 5 ))sin40- \l6( Ap 4 + Bp' 4 ) sin 40 
pdp v 7 p 2 

= — {Ap 3 + Bp~ 5 ) sin 4(f>- — {Ap 4 + Bp~ 4 ) sin 44> = 

b) Select A and B so that F = 100 V and |E| = 500 V/m at P(p = 1,0 = 22.5°, z = 2): 
First, 

„ Tr ay lav 

E= - w= -«? 

= -4 [(Ap 3 - Sp" 5 )sin40a p + (Ap 3 + Bp' 5 ) cos40a ] 

and at P, E P = -4(A - B)a p . Thus |E P | = ±4(A - B). Also, V P = A + B. Our two 
equations are: 

4{A -B) = ±500 

and 

A + B = 100 
We thus have two pairs of values for A and B: 

A = 112.5, 5 = -12.5 or A = -12.5, 5 = 112.5 



7.6. A parallel-plate capacitor has plates located at z = and z = d. The region between plates 
is filled with a material containing volume charge of uniform density po C/m 3 , and which has 
permittivity e. Both plates are held at ground potential, 
a) Determine the potential field between plates: We solve Poisson's equation, under the 
assumption that V varies only with z: 



V 2 V 



d 2 V 

dz 2 



Po 
e 



V 



-Pqz 
2e 



+ dz + d 



At z = 0, V = 0, and so C2 = 0. Then, at z = d, V = as well, so we find C\ = pod/2e. 
Finally, V(z) = (p z/2e)[d- z] . 

b) Determine the electric field intensity, E between plates: Taking the answer to part a, we 
find E through 



dV d 

E = -W= -— a z = - — 



Pof 
L 2e 



Po 
2e 



(2z-d)a z V/m 
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7.6c) Repeat a and b for the case of the plate at z = d raised to potential Vo, with the z = plate 
grounded: Begin with 

V(z)=^^- + C 1 z + C 2 
with C2 = as before, since V(z = 0) = 0. Then 

V(z = d) = V = ^f + C ld => C 1 = ^ + p -^ 

So that 

V(z) = -z+—(d-z) 

We recognize this as the simple superposition of the voltage as found in part a and the voltage 
of a capacitor carrying voltage Vo, but without the charged dielectric. The electric field is now 



7.7. Let V = (cos20)/p in free space. 

a) Find the volume charge density at point A(0.5,60°, 1): Use Poisson's equation: 

(1 d ( dv\ 1 d 2 v 

Pv = -e V V = -eo[ z —[ p— ) + -2^-2 



= -eo 

So at A we find: 



p dp \ dp J p 2 
1 d / — cos 20 \ 4 cos 20 \ 3eocos20 



p dp \ p J P 2 p J P 3 



3e cos(120°) „. o 

PvA = Q5 3 = -12e = -106pC/m 3 



b) Find the surface charge density on a conductor surface passing through B(2, 30°, 1): First, 
we find E: 

cos 20 2 sin 20 

= ^ a„ H ^ 3-(A 

p Z p 1 

At point £> the field becomes 

cos 60° 2 sin 60° 
E B = a p + a^ = 0.125 a p + 0.433 a 

The surface charge density will now be 

p sB = ±|D B | = ±eo|E B | = ±0.451e = ±0.399 pC/m 2 

The charge is positive or negative depending on which side of the surface we are consid- 
ering. The problem did not provide information necessary to determine this. 
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7.8. A uniform volume charge has constant density p v = po C/m 3 , and fills the region r < a, in 
which permittivity e as assumed. A conducting spherical shell is located at r = a, and is held 
at ground potential. Find: 

a) the potential everywhere: Inside the sphere, we solve Poisson's equation, assuming radial 
variation only: 

VV=l£(r 2 ^) = =* => V(r) = ^ + ^ + C 2 
r 2 dr \ dr J e oeo r 

We require that V is finite at the orgin (or as r — ► 0), and so therefore C\ = 0. Next, 
V = at r = a, which gives C 2 = p^a? /6e. Outside, r > a, we know the potential must 
be zero, since the sphere is grounded. To show this, solve Laplace's equation: 

r 2 dr 

Requiring V = at both r = a and at infinity leads to C\ = C 2 = 0. To summarize 

V (r) = (^ a2 - r2) r<a 
V ' \ r > a 

b) the electric field intensity, E, everywhere: Use 

^ „ T , — pn^ 
E = - VF = ^— a r = — a r r < a 
ar 3e 

Outside (r > a), the potential is zero, and so E = there as well. 



7.9. The functions Vi(p, (f>, z) and V^(p, 0, z) both satisfy Laplace's equation in the region a < p < b, 
< 4> < 2tt, —L < z < L; each is zero on the surfaces p = b for — L < z < L; z = —L for 
a < p < b; and z = L for a < p < b; and each is 100 V on the surface p = a for — L < z < L. 

a) In the region specified above, is Laplace's equation satisfied by the functions V\ + Vjj, 
Vi — V2, Vi + 3, and ViV^ 7 - Yes for the first three, since Laplace's equation is linear. No 
for V X V 2 . 

b) On the boundary surfaces specified, are the potential values given above obtained from 
the functions V 1 + V 2 , Vy - V 2 , Vi + 3, and V^? At the 100 V surface (p = a), No for all . 
At the V surfaces, yes, except for Vi + 3. 

c) Are the functions V\ + V 2 , V\ — V 2 , V\ + 3, and V\V 2 identical with Vi? Only V2 is, 
since it is given as satisfying all the boundary conditions that V\ does. Therefore, by the 
uniqueness theorem, V 2 = V\. The others, not satisfying the boundary conditions, are 
not the same as V\. 
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7.10. Consider the parallel-plate capacitor of Problem 7.6, but this time the charged dielectric exists 
only between z = and z = b, where b < d. Free space fills the region b < z < d. Both 
plates are at ground potential. No surface charge exists at z = b, so that both V and D are 
continuous there. By solving Laplace's and Poisson's equations, find: 
a) V(z) for < z < d: In Region 1 (z < b), we solve Poisson's equation, assuming z variation 
only: 

d 2 Vi -p dVt 



-Poz 



+ Ci (z<b) 



dz 2 e dz e 

In Region 2 (z > b), we solve Laplace's equation, assuming z variation only: 



d 2 V 2 
dz 2 







dV 2 
dz 



C[ (z>b) 



At this stage we apply the first boundary condition, which is continuity of D across the 
interface at z = b. Knowing that the electric field magnitude is given by dV/dz, we write 



dVi 

dz 



z=b 



eo 



dV2 
dz 



z=b 



- Po b + eCi = e C[ => C[ = + -C x 



Substituting the above expression for C[, and performing a second integration on the 
Poisson and Laplace equations, we find 



and 



Vi(z) 



V 2 (z) 



~^ + C lZ + C 2 (z<b) 

.^. + ± Cl z + C 2 (z>b) 
2eo eo 



Next, requiring V\ = at z = leads to C 2 = 0. Then, the requirement that V 2 = at 
z = d leads to 



C' 



Pobd 



-dd 



With C 2 and C 2 known, the voltages now become 

Pob 



Vi(z) 



poz 



+ C x z and V 2 (z) = — (d - z) 
2e eo 



eo 



-Ci(d-z) 



Finally, to evaluate Ci, we equate the two voltage expressions at z = b: 

' b + 2e r {d - b)' 



Vi\ z =b = V 2 \ z=b =>• Ci 



Pob 
2e 



b + e r (d-b) 



where e r = e/e®. Substituting C\ as found above into V\ and V 2 leads to the final 
expressions for the voltages: 



Vi(z) 



Pobz 
2e 



b + 2e r (d-b) 
b + e r (d-b) 



V 2 (z) 



Potf 
2e 



d 



b + e r (d — b) 



(z<b) 
(z>b) 
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7.10b) the electric field intensity for < z < d: This involves taking the negative gradient of the final 
voltage expressions of part a. We find 



Ei 



dV\ 

dz 



Po 

€ 



b (b + 2e r (d-b) 
2 V b + e r {d-b) 



a 2 V/m (z < b) 



rp dV 2 p b 2 

dz 



2e [b + e r (d-b) 



a z V/m (z > b) 



7.11. The conducting planes 2x + 3y = 12 and 2x + 3y = 18 are at potentials of 100 V and 0, 
respectively. Let e = eo and find: 
a) V at P(5, 2, 6): The planes are parallel, and so we expect variation in potential in the 
direction normal to them. Using the two boundary condtions, our general potential 
function can be written: 

V(x, y) = A(2x + 3y~ 12) + 100 = A(2x + 3y - 18) + 

and so A = —100/6. We then write 

V(x, y) = ~{2x + 3y- 18) = -™x - 50y + 300 



and V P = -^(5) - 100 + 300 = 33.33 V . 



b) Find E at P: Use 



E = -W = ^ a x + 50a y V/m 



7.12. The derivation of Laplace's and Poisson's equations assumed constant permittivity, but there 
are cases of spatially- varying permittivity in which the equations will still apply. Consider the 
vector identity, V • (Y>G) = G • \7ip + ipV ■ G, where tp and G are scalar and vector functions, 
respectively. Determine a general rule on the allowed directions in which e may vary with 
respect to the electric field. 

In the original derivation of Poisson's equation, we started with V-D = p v , where D = eE. 
Therefore 

V • D = V • (eE) = -V • (eW) = - W • Ve - eVV = p v 

We see from this that Poisson's equation, V 2 U = —p v /e, results when W • Ve = 0. In 
words, e is allowed to vary, provided it does so in directions that are normal to the local 
electric field. 



7.13. Coaxial conducting cylinders are located at p = 0.5 cm and p = 1.2 cm. The region between 
the cylinders is filled with a homogeneous perfect dielectric. If the inner cylinder is at 100V 
and the outer at 0V, find: 
a) the location of the 20V equipotential surface: From Eq. (16) we have 

v( \ inn ln (- 012 /P) y 
V{P) = 10 °ln(.012/.005) V 
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We seek p at which V = 20 V, and thus we need to solve: 



ln(.012/p) .012 



b) E pmax : We have 

dV dV 100 

E, 



9 dp " dp pln(2.4) 
whose maximum value will occur at the inner cylinder, or at p = .5 cm: 

E pm ax = 100 tt = 2.28 x 10 4 V/m = 22.8 kV/m 

9 .0051n(2.4) ' '— 

c) e r if the charge per meter length on the inner cylinder is 20 nC/m: The capacitance per 
meter length is 

= 27^06,. = Q_ 

~ ln(2.4) " V 

We solve for e r : 

_ (20 x 10" 9 )ln(2.4) 



27re (100) 



3.15 



7.14. Repeat Problem 7.13, but with the dielectric only partially filling the volume, within < <f> < 
tt, and with free space in the remaining volume. 

We note that the dielectric changes with (f), and not with p. Also, since E is radially- 
directed and varies only with radius, Laplace's equation for this case is valid (see Problem 
7.12) and is the same as that which led to the potential and field in Problem 7.13. 
Therefore, the solutions to parts a and b are unchanged from Problem 7.13. Part c, 
however, is different. We write the charge per unit length as the sum of the charges along 
each half of the center conductor (of radius a) 

Q = e r e E P;max (Tra) + e E P:max (iTa) = e E Pjmax (iTa)(l + e r ) C/m 

Using the numbers given or found in Problem 7.13, we obtain 

20xlO" 9 C/m 

1 + €r ~ (8.852 x 10" 12 )(22.8 x 10 3 V/m)(0.5 x 10" 2 m)7r ~ 6 ' 31 ^ 6r ~ ~ 

We may also note that the average dielectric constant in this problem, (e r + l)/2, is the 
same as that of the uniform dielectric constant found in Problem 7.13. 

7.15. The two conducting planes illustrated in Fig. 7.8 are defined by 0.001 < p < 0.120 m, 
< z < 0.1 m, (j) = 0.179 and 0.188 rad. The medium surrounding the planes is air. For 
region 1, 0.179 < 4> < 0.188, neglect fringing and find: 

a) V{4>): The general solution to Laplace's equation will be V = C\<\> + C2, and so 

20 = Ci(.188) + C 2 and 200 = Ci(.179) + C 2 
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Subtracting one equation from the other, we find 

-180 = Ci(.188-.179) Ci = -2.00 x 10 4 

Then 

20 = -2.00 x 10 4 (.188) + C 2 => C 2 = 3.78 x 10 3 
Finally, V(<f>) = (-2.00 x 1O 4 )0 + 3.78 x 10 3 V . 

b) E(p): Use 

1 dV 2.00 x 10 4 

E p = -W = — — = a* V/m 

p c!0 p 

c) D(p) = e E(p) = (2.00 x !O 4 e o /p)a C/m 2 . 



d) p s on the upper surface of the lower plane: We use 
p s = D n 



2.00 x 10 4 2.00 x 10 4 „ . 2 
= a^> • = C/m 

surface p p 



e) Q on the upper surface of the lower plane: This will be 

/■.I I-.120 9 DO x 10 4 f 

Qt= / -dpdz = 2.00 x 10 4 e n (.l) ln(120) = 8.47 x 10~ 8 C = 84.7 nC 

J 7.001 P 

f) Repeat a) to c) for region 2 by letting the location of the upper plane be (j> = .188 — 2ir, 
and then find p s and Q on the lower surface of the lower plane. Back to the beginning, 
we use 

20 = C 1 (.188-2^) + C 2 and 200 = C[(.179) + C 2 



9 



7.15f (continued) Subtracting one from the other, we find 

-180 = Ci(.009-2tt) C( = 28.7 

Then 200 = 28.7(.179) + C' 2 => C 2 = 194.9. Thus V(<f>) = 28.7^ + 194.9 in region 2. Then 

E = -^a V/m and D = -^^a^C/m 2 



p s on the lower surface of the lower plane will now be 

28.7eo , \ 28.7e . 2 
Ps = • (-a^) = C/m 



The charge on that surface will then be Q h = 28.7e (.l) ln(120) = 122 pC . 

g) Find the total charge on the lower plane and the capacitance between the planes: Total 
charge will be Q net = Qt + Qb = 84.7 nC + 0.122 nC = 84.8 nC . The capacitance will be 

c= Qnet = 84.8 = o m nF = 4?1 F 
Ay 200 - 20 — — 



7.16. A parallel-plate capacitor is made using two circular plates of radius a, with the bottom plate 
on the xy plane, centered at the origin. The top plate is located at z = d, with its center on 
the z axis. Potential Vq is on the top plate; the bottom plate is grounded. Dielectric having 
radially -dependent permittivity fills the region between plates. The permittivity is given by 
e(p) = e (l + p/a). Find: 

a) V(z): Since e varies in the direction normal to E, Laplace's equation applies, and we 
write 

W=^J = => V(z) = C lZ + C 2 

With the given boundary conditions, C 2 = 0, and C\ = Vo/d. Therefore V(z) = Voz/d V. 

b) E: This will be E = -W = -dV/dza z = -{V /d)a z V/m . 

c) Q: First we find the electric flux density: D = eE = — e (l + p/a)(V /d) a z C/m 2 . The 
charge density on the top plate is then p s = D • —a z = eo(l + p/ a) (Vo/d) C/m 2 . From 
this we find the charge on the top plate: 

Q = J J £ eo(l + P/a)(V /d) pdpd^= 57ra 3 ^° y ° C 

d) C. The capacitance is C = Q/V = 5ira 2 e /(3d) F. 

7.17. Concentric conducting spheres are located at r = 5 mm and r = 20 mm. The region between 
the spheres is filled with a perfect dielectric. If the inner sphere is at 100 V and the outer 
sphere at V: 

a) Find the location of the 20 V equipotential surface: Solving Laplace's equation gives us 

V(r) = V f^ 

a b 
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where Vq = 100, a = 5 and b = 20. Setting V(r) = 20, and solving for r produces 
r = 12.5 mm. 



b) Find E r ^ max : Use 



B = -W = -?a ^ 



dr " r r 2 (i 1 

V a 



b, 



= E{r = "» = ad-Wt)) = 5(1 - (5/20)) = 26 ' 7 V/mm = 26 ' 7 kV/m 

c) Find e r if the surface charge density on the inner sphere is 1.0^C/m 2 : p s will be equal 
in magnitude to the electric flux density at r = a. So p s = (2.67 x 10 4 V/m)e r e = 
10~ 6 C/m 2 . Thus e r = 4.23 . Note, in the first printing, the given charge density was 
100 pC/m 2 , leading to a ridiculous answer of e r = 423. 

7.18. The hemisphere < r < a, < 9 < ir/2, is composed of homogeneous conducting material of 
conductivity a. The flat side of the hemisphere rests on a perfectly-conducting plane. Now, 
the material within the conical region < 9 < a, < r < a, is drilled out, and replaced with 
material that is perfectly-conducting. An air gap is maintained between the r = tip of this 
new material and the plane. What resistance is measured between the two perfect conductors? 
Neglect fringing fields. 

With no fringing fields, we have ^-variation only in the potential. Laplace's equation is 

therefore: 

^2,r 1 d ( . n dV\ 
H sin 6 dO \ dd ) 

This reduces to 

d ^K = — a => V{d) = C 1 \ntzn{6/2) + C 2 
dd sin 9 

We assume zero potential on the plane (at 6 = 7r/2), which means that C 2 = 0. On the 
cone (at 9 = a), we assume potential Vo, and so Vq = C\ lntan(a/2) 
=> C\ = Vo/lntan(a/2) The potential function is now 

Tr/ „, Tr lntan(0/2) 

V{6 ) = V - a<0<7r/2 

v ; u lntan(a/2) ' 

The electric field is then 

E = -W = — — a e = . a g V/m 

r cw rsm#lntan(a/2) 

The total current can now be found by integrating the current density, J = crE, over any 
cross-section. Choosing the lower plane at 9 = tt/2, this becomes 

/= f 2n f a crVo a rdrd , = ^gaVo 

J J rsin(7r/2)lntan(a/2) ae ' a ^ r T 9 lntan(a/2) 

The resistance is finally 

_ V lntan(a/2) 

R = — = ohms 

1 2ixaa 

Note that R is in fact positive (despite the minus sign) since lntan(a/2) is negative when 
a < tt/2 (which it must be). 



11 



7.19. Two coaxial conducting cones have their vertices at the origin and the z axis as their axis. 
Cone A has the point A(l, 0,2) on its surface, while cone B has the point 5(0,3,2) on its 
surface. Let V A = 100 V and V B = 20 V. Find: 

a) a for each cone: Have a a = tan -1 (1/2) = 26.57° and as = tan -1 (3/2) = 56. 31° . 

b) V at P(l, 1,1): The potential function between cones can be written as 

V(9) = Cilntan(0/2) + C 2 

Then 

20 = Cilntan(56.31/2) + C 2 and 100 = C x lntan(26.57/2) + C 2 

Solving these two equations, we find C\ = —97.7 and C 2 = —41.1. Now at P, 9 = 
tan" 1 ^) = 54.7°. Thus 

V P = -97.71ntan(54.7/2) - 41.1 = 23.3 V 



7.20. A potential field in free space is given as V = 100 lntan(#/2) + 50 V. 

a) Find the maximum value of |E#| on the surface = 40° for 0.1 < r < 0.8 m, 60° < 4> < 
90°. First 

_ _ 1 dV 100 100 100 

~ ~r^W a0 ~ "2rtan(#/2)cos 2 (#/2) ae ~ ~ 2r sin(0/2) cos(0/2) &fl ~ "^in^ 

This will maximize at the smallest value of r, or 0.1: 

V max (0 = 40°) = E(r = 0.1, 6 = 40°) = - - 100 a e = 1.56 a kV/m 

0.1sm(40) 

b) Describe the surface V = 80 V: Set 1001ntan6>/2 + 50 = 80 and solve for 9: Obtain 
In tan 0/2 = 0.3 => tan 0/2 = e- 3 = 1.35 => 9 = WT (the cone surface at = 107 
degrees) . 
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7.21. In free space, let p v = 200e /r 2 - 4 . 

a) Use Poisson's equation to find V(r) if it is assumed that r 2 E r — > when r — > 0, and also 
that V — > as r — » oo: With r variation only, we have 



2 „_ 1 d (odV\ _ Pv _ onn ^-2.4 



or 



W = — r^— = -'— = -200r 
dr \ dr ) 



« ^?|=-200r- 



Integrate once: 



_™ , + Ci = _ 333 . 3r , + (7i 



dr / .6 



or 



£ = -333.3,-" + ? 
ar r 



333. 3r -1 - 4 + = W (in this case) = -E r 



Our first boundary condition states that r 2 E r — ► when r — > Therefore Ci = 0. 
Integrate again to find: 

V(r) = ^r- 4 + C 2 
From our second boundary condition, F — > as r — > oo, we see that C2 = 0. Finally, 

V(r) = 833.3r~ 4 V 



b) Now find V(r) by using Gauss' Law and a line integral: Gauss' law applied to a spherical 
surface of radius r gives: 

A7rr 2 D r = 4vr f ^(r') 2 dr = SOOvreo^ 
Jo ( r ) - 6 

Thus 

L> r SOOvreor- 6 _ x 4 

£V = — = — — g = 333.3r x ' 4 V/m 

e .6(47r)e H 



Now 



V(r) = - / 333.3(r') _1 - 4 dr' = 833.3r~- 4 V 
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22. By appropriate solution of Laplace's and Poisson's equations, determine the absolute potential 
at the center of a sphere of radius a, containing uniform volume charge of density po. Assume 
permittivity eo everywhere. HINT: What must be true about the potential and the electric 
field at r = and at r = a? 

With radial dependence only, Poisson's equation (applicable to r < o) becomes 

2 1 d f 2 dVi\ po p r 2 Ci 
V Vi = -~ — [r —— = => Vi(r) = — — 1 h C 2 [r < a) 



r 2 dr \ dr J eo 6eo r 

For region 2 (r > a) there is no charge and so Laplace's equation becomes 



W 2 = l-ffr 2 ^=0 => U 2 (r) = ^ + C 4 (r>a) 
r 2 dr \ dr J r 

Now, as r — > oo, V 2 — > 0, so therefore C4 = 0. Also, as r — > 0, Vi must be finite, so 
therefore C\ = 0. Then, V must be continuous across the boundary, r = a: 

vA_=v 2 \_ ^ ^ + c 2 = ^ ^ c 2 Cs > Poa2 



I r=a 



6eo a a 6eo 



So now 

Fl ( r ) = ^L( a 2_ r 2 ) + ^3 and v 2 ( r ) = 9l 
6e a r 

Finally, since the permittivity is eo everywhere, the electric field will be continuous at 
r = a. This is equivalent to the continuity of the voltage derivatives: 



dVt 
dr 



dV^ 
dr 



Poa C3 „ Poa 



3 



3eo a 2 3 3eo 



So the potentials in their final forms are 



Vi(r) = f^(3a^ - r a ) and F 2 (r) = ^ 
6e 3e r 

The requested absolute potential at the origin is now V\{r = 0) = poo 2 /(2eo) V. 

23. A rectangular trough is formed by four conducting planes located at x = and 8 cm and y = 
and 5 cm in air. The surface at y = 5 cm is at a potential of 100 V, the other three are at 
zero potential, and the necessary gaps are placed at two corners. Find the potential at x = 3 
cm, y = 4 cm: This situation is the same as that of Fig. 7.6, except the non-zero boundary 
potential appears on the top surface, rather than the right side. The solution is found from 
Eq. (39) by simply interchanging x and y, and b and d, obtaining: 

tt/ \ 4Vo 1 sinh(m7ry/d) . mux 

V(x, y) = > — — — sin — — 

7r z — ' m smn(m7ro d) a 

l,odd y 1 ' 

where Vq = 100 V, d = 8 cm, and 6 = 5 cm. We will use the first three terms to evaluate the 
potential at (3,4): 

V(M)- 400 

7T 



sinh(7r/2) . . . , 1 sinh(3vr/2) . . 1 sinh(5vr/2) . . 

■ vjz '' sin 3tt/8 + - . Tj^rjk sin 9tt/8 + - — y — 1 > sin 15vr/8 
smh(57r/8) 3 smh(157r/8) 5 smh(257r/8) 



= — [.609 - .040 - .011] = 71.1 V 

7T 

Additional accuracy is found by including more terms in the expansion. Using thirteen terms, 
and using six significant figure accuracy, the result becomes V(3,4) = 71.9173 V . The series 
converges rapidly enough so that terms after the sixth one produce no change in the third 
digit. Thus, quoting three significant figures, 71.9 V requires six terms, with subsequent terms 
having no effect. 



14 



7.24. The four sides of a square trough are held at potentials of 0, 20, -30, and 60 V; the highest 
and lowest potentials are on opposite sides. Find the potential at the center of the trough: 
Here we can make good use of symmetry. The solution for a single potential on the right side, 
for example, with all other sides at 0V is given by Eq. (39): 



XT-/ \ 4Vo 1 sinhfrmrx/fo) . /miry 

V(x, y) = > — — — sin 

ir *—f m smh(mira/b) \ 

l,odd 



m sinh(rmrd/b) 



In the current problem, we can account for the three voltages by superposing three solutions 
of the above form, suitably modified to account for the different locations of the boundary 
potentials. Since we want V at the center of a square trough, it no longer matters on what 
boundary each of the given potentials is, and we can simply write: 

. 4(0 + 20 -30 + 60) 1 sinh(m7r/2) . , 

l/(center = -i - > ) . 1 ' sin(m7r/2 = 12.5V 

7r ^— ' m smn(m7r) 

l,odd 

The series converges to this value in three terms. 

7.25. In Fig. 7.7, change the right side so that the potential varies linearly from at the bottom of 
that side to 100 V at the top. Solve for the potential at the center of the trough: Since the 
potential reaches zero periodically in y and also is zero at x = 0, we use the form: 



oo 

V{x, y)= 2^V m smh [— — J sin ^— — J 



m=l 



Now, at x = d, V = 100(y/6). Thus 

CO / 7\ 

y . / mira\ . /miry 



100 



l = ^V mB wh\- r j B m[— 

771 = 1 X / 



We then multiply by sin(n7ry/6), where n is a fixed integer, and integrate over y from to b: 
J 100|sin (^) dy = £ y m sinh J sin (=) sin (^) dy 

771-1 v ^ y 

=6/2 if 777 = 71, zero if 77J+77 

The integral on the right hand side picks the nth term out of the series, enabling the coefficients, 
V n , to be solved for individually as we vary n. We find in general, 

bsmh(mir/d) J b 



V m — r : ~ / ;.<i"("^) dy 



The integral evaluates as 

f b y . /mry\ , f — 100/m,7r (m even 
/ 100- sm — — ) dy = < 
J b V b J y \ 100/W (m odd) 



■mix 
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7.25 (continued) Thus 



So that finally, 



200f-l 



\m+l 



mirb sinh(m7rd/6) 



200 v-^ ( — l) m+ sinh (mirx/b) . /rmry\ 

V(x,y) = —y ± '- —4 777T sin ( — — — ) 

-rrb ^ m sinh(mvrd/6) V 5 / 



m=l 



Now, with a square trough, set b = d = 1, and so < x < 1 and < y < 1. The potential 
becomes 

T „ , 200 sinh (rnvrx) . , 

MX, y) = > r-r-T r sin (mvry) 

7r m smh(m7r) 

m=l 

Now at the center of the trough, x = y = 0.5, and, using four terms, we have 



V(.5,.5) = 



200 



sinh(vr/2) 1 sinh(3vr/2) 1 sinh(57r/2) lsinh(7vr/2) 



12.5 V 



7T [ sinh(7r) 3 sinh(37r) 5 sinh(57r) 7 sinh(77r) 
where additional terms do not affect the three-significant-figure answer. 



7.26. If X is a function of x and X" + (x — 1)X — 2X = 0, assume a solution in the form of an 
infinite power series and determine numerical values for 02 to a 8 if a = 1 and a\ = —1: The 
series solution will be of the form: 



X = Or. 



m=0 



The first 8 terms of this are substituted into the given equation to give: 

(2a2 — 01 — 2ao) + (603 + cti — 2a2 — 2ai)x + (12a4 + 2a2 — 3a3 — 2a2)x 2 

+ (3a 3 - 4a 4 - 2a 3 + 20a 5 )x 3 + (30a 6 + 4a 4 - 5a 5 - 2a 4 )x 4 + (42a 7 + 5a 5 - 6a 6 - 2a 5 )x 5 

+ (56a 8 + 6a 6 - 7a 7 - 2a 6 )x 6 + (7a 7 - 8a 8 - 2a 7 )x 7 + (8a 8 - 2a 8 )x 8 = 

For this equation to be zero, each coefficient term (in parenthesis) must be zero. The first of 
these is 

2o 2 - ai - 2a = 2o 2 + 1 - 2 = =>- a 2 = 1/2 
The second coefficient is 



603 + ai — 2a 2 — 2ai = 603 — 1 — 1 + 2 = =>• a 3 = 



Third coefficient: 



12a 4 + 2a 2 - 3a 3 - 2a 2 = 12a 4 + 1- 0-1 = => a 4 = 
Fourth coefficient: 

3a 3 - 4a 4 - 2o 3 + 20a 5 = - - + 20a 5 = a 5 = 

In a similar manner, we find clq = o 7 = a 8 = 0. 
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7.27. It is known that V = XY is a solution of Laplace's equation, where X is a function of x alone, 
and Y is a function of y alone. Determine which of the following potential function are also 
solutions of Laplace's equation: 

a) V = 100X: We know that V 2 XY = 0, or 

d 2 d 2 X" Y" 

—XY+—XY = =» YX" + XY" = => — = -— = a 2 
ox 2 ay 1 X Y 

Therefore, V 2 X = WOX" ^ - No. 

b) V = 50XY: Would have V 2 V = 50V 2 XY = - Yes. 

c) V = 2XY + x-3y: V 2 V = 2V 2 XY + - = - Yes 

d) V = xXY: 

v , v ^^Y + 0^XY0 + 8 

ox 2 ay 2 ox ay 

= 2X'Y + x [X"Y + XY"] + - No 

N v ' 

V 2 XY 

e) V = X 2 Y: V 2 V = XV 2 XY + XY V 2 X = + XYV 2 X - No. 

7.28. Assume a product solution of Laplace's equation in cylindrical coordinates, V = PF, where 
V is not a function of z, P is a function only of p, and F is a function only of (p. 

a) Obtain the two separated equations if the separation constant is n 2 . Select the sign of 
n 2 so that the solution of the <j) equation leads to trigonometric functions: Begin with 
Laplace's equation in cylindrical coordinates, in which there is no z variation: 

V 2 V --—( — } —— - 
p dp \ dp ) p 2 d<j> 2 

We substitute the product solution V = PF to obtain: 

F d ( dP\ P d 2 F FdP d 2 P P d 2 F 



p dp \f dp ) p 2 d<p 2 p dp ^ dp 2 ^ p 2 d(j) 2 

Next, multiply by p 2 and divide by FP to obtain 

p dP p 2 d 2 P 1 d 2 F 

— h 1 = 

P dp P dp 2 F d(\> 2 




The equation is now grouped into two parts as shown, each a function of only one of the 
two variables; each is set equal to plus or minus n 2 , as indicated. The (f> equation now 
becomes 

d 2 F 

+ n 2 F = => F = C n cos(n0) + D n sin(n^) (n > 1) 



# 2 

Note that n is required to be an integer, since physically, the solution must repeat itself 
every 2ir radians in cf>. If n = 0, then 

d 2 F 

— = F = C n 6 + D n 
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7.28b. Show that P = Ap n + Bp n satisfies the p equation: From part a, the radial equation is: 

2 d 2 P dP n 
dp* dp 

Substituting Ap n , we find 

p 2 n{n - l)p n ~ 2 + pnp 11 - 1 - n 2 p n = n 2 p n - np n + np n - n 2 p n = 
Substituting Bp~ n : 

p 2 n(n + l)p"( n+2 ) - pnp" (n+1) - n 2 p~ n = n 2 p~ n + np~ n - np~ n - n 2 p~ n = 
So it works. 

c) Construct the solution V(p,<f>). Functions of this form are called circular harmonics. To 
assemble the complete solution, we need the radial solution for the case in which n = 0. 
The equation to solve is 

d 2 P dP _ 
^ dp 2 dp 

Let S = dP/dp, and so dS/dp = d 2 P/dp 2 . The equation becomes 

dS n dp dS 

p +S = -— = -=- 
dp p S 



lnp + lnA = lnS => mS = ln(^| => S A ° dP 



Integrating, find 

n A- In An = In ,<? =» In ,<? = In I 

p J p dp 

where A is a constant. So now 

dp dP 

— = — P n=0 = ^olnp + ^o 

P 

We may now construct the solution in its complete form, encompassing n > 0: 

oo 

V(p, 0) = (^o lnp + B o )(C o + D ) + X^™' " + S n p- n ][C„ cos(n</>) + D n sin(n0)] 

" T'TT ' n=1 

n=0 solution 



18 



7.29. Referring to Chapter 6, Fig. 6.14, let the inner conductor of the transmission line be at a 
potential of 100V, while the outer is at zero potential. Construct a grid, 0.5a on a side, and 
use iteration to find V at a point that is a units above the upper right corner of the inner 
conductor. Work to the nearest volt: 

The drawing is shown below, and we identify the requested voltage as 38 V . 
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7.30. Use the iteration method to estimate the potentials at points x and y in the triangular trough 
of Fig. 7.14. Work only to the nearest volt: The result is shown below. The mirror image of 
the values shown occur at the points on the other side of the line of symmetry (dashed line). 
Note that V x = 78 V and V« = 26 V. 




v=o 



7.31. Use iteration methods to estimate the potential at point x in the trough shown in Fig. 7.15. 
Working to the nearest volt is sufficient. The result is shown below, where we identify the 
voltage at x to be 40 V . Note that the potentials in the gaps are 50 V. 
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7.32. Using the grid indicated in Fig. 7.16, work to the nearest volt to estimate the potential at 
point A: The voltages at the grid points are shown below, where Va is found to be 19 V . Half 
the figure is drawn since mirror images of all values occur across the line of symmetry (dashed 
line) . 
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I 
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ov 
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7.33. Conductors having boundaries that are curved or skewed usually do not permit every grid 
point to coincide with the actual boundary. Figure 6.16a illustrates the situation where the 
potential at Vo is to be estimated in terms of Vi, V 2 , V 3 , and V4, and the unequal distances 
hi, h2, h 3 , and h 4 . 
a) Show that 



Vi 



+ 



(l+fe) 0+&7 
V 4 



(* + &)( 



1 + 



h 3 hj 



+ 



V2 



V 3 



1 + 



hi 



( 1 1 h 2 h 4 \ ( -1 1 / -1 1 h-ih 



note error, corrected here, in the equation (second term) 



Referring to the figure, we write: 



dV 

dx 



. Vl-Vq 



Mi 



Then 



8 2 V 



dV 

dx 



M 3 



V0-V3 

hz 



dx 2 



. {Vi - V )/hi - (V - V 3 )/h 3 



2Vl 



+ 



2V* 



dy 2 



v 



(h 2 + h 4 )/2 



+ 



2Va 



2Vn 



Vo (h 1 +h 3 )/2 h 1 (h 1 +h 3 ) ' h 3 {h x + h 3 ) h x h 3 

We perform the same procedure along the y axis to obtain: 
d 2 V . (V 2 - V )/h 2 - (Vq ~ V 4 )/h 4 _ 2V 2 



2V 



h 2 (h 2 + h4) h 4 (h 2 + h 4 ) h 2 h± 



Then, knowing that 



d 2 v 



dx 2 



d 2 v 

Vo dy 2 



Vo 







the two equations for the second derivatives are added to give 
2Vi 2V 2 2V 3 2V 4 



+ 



+ 



+ 



hih 3 + h 2 h 4 



hih 2 h 3 h 4 



hi(hi + h 3 ) h 2 (h 2 + h 4 ) h 3 (hi + h 3 ) h 4 (h 2 + h 4 ) 
Solve for Vo to obtain the given equation. 

b) Determine Vo in Fig. 6.16b: Referring to the figure, we note that hi = h 2 = a. The other 
two distances are found by writing equations for the circles: 

(0.5a + /i 3 ) 2 + a 2 = (1.5a) 2 and (a + h A ) 2 + (0.5a) 2 = (1.5a) 2 

These are solved to find h 3 = 0.618a and /14 = 0.414a. The four distances and potentials 
are now substituted into the given equation: 



Vn 



SO 



+ 



60 



100 



(1 + inn) (1 + §!) (l+^lMl+ff) (1 + -618) (1 + ff ) 
100 



(1 + .414) (1 + §1) 



90 V 
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7.34. Consider the configuration of conductors and potentials shown in Fig. 7.18. Using the method 
described in Problem 7.33, write an expression for V x (not Vo): The result is shown below, 
where V x = 70 V. 




o v 



o v 



7.35a) After estimating potentials for the configuation of Fig. 7.19, use the iteration method with 
a square grid 1 cm on a side to find better estimates at the seven grid points. Work to the 
nearest volt: 
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b) Construct a 0.5 cm grid, establish new rough estimates, and then use the iteration method 
on the 0.5 cm grid. Again, work to the nearest volt: The result is shown below, with 
values for the original grid points underlined: 
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7.35c. Use a computer to obtain values for a 0.25 cm grid. Work to the nearest 0.1 V: Values for the 
left half of the configuration are shown in the table below. Values along the vertical line of 
symmetry are included, and the original grid values are underlined. 



25 50 50 

26.5 38.0 

18.0 31.0 

14.5 27.1 

12.8 24.8 

11.7 23.1 

10.8 21.6 

10.0 20.0 

9.0 18.1 

7.9 15.9 

6.8 13.6 

5.6 11.2 

4.4 8.8 

3.3 6.6 

2.2 4.4 

1.1 2.2 





50 50 50 

44.6 49.6 54.6 

40.7 49.0 57.5 

38.1 48.3 58.8 

36.2 47,3 58.8 

34.4 45.8 57.8 

32.5 43.8 55.8 
30.2 40.9 52.5 
27.4 3jU 47.6 
24.0 32.4 41.2 
20.4 27.3 34.2 

16.8 22.2 27.4 
13.2 17\4 21.2 
9.8 12.8 15.4 
6.4 8.4 10.0 
3.2 4.2 5.0 




50 50 75 

61.4 73.2 100 

67.7 81.3 100 
70.6 84.3 100 
71.4 85.2 100 

70.8 85.0 100 
69.0 83.8 100 

65.6 81.2 100 

59.7 75.2 100 
50.4 59.8 67.2 
40.7 46.3 49.2 
32.0 35.4 36.8 
24.4 26.6 27^4 
17.6 19.0 19.5 
11.4 12.2 12.5 
5.6 6.0 6.1 
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CHAPTER 8 



8.1a. Find H in cartesian components at P(2, 3, 4) if there is a current filament on the z axis carrying 
8 mA in the a z direction: 
Applying the Biot-Savart Law, we obtain 



J — ; 



IdL x a R 

4ttR 2 



f 

J — : 



Idza z x [2a x + 3a y + (4 - z)a z ] 
4ir(z 2 -8z + 29) 3 / 2 



^ — < 



Idz[2a y — 3a x ] 
Att(z 2 -8z + 29) 3 / 2 



Using integral tables, this evaluates as 

"2(22: - 8)(2a y - 3a x 



H„ 



47T 



52(z 2 -8z + 29)V2 



26^ 



K 2a^ 3aa;) 



Then with 1 = 8 mA, we finally obtain H a = —294a x + 196a y [iA/m 

b. Repeat if the filament is located at x = —1, y = 2: In this case the Biot-Savart integral 
becomes 



Idza z x [(2 + l)a x + (3 - 2)a y + (4 - z)a z ] 



4vr(z 2 -8z + 26)3/2 
Evaluating as before, we obtain with 1 = 8 mA: 



Idz[3a y - a x ] 
4ir(z 2 -8z + 26) 3 / 2 



47T 



2(2z-8)(3a y - a,,) 
40(z 2 -8z + 26) 1 /2 



20vr 



(3a y - a x ) = -1278^ + 382a,, /xA/m 



c. Find H if both filaments are present: This will be just the sum of the results of parts a and 
b, or 

H T = H a + H fe = -421a x + 578a y /xA/m 

This problem can also be done (somewhat more simply) by using the known result for H from 
an infinitely-long wire in cylindrical components, and transforming to cartesian components. 
The Biot-Savart method was used here for the sake of illustration. 



.2. A filamentary conductor is formed into an equilateral triangle with sides of length I carrying 
current /. Find the magnetic field intensity at the center of the triangle. 

I will work this one from scratch, using the Biot-Savart law. Consider one side of the 
triangle, oriented along the z axis, with its end points at z = ±£/2. Then consider a 
point, xq, on the x axis, which would correspond to the center of the triangle, and at 
which we want to find H associated with the wire segment. We thus have IdL = Idza z , 
R = \f z 2 + Xq, and a# = [xoa^ — za z ]/R. The differential magnetic field at xo is now 

IdL x a# Idza z x {x^a x — za z ) I dzx$a y 

= 4ttR 2 = 47r(x2 + z2)3/2 = 4^2 + ^2)3/2 

where a y would be normal to the plane of the triangle. The magnetic field at xq is then 



H 



1/2 Idzx a y Iza y V 2 _ Ila y 



4^(x2 + ^2)3/2 Attxo^/xJTz 2 -m 2irx ^£ 2 +4x 2 



1 



8.2. (continued). Now, xo lies at the center of the equilateral triangle, and from the geometry of 
the triangle, we find that x = (t/2) tan(30°) = £/(2a/3). Substituting this result into the 
just-found expression for H leads to H = 3//(27r^)a y . The contributions from the other two 
sides of the triangle effectively multiply the above result by three. The final answer is therefore 
H net = 9I/(2ir£) a y A/m. It is also possible to work this problem (somewhat more easily) by 
using Eq. (9), applied to the triangle geometry. 



3.3. Two semi-infinite filaments on the z axis lie in the regions — oo < z < —a (note typographical 
error in problem statement) and a < z < oo. Each carries a current / in the a z direction, 
a) Calculate H as a function of p and <j> at z = 0: One way to do this is to use the field from 
an infinite line and subtract from it that portion of the field that would arise from the 
current segment at — a < z < a, found from the Biot-Savart law. Thus, 

/ f a I dz a z x [pa p — za z ] 

3-4> 



H 



2vrp 



7 

J —a 



4tt[ P 2 + z 2 ] 3 / 2 



The integral part simplifies and is evaluated: 
I dz p&,p Ip 



f 



4vr[ P 2 + Z 2 ]3/2 47T %2^2q^2 



la 



2irp^ p 2 + a- 



Finally, 



H 



2np 



y/p^Ta~ 2 



A/m 



b) What value of a will cause the magnitude of H at p 
obtained for an infinite filament? We require 



1, z = 0, to be one-half the value 



1 - 



VP 2 + a 2 



1 

2 



8.4. (a) A filament is formed into a circle of radius a, centered at the origin in the plane z = 0. It 
carries a current / in the direction. Find H at the origin: 

Using the Biot-Savart law, we have IdL = IadTra^, R = a, and = — a p . The field at 
the center of the circle is then 

^ Iod^p x (-gg) _ ^ U4>a z I 

b) A second filament is shaped into a square in the z = plane. The sides are parallel to 
the coordinate axes and a current / flows in the general direction. Determine the side 
length b (in terms of a), such that H at the origin is the same magnitude as that of the 
circular loop of part a. 

Applying Eq. (9), we write the field from a single side of length 6 at a distance 6/2 from 
the side center as: 

so that the total field at the center of the square will be four times the above result or, 
H sg = 2^/21 a z /(irb) A/m. Now, setting H sq = H circ , we find b = 4^/2a/TT = 1.80 a . 
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.5. The parallel filamentary conductors shown in Fig. 8.21 lie in free space. Plot |H| versus 
y, —4 < y < 4, along the line x = 0, z = 2: We need an expression for H in cartesian 
coordinates. We can start with the known H in cylindrical for an infinite filament along the 
z axis: H = I/(2irp) a^, which we transform to cartesian to obtain: 



H 



-iy 



2tt{x 2 + y 2 



a x + 



Ix 



2ir(x 2 + y 



2 \ a y 



If we now rotate the filament so that it lies along the x axis, with current flowing in positive 
x, we obtain the field from the above expression by replacing x with y and y with z: 



H 



-Iz 



Mv 2 



a„ + 



2vr(y 2 + z 2 



Now, with two filaments, displaced from the x axis to lie at y = ±1, and with the current 
directions as shown in the figure, we use the previous expression to write 



H 



Iz 



Iz 



_2ir[{y + l) 2 + z 2 } 27r[(y - l) 2 + z 2 } _ 



a,, + 



/(y-i) 



i(y + i) 



27r[(y - l) 2 + z 2 } 2ir[{y + l) 2 + z 2 } 



We now evaluate this at z = 2, and find the magnitude (VH • H), resulting in 



IHI 



I 

2^ 



y 2 + 2y + 5 y 2 - 2y + 5 



+ 



(y-i) 



(y + i) 



y 2 - 2y + 5 y 2 + 2y + 5 



This function is plotted below 



1/2 



H(y)| (Problem 8.5) 




.6. A disk of radius a lies in the xy plane, with the z axis through its center. Surface charge of 
uniform density p s lies on the disk, which rotates about the z axis at angular velocity £1 rad/s. 
Find H at any point on the z axis. 

We use the Biot-Savart law in the form of Eq. (6), with the following parameters: K = 
p s v = pspQa^, R = \J ' z 2 + p 2 , and a/j = (za z - pa p )/R. The differential field at point 
z is 



Kda x a R p s p x (z a z - p a p ) p s pQ(za p + pa z 

— ■ pdpdcp — 



4irR 2 



47r(z 2 + y9 2 ) 3 / 2 



4vr(z 2 + p 2 ) 3 / 2 



pdpdcp 
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8.6. (continued). On integrating the above over 4> around a complete circle, the a p components 
cancel from symmetry, leaving us with 



H(*) 



2-7T pa 



p s pQpa z 

J 4^(^ + ^2)3/2 



pdp d(f) 



Ps Q P 3 a z 

2(z 2 + ^2)3/2 



dp 



p s Q 



^z 2 + P 2 + 



p s n 

~2z~ 



y/1 + a 2 /^ 



a 2 A/m 



8.7. Given points C(5, -2,3) and P(4, -1,2); a current element IdL = 10" 4 (4, -3, 1) A • m at C 
produces a field dH at P. 
a) Specify the direction of dH by a unit vector a#: Using the Biot-Savart law, we find 

IdLxacp lO" 4 ^^ - 3a y + a z ] x [-a x + a y - a z ] [2a x + 3a y + a z ] x 10" 4 
arl — — 



47Ti2^ P 4^3 3 /2 65.3 

from which 

a H = 2a * +3 *v + a * = _5 3aa! + o.80a,, + 0.27a z 
vl4 



b) Find |dH|. 



= v^x 10 4 = 1Q _ 6 = 
1 1 65.3 7 ^J— 



c) What direction a; should IdL have at C so that dH = 0? IdL should be collinear with 
a<7P, thus rendering the cross product in the Biot-Savart law equal to zero. Thus the 
answer is a/ = ±(— a x + a y — a z ) / \/3 



8.8. For the finite-length current element on the z axis, as shown in Fig. 8.5, use the Biot-Savart 
law to derive Eq. (9) of Sec. 8.1: The Biot-Savart law reads: 



H 



IdL x a R _ rP tana ? Uza z x {pa p - za z 

7ptan Ql 47T(p2 + ,2)3/2 



p tan a.2 



Ip3L(f> dz 



4VTP 2 7 ptanQi 4 7T(p2 + z 2)3/2 J 4^ + ^)3/2 

The integral is evaluated (using tables) and gives the desired result: 



H 



Iza d 



Amp\l p 2 + z 2 
I 



p tan a.2 



Aixp 



p tan ai 

(sin«2 — sinai)a^ 



I 

Anp 



tan «2 



tan a.\ 



\/l + tan 2 a 2 y/l + tan 2 a\ 
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8.9. A current sheet K = 8a x A/m flows in the region — 2 < y < 2 in the plane z = 0. Calculate 
H at P(0,0,3): Using the Biot-Savart law, we write 



K x a# dx dy 



4ttR 2 

Taking the cross product gives: 

Hp = 



8a x x {-xa x - ya y + 3a^) 
4tt(x 2 + y 2 + 9) 3 / 2 



8(— ya z — 3a y ) dx dy 
4tt(x 2 + y 2 + 9) 3 / 2 



dx dy 



We note that the z component is anti-symmetric in y about the origin (odd parity) . Since the 
limits are symmetric, the integral of the z component over y is zero. We are left with 



H, 



-24 a. y dx dy 



4tt(x 2 + y 2 + 9) 3 /2 



6 f 



x 



6 r 



y2+9 



dy = a„ - tan 

7T 6 



2 {y 2 + 9)^x 2 + y 2 + 9 
2 4 



dy 



- (2) (0.59) a, 



-1.50 a y A/m 



8.10. A hollow spherical conducting shell of radius a has filamentary connections made at the top 
(r = a, 9 = 0) and bottom (r = a, 9 = tt). A direct current I flows down the upper filament, 
down the spherical surface, and out the lower filament. Find H in spherical coordinates (a) 
inside and (b) outside the sphere. 

Applying Ampere's circuital law, we use a circular contour, centered on the z axis, and 
find that within the sphere, no current is enclosed, and so H = when r < a . The same 
contour drawn outside the sphere at any z position will always enclose / amps, flowing 
in the negative z direction, and so 

H = - J— a 4> = ~ n 1 ■ a a 4> A / m ( r > «) 
2irp 2irrsm6 



.11. An infinite filament on the z axis carries 207r mA in the a z direction. Three uniform cylindrical 
current sheets are also present: 400 mA/m at p = 1 cm, —250 mA/m at p = 2 cm, and —300 
mA/m at p = 3 cm. Calculate at p = 0.5, 1.5, 2.5, and 3.5 cm: We find at each of the 
required radii by applying Ampere's circuital law to circular paths of those radii; the paths 
are centered on the z axis. So, at pi = 0.5 cm: 



j> H • dL = 2TT Pl H (t>1 = I encl = 20vr x 10" 3 A 



Thus 

10 x 10"3 10 x 10"3 

H & = = 7^ = 2 -° A / m 

pi 0.5 x 10-2 — 

At p = p2 = 1.5 cm, we enclose the first of the current cylinders at p = 1 cm. Ampere's law 
becomes: 

2-Kp 2 H 4>2 = 20vr + 2vr(10- 2 )(400) mA = ™ ^ ^ °_° 2 = 933 mA/m 



5 



Following this method, at 2.5 cm: 



H, 



©3 



10 + 4.00- (2 x 10" 2 )(250) 
2.5 X 10" 2 



360 mA/m 



and at 3.5 cm, 



H. 



10 + 4.00 - 5.00 - (3 x 10" 2 )(300) 
3.5 x 10" 2 



8.12. In Fig. 8.22, let the regions < z < 0.3 m and 0.7 < z < 1.0 m be conducting slabs carrying 
uniform current densities of 10 A/m 2 in opposite directions as shown. The problem asks you 
to find H at various positions. Before continuing, we need to know how to find H for this type 
of current configuration. The sketch below shows one of the slabs (of thickness D) oriented 
with the current coming out of the page. The problem statement implies that both slabs are of 
infinite length and width. To find the magnetic field inside a slab, we apply Ampere's circuital 
law to the rectangular path of height d and width w, as shown, since by symmetry, H should 
be oriented horizontally. For example, if the sketch below shows the upper slab in Fig. 8.22, 
current will be in the positive y direction. Thus H will be in the positive x direction above 
the slab midpoint, and will be in the negative x direction below the midpoint. 



Hout 



1 


• 1 


























Hout 



In taking the line integral in Ampere's law, the two vertical path segments will cancel each 
other. Ampere's circuital law for the interior loop becomes 

/J d 
H dL = 2H in xw = I enc i = J xw x d H in = — 

The field outside the slab is found similarly, but with the enclosed current now bounded by 
the slab thickness, rather than the integration path height: 

2H out xw = J xwxD H out = — 

where H out is directed from right to left below the slab and from left to right above the slab 
(right hand rule). Reverse the current, and the fields, of course, reverse direction. We are now 
in a position to solve the problem. 
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8.12. (continued). Find H at: 

a) z = —0.2m: Here the fields from the top and bottom slabs (carrying opposite currents) 
will cancel, and so H = 0. 

b) z = 0.2m. This point lies within the lower slab above its midpoint. Thus the field will 
be oriented in the negative x direction. Referring to Fig. 8.22 and to the sketch on the 
previous page, we find that d = 0.1. The total field will be this field plus the contribution 
from the upper slab current: 

H = 10 ^ a x - W ^ a x = -2a x A/m 

N v ' " v ' 

lower slab upper slab 



c) z = 0.4m: Here the fields from both slabs will add constructively in the negative x 
direction: 

H = ~2 10<y ^ a x = -3a x A/m 

d) z = 0.75m: This is in the interior of the upper slab, whose midpoint lies at z = 0.85. 
Therefore d = 0.2. Since 0.75 lies below the midpoint, magnetic field from the upper 
slab will lie in the negative x direction. The field from the lower slab will be negative 
x-directed as well, leading to: 

h = = iom ioM ai = _ 2 . 5axA/m 



upper slab lower slab 



e) z = 1.2m: This point lies above both slabs, where again fields cancel completely: Thus 
H = 0. 



8.13. A hollow cylindrical shell of radius a is centered on the z axis and carries a uniform surface 
current density of K a a$. 

a) Show that H is not a function of 4> or z: Consider this situation as illustrated in Fig. 
8.11. There (sec. 8.2) it was stated that the field will be entirely z-directed. We can see 
this by applying Ampere's circuital law to a closed loop path whose orientation we choose 
such that current is enclosed by the path. The only way to enclose current is to set up 
the loop (which we choose to be rectangular) such that it is oriented with two parallel 
opposing segments lying in the z direction; one of these lies inside the cylinder, the other 
outside. The other two parallel segments lie in the p direction. The loop is now cut by the 
current sheet, and if we assume a length of the loop in z of d, then the enclosed current 
will be given by Kd A. There will be no (f> variation in the field because where we position 
the loop around the circumference of the cylinder does not affect the result of Ampere's 
law. If we assume an infinite cylinder length, there will be no z dependence in the field, 
since as we lengthen the loop in the z direction, the path length (over which the integral 
is taken) increases, but then so does the enclosed current - by the same factor. Thus H 
would not change with z. There would also be no change if the loop was simply moved 
along the z direction. 
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8.13b) Show that and H p are everywhere zero. First, if were to exist, then we should be 
able to find a closed loop path that encloses current, in which all or or portion of the path 
lies in the 4> direction. This we cannot do, and so must be zero. Another argument is 
that when applying the Biot-Savart law, there is no current element that would produce 
a 4> component. Again, using the Biot-Savart law, we note that radial field components 
will be produced by individual current elements, but such components will cancel from 
two elements that lie at symmetric distances in z on either side of the observation point. 

c) Show that H z = for p > a: Suppose the rectangular loop was drawn such that the 
outside z-directed segment is moved further and further away from the cylinder. We 
would expect H z outside to decrease (as the Biot-Savart law would imply) but the same 
amount of current is always enclosed no matter how far away the outer segment is. We 
therefore must conclude that the field outside is zero. 

d) Show that H z = K a for p < a: With our rectangular path set up as in part a, we have no 
path integral contributions from the two radial segments, and no contribution from the 
outside z-directed segment. Therefore, Ampere's circuital law would state that 

where d is the length of the loop in the z direction. 

e) A second shell, p = b, carries a current K^a^. Find H everywhere: For p < a we would 
have both cylinders contributing, or H z (p < a) = K a + Kb. Between the cylinders, we are 
outside the inner one, so its field will not contribute. Thus H z (a < p < b) = K^. Outside 
(p > b) the field will be zero. 



.14. A toroid having a cross section of rectangular shape is defined by the following surfaces: the 
cylinders p = 2 and p = 3 cm, and the planes z = 1 and z = 2.5 cm. The toroid carries a 
surface current density of — 50a 2 A/m on the surface p = 3 cm. Find H at the point P(p, 4>, z): 
The construction is similar to that of the toroid of round cross section as done on p. 239. Again, 
magnetic field exists only inside the toroid cross section, and is given by 

H = ^^a (2 < p < 3) cm, (1< z < 2.5) cm 

where I enc i is found from the given current density: On the outer radius, the current is 

Iouter = -50(2vr x 3 x 10 -2 ) = -3vr A 

This current is directed along negative z, which means that the current on the inner radius 
{p = 2) is directed along positive z. Inner and outer currents have the same magnitude. It is 
the inner current that is enclosed by the circular integration path in within the toroid that 
is used in Ampere's law. So I enc i = +3tt A. We can now proceed with what is requested: 

a) PA(l-5cm, 0, 2cm): The radius, p = 1.5 cm, lies outside the cross section, and so Ha = 0. 

b) Pe(2.1cm, 0, 2cm): This point does lie inside the cross section, and the 4> and z values do 
not matter. We find 

tt lend 3a^, , , , 

HB = ^ = 2 (2.ixio-r 71 - 4 ^ A/m 
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3.14c) Pc(2.7cm, 7r/2, 2cm): again, <p and z values make no difference, so 

H ^ 2(2.7xl0-^" a *^ 

d) Pd (3.5cm, tt/2, 2cm). This point lies outside the cross section, and so Ho = 0. 

8.15. Assume that there is a region with cylindrical symmetry in which the conductivity is given by 
a = 1.5e _150p kS/m. An electric field of 30a^ V/m is present. 

a) Find J: Use 

J = aE = 45e~ 150p a z kA/m 2 

b) Find the total current crossing the surface p < po, z = 0, all 4>: 



/ = I | J .dS = ^£ 45e- 15 % ( ip#=^pe- 15 ^ [-150p-l] 
= 12.6 [1 - (1 + 150p )e" 150po ] A 



kA 

o 



c) Make use of Ampere's circuital law to find H: Symmetry suggests that H will be cp- 
directed only, and so we consider a circular path of integration, centered on and perpen- 
dicular to the z axis. Ampere's law becomes: 2irpH^ = I enc i, where I en ci is the current 
found in part b, except with p replaced by the variable, p. We obtain 

= — [1 - (1 + 150p)e- 150p ] A/m 



.16. A balanced coaxial cable contains three coaxial conductors of negligible resistance. Assume a 
solid inner conductor of radius a, an intermediate conductor of inner radius 6j, outer radius b a , 
and an outer conductor having inner and outer radii Cj and c G , respectively. The intermediate 
conductor carries current I in the positive a z direction and is at potential Vq. The inner and 
outer conductors are both at zero potential, and carry currents 1/2 (in each) in the negative 
a z direction. Assuming that the current distribution in each conductor is uniform, find: 

a) J in each conductor: These expressions will be the current in each conductor divided by 
the appropriate cross-sectional area. The results are: 

la 

Inner conductor : J a = %r A/m 2 (0 < p < a) 

27ra 

la 

Center conductor : = — — — z -—^r A/m 2 (6j < p < b Q ) 

<b 2 -bj) 

la 

Outer conductor : J c = z — ^- A/m 2 (a<p< c Q ) 
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.16b) H everywhere: 

For < p < a, and with current in the negative z direction, Ampere's circuital law applied 
to a circular path of radius p within the given region leads to 



2-npH = -irp 2 J a = -n p 2 1 / '(2tt a 2 ) 



H, 



pi 

Aita 2 



a A/m (0 < p < a) 



For a < p < bi, and with the current within in the negative z direction, Ampere's circuital 
law applied to a circular path of radius p within the given region leads to 



2-npH = -1/2 



H 2 = - — — A/m (a < p < bi 
Atrp 



Inside the center conductor, the net magnetic field will include the contribution from the 
inner conductor current: 



H 3 



I 

4np 



2(p 2 -b 2 ) 1 



a^ A/m (bi < p < b Q ) 



Beyond the center conductor, but before the outer conductor, the net enclosed current is 
1 — 1/2 = 1/2, and the magnetic field is 



H 4 = - — aA, (b < p < Ci) 

47T/9 

Inside the outer conductor (with current again in the negative z direction) the field asso- 
ciated with the outer conductor current will subtract from H4 (more so as p increases): 



I 

4irp 



(p 2 -c 2 ^ 



1 - 



a^ A/m (a < p < c ) 



(cl-c 2 ). 

Finally, beyond the outer conductor, the total enclosed current is zero, and so 

H 6 = (p> Co) 



c) E everywhere: Since we have perfect conductors, the electric field within each will be zero. 
This leaves the free space regions, within which Laplace's equation will have the general 
solution form, V(p) = C\ m(p) + C 2 - Between radii a and bi, the boundary condition, 

V = at p = a leads to C2 = —C\ In a. Thus V(p) = C\ ln(p/a). The boundary condition, 

V = Vq at p = bi leads to C\ = Vb/ln(6j/a), and so finally, V(p) = Voln(p/a)/ln(6j/a). 
Now 

Ei = -W = — — a p = - — a p V/m (a < p < bi) 



dp 



p\n(bi/a) 



Between radii b and Cj, the boundary condition, V = at p = a leads to C2 = —C\ lncj. 
Thus V(p) = C\\n(p/ci). The boundary condition, V = Vq at p = b Q leads to C\ = 
V /ln(b o /ci), and so finally, V(p) = V ln(p/ci)/\n(b o /ci). Now 



V 



Vn 



_dV 

dp p p\n(b /ci) p p\n(ci/b ) 



a p V/m (b Q < p < Ci) 
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.17. A current filament on the z axis carries a current of 7 mA in the a z direction, and current 
sheets of 0.5 a z A/m and — 0.2 a z A/m are located at p = 1 cm and p = 0.5 cm, respectively. 
Calculate H at: 

a) p = 0.5 cm: Here, we are either just inside or just outside the first current sheet, so 
both we will calculate H for both cases. Just inside, applying Ampere's circuital law to 
a circular path centered on the z axis produces: 

7 x 10 -3 

2?rpJfy = 7 x 10" 3 => H(just inside) = Q 5 x 10 -2 a ^> = 2.2 x 10"% A/m 

Just outside the current sheet at .5 cm, Ampere's law becomes 

2^pH 4> = 7 x 10 -3 - 2vr(0.5 x 10 _2 )(0.2) 

7 2 x 10 -4 

=>• H(just outside) = 27r (o 5 x l0-2) a ^ = 23 x 10~ 2 a<£ A/m 

b) p = 1.5 cm: Here, all three currents are enclosed, so Ampere's law becomes 

2vr(1.5 x 10 _2 )i^ = 7 x 10 -3 - 6.28 x 10 -3 + 27r(10 _2 )(0.5) 
=► H(p = 1.5) = 3.4 x lO - ^ A/m 



c) p = 4 cm: Ampere's law as used in part b applies here, except we replace p = 1.5 cm with 
p = 4 cm on the left hand side. The result is H(p = 4) = 1.3 x lO _1 a0 A/m. 

d) What current sheet should be located at p = 4 cm so that H = for all p > 4 cm? We 
require that the total enclosed current be zero, and so the net current in the proposed 
cylinder at 4 cm must be negative the right hand side of the first equation in part b. This 
will be —3.2 x 10~ 2 , so that the surface current density at 4 cm must be 



K = o X in° 2^ = -1-3 x 10-^ A/m 
27r(4 x 10 -2 ) — 



.18. A wire of 3-mm radius is made up of an inner material (0 < p < 2 mm) for which a = 10 7 
S/m, and an outer material (2mm < p < 3mm) for which <r=4x 10 7 S/m. If the wire carries 
a total current of 100 mA dc, determine H everywhere as a function of p. 

Since the materials have different conductivities, the current densities within them will 
differ. Electric field, however is constant throughout. The current can be expressed as 

/ = tt(.002) 2 Ji + ^[(.003) 2 - (.002) 2 ] J 2 = 7T [(.002) 2 (j 1 + [(.003) 2 - (.002) 2 ]<r 2 ] E 

Solve for E to obtain 

E = tt[(4 x 10" 6 )(10 7 ) + (9 x 10- 6 - 4 x 10" 6 )(4 x 10 7 )] = 1-33 X 10 ^ V/m 
We next apply Ampere's circuital law to a circular path of radius p, where p < 2mm: 

2vrp^i = vrp 2 J x = np 2 a 1 E => = = 663 A/m 
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.18. (continued): Next, for the region 2mm < p < 3mm, Ampere's law becomes 
2tt P H^ 2 = tt[(4 x 10- 6 )(10 7 ) + (p 2 - 4 x 10" 6 )(4 x 10 7 )}E 
=> = 2.7 x 10 3 p - 8 '° X ^ 10 A/m 

Finally, for p > 3mm, the field outside is that for a long wire: 

/ 0.1 1.6 x 10" 2 , . 

H^ = — = — = A/m 

2irp 2-Kp p 



.19. Calculate V x [V(V • G)] if G = 2x 2 yza x - 20ya y + (x 2 - z 2 ) a z : Proceding, we first find 
V • G = Axyz - 20 - 2z. Then V(V • G) = Ayza x + Axza y + (Axy - 2) a z . Then 

V x [V(V • G)] = (4x - Ax) a x - (Ay - Ay) a y + (Az - Az) a z = 



.20. A solid conductor of circular cross-section with a radius of 5 mm has a conductivity that varies 
with radius. The conductor is 20 m long and there is a potential difference of 0.1 V dc between 
its two ends. Within the conductor, H = 10 5 p 2 a c f > A/m. 

a) Find a as a function of p: Start by finding J from H by taking the curl. With H 
^-directed, and varying with radius only, the curl becomes: 

J=VxH=~ (pH^) sl x =-4- (iOV) a, = 3 x 10 5 pa z A/m 2 
p dp P dp 

Then E = 0.1/20 = 0.005 a z V/m, which we then use with J = crE to find 

J 3 x 10 5 p 7 „ , 

a= — = = 6 x 10 7 p S/m 

E 0.005 — — 

b) What is the resistance between the two ends? The current in the wire is 

I = ji ■ dS = 2vr^ (3 x 10 5 p)pdp = 6vr x 10 5 Q fl3 ) = 2tt x 10 5 (0.005) 3 = 0.079 A 

Finally, R = V /I = 0.1/0.079 = 1.3 n 

.21. Points A, B, C, D, E, and F are each 2 mm from the origin on the coordinate axes indicated 
in Fig. 8.23. The value of H at each point is given. Calculate an approximate value for V x H 
at the origin: We use the approximation: 

curl H = - — 

Aa 

where no limit as Aa — » is taken (hence the approximation), and where Aa = 4mm 2 . Each 
curl component is found by integrating H over a square path that is normal to the component 
in question. 
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8.21. (continued) Each of the four segments of the contour passes through one of the given points. 
Along each segment, the field is assumed constant, and so the integral is evaluated by summing 
the products of the field and segment length (4 mm) over the four segments. The x component 
of the curl is thus: 

(V X H) * = (4 X 10-3)2 

= (15.69 + 13.88 - 14.35 - 13.10)(250) = 530 A/m 2 
The other components are: 

. (H Zt B+H x , E - H ZtA - H XtF )(4x 10" 3 ) 

(V X H) » = (4 X 10-3)2 

= (15.82 + 11.11 - 14.21 - 10.88)(250) = 460 A/m 2 

and 

, VvTT ^ ,_ {H y , A - H x , c - H y , B H x , D )(4 x 10- 3 ) 
lV X H)z ~ (4 x 10- 3 ) 2 

= (-13.78 - 10.49 + 12.19 + 11.49)(250) = -148 A/m 2 
Finally we assemble the results and write: 

V x H = 5303^+4603^ - 148a 2 



8.22. A solid cylinder of radius a and length L, where L >> a, contains volume charge of uniform 
density po C/m 3 . The cylinder rotates about its axis (the z axis) at angular velocity tt rad/s. 

a) Determine the current density J, as a function of position within the rotating cylinder: 
Use J = po v = poptta^ A/m 2 . 

b) Determine the magnetic field intensity H inside and outside: It helps initially to obtain 
the field on-axis. To do this, we use the result of Problem 8.6, but give the rotating 
charged disk in that problem a differential thickness, dz. We can then evaluate the on- 
axis field in the rotating cylinder as the superposition of fields from a stack of disks which 
exist between ±L/2. Here, we make the problem easier by letting L — * oo (since L » a) 
thereby specializing our evaluation to positions near the half-length. The on-axis field is 
therefore: 



H z (p = 0) 



f 

J —i 



Pott 
2z 

° Pott 



a 2 + 2z 2 (l - y/1 + a 2 /z 2 ) 



y/l + a 2 /z 2 

a 2 | 2z 2 
V z 2 + a 2 V ' z 2 + a 2 



2z 



dz 



dz 



2 Pi) tt 
Pott 



r« 2 



ln(z + \J z 2 + a 2 ) + -\f. 



:\/ z 2 + a 2 — z 2 



o 



2 

Pott 



ln(z + \/ z 2 + a 2 ) 



z 
~2 



:\/ z 2 + a 2 — z 2 



Using the large z approximation in the radical, we obtain 

-,2 



H z (p = 0)= Po tt 



z 



1 + 



a 
2Z 2 



potta 2 
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.22. (continued). To find the field as a function of radius, we apply Ampere's circuital law to a 
rectangular loop, drawn in two locations described as follows: First, construct the rectangle 
with one side along the z axis, and with the opposite side lying at any radius outside the 
cylinder. In taking the line integral of H around the rectangle, we note that the two segments 
that are perpendicular to the cylinder axis will have their path integrals exactly cancel, since 
the two path segments are oppositely-directed, while from symmetry the field should not be 
different along each segment. This leaves only the path segment that coindides with the axis, 
and that lying parallel to the axis, but outside. Choosing the length of these segments to be 
£, Ampere's circuital law becomes: 

/H ■ dL = H z (p = 0)£ + H z (p > a)£ = I en ci = J ■ dS = / p^pVLa^ • a^ dpdz 
Js Jo Jo 



_ p Potto 2 
2 

But we found earlier that H z {p = 0) = poVia 2 /2. Therefore, we identify the outside field, 
H z (p > a) = 0. Next, change the rectangular path only by displacing the central path 
component off-axis by distance p, but still lying within the cylinder. The enclosed current is 
now somewhat less, and Ampere's law becomes 

/H • dL = H z (p)£ + H z (p > a)£ = I end = 3 ■ dS = / pop 'tta^ ■ a^ dpdz 
Js Jo Jp 

nPott, 2 2\ it/ \ Pott , 2 2\ a / 

= £^ri a -P> H (P) = ^-( a -p)a^A/m 



c) Check your result of part b by taking the curl of H. With H z-directed, and varying only 
with p, the curl in cylindrical coordinates becomes 



dH 

V x H = — = pottpa^ A/m 2 



as expected. 



.23. Given the field H = 2Op 2 a A/m: 

a) Determine the current density J: This is found through the curl of H, which simplifies 
to a single term, since H varies only with p and has only a 4> component: 

J = V x H = l^PEA az = ( 20 p 3 ) a z = 60pa 2 A/m 2 
p dp pdp 

b) Integrate J over the circular surface p = 1, < <j> < 2ir, z = 0, to determine the total 
current passing through that surface in the a 2 direction: The integral is: 

«2tt r l 



p p pZTV pi 

J JJ-dS = J J 60/oa, • pdpd(j)a z = 40tt A 



c) Find the total current once more, this time by a line integral around the circular path 
p = 1, < <f)< 2tt, z = 0: 



/p2,7V p2,7V 
H-dL = y 20p 2 a^\ p=1 ■ (l)d0a = J 20 dd> = 40tt A 
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8.24. Evaluate both sides of Stokes' theorem for the field G = lOsin^a^ and the surface r = 3, 
< < 90°, < (f> < 90°. Let the surface have the a r direction: Stokes' theorem reads: 

(£ G ■ dL= [ [ (VxG)-nda 
Jc J J s 

Considering the given surface, the contour, C, that forms its perimeter consists of three joined 
arcs of radius 3 that sweep out 90° in the xy, xz, and zy planes. Their centers are at the 
origin. Of these three, only the arc in the xy plane (which lies along a^) is in the direction of 
G; the other two (in the — a# and ag directions respectively) are perpendicular to it, and so 
will not contribute to the path integral. The left-hand side therefore consists of only the xy 
plane portion of the closed path, and evaluates as 

//•7T/2 
G • dL = J 10 sin 1 ^ 2 8LJ, ■ a,/,3sin0| H / 2 d(f) = 15tt 



To evaluate the right-hand side, we first find 



^ ^ 1 d „ . ns . „, 20 cos 

V x G = — ^-rr (sin 0)10 sin a r = a r 

r sin d6 r 



The surface over which we integrate this is the one-eighth spherical shell of radius 3 in the 
first octant, bounded by the three arcs described earlier. The right-hand side becomes 

r r r 71 / 2 r^/ 2 20 cos 
J J{VxG)-nda = J J — a r • a r (3) 2 sin d9 d<f> = 15vr 

It would appear that the theorem works. 



.25. When x, y, and z are positive and less than 5, a certain magnetic field intensity may be 
expressed as H = [x 2 yz/(y + l)]a x + 3x 2 z 2 a y — [xyz 2 / (y + l)]a z . Find the total current in the 
a x direction that crosses the strip, x = 2, l<y<4, 3 < z < 4, by a method utilizing: 

a) a surface integral: We need to find the current density by taking the curl of the given H. 
Actually, since the strip lies parallel to the yz plane, we need only find the x component 
of the current density, as only this component will contribute to the requested current. 
This is 

,„ , fdH z dH v \ ( xz 2 2 x 

J, = (V x H), = — ^ - = - —— + 6x 2 z 



dy 8z J \(y + iy 
The current through the strip is then 

J • a x da = - J ( f + 2Az] dy dz = - f ( -j- 2Z ^ X + 24zy ) dz 



(y + i) 2 J Js v(y + i) 



i 



/3 z 2 + 72z} dz = - (^z 3 + 36z 2 ^j = -259 
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.25b.) a closed line integral: We integrate counter-clockwise around the strip boundary (using the 
right-hand convention), where the path normal is positive a x . The current is then 

' = / h • dL - r 3(2)2(3)2 * + r + / 3(2)2(4)2 * + r -f^5 * 

= 108(3) - -^(4 3 - 3 3 ) + 192(1 - 4) - i(3 3 - 4 3 ) = -259 



.26. Let G = 15ra^. 

a) Determine <f G ■ dL for the circular path r = 5, 9 = 25°, < (j) < 2tt: 

/I'I'K 
G • dL = J 15(5)a^, • a^(5) sin(25°) # = 2tt(375) sin(25°) = 995.8 

b) Evaluate / g (V x G) • dS over the spherical cap r = 5, < 6> < 25°, < < 2vr: When 
evaluating the curl of G using the formula in spherical coordinates, only one of the six 
terms survives: 

V x G = — ^— ^(^0 sin ^ Sir = — r-^r 15r cos 9 a r = 15 cot 9 a r 
r sin 9 69 r sin 

Then 

/• p2tt / i 25° 

/(VxG)-dS=/ / 15cot#a r a r (5) 2 sin0d0d</> 
is ./o ./o 

/■25° 

= 2vr / 15 cos 0(25) d9 = 2vr(15)(25) sin(25°) = 995.8 
J o 



8.27. The magnetic field intensity is given in a certain region of space as 

x + 2y 2 
H = - — a„ + - a z A/m 

z z z 

a) Find V x H: For this field, the general curl expression in rectangular coordinates simplifies 
to 

dHy a + 9Hy n _2(x + 2y) ^ , 1 
dz x dx 



VxH = -^ ai + ^a z = V 3 yJ a, + -a z A/m 



b) Find J: This will be the answer of part a, since V x H = J. 

c) Use J to find the total current passing through the surface z = 4, 1 < x < 2, 3 < y < 5, 
in the a z direction: This will be 

5 t-2 



J J J L=4 ■ ^zdxdy = j ^dxdy = 1/8 A 
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8.27d) Show that the same result is obtained using the other side of Stokes' theorem: We take 
§ H • dL over the square path at z = 4 as defined in part c. This involves two integrals of the 
y component of H over the range 3 < y < 5. Integrals over x, to complete the loop, do not 
exist since there is no x component of H. We have 



.28. Given H = (3r 2 / sin#)ag + 54r cos 9a ( / ) A/m in free space: 

a) find the total current in the ag direction through the conical surface 9 = 20°, < <f> < 2ir, 
< r < 5, by whatever side of Stokes' theorem you like best. I chose the line integral 
side, where the integration path is the circular path in 4> around the top edge of the cone, 
at r = 5. The path direction is chosen to be clockwise looking down on the xy plane. 
This, by convention, leads to the normal from the cone surface that points in the positive 
ag direction (right hand rule). We find 

H-(iL= / [(3r 2 /sin^)a e + 54rcos^a ] r=5e=2O •5sin(2O°)#(-a ) 
= -2vr(54)(25) cos(20°) sin(20°) = -2.73 x 10 3 A 

This result means that there is a component of current that enters the cone surface in 
the — ag direction, to which is associated a component of H in the positive direction. 

b) Check the result by using the other side of Stokes' theorem: We first find the current 
density through the curl of the magnetic field, where three of the six terms in the spherical 
coordinate formula survive: 

Id Id 1 d f 3r 3 \ 

V x H = —^77^ (54rcos6»sin6>)) a r - -— (54r 2 cos6>) a e + -— -—- a = J 
r sin o6 r or r or \ sin J 

Thus 

9r 

J = 54 cot 9 a r — 108 cos 9 a# + - — - a<A 

sm9 

The calculation of the other side of Stokes' theorem now involves integrating J over the 
surface of the cone, where the outward normal is positive a#, as defined in part a: 



I (V x H) ■ dS = / / 

Js Jo Jo 



2tt r 5 r 

a# r sin(20°) dr < 



9r 

54 cot 9 a r — 108 cos 9 ag + - — - a, 

smfl 



2tt r 5 



20° 

108 cos (20° ) sin(20° )rdrd(j) = -2vr (54) (25) cos (20° ) sin(20° ) 



'0 J 

— 2.73 x 10 3 A 
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8.29. A long straight non-magnetic conductor of 0.2 mm radius carries a uniformly-distributed 
current of 2 A dc. 
a) Find J within the conductor: Assuming the current is +z directed, 

T - 2 a 2 = 1.59 x 10 7 a 2 A/m 2 



tt(0.2 x lO- 3 ) 



b) Use Ampere's circuital law to find H and B within the conductor: Inside, at radius p, we 
have 

2-KpH^ = np 2 J => H = ^a = 7.96 x lO 6 /9a A/m 



Then B = /x H = (4vr x 10" 7 )(7.96 x 10 6 )pa^ = 10pa^ Wb/m 2 



c) Show that V x H = J within the conductor: Using the result of part b, we find, 

Id. „. Id /1.59 x 10 V\ 7 a / 2 T 

d) Find H and B outside the conductor (note typo in book): Outside, the entire current is 
enclosed by a closed path at radius p, and so 

H = ^-a«4 = — a A/m 
2irp np 

Now B = p Q H = p, /(irp) a^ Wb/m 2 . 



e) Show that V x H = J outside the conductor: Here we use H outside the conductor and 
write: 

1 d , 1 d ( 1 \ 

V x H = - — {pHfk) a z = - — [ p — ) a z = (as expected) 
p dp p dp \ irp J 

8.30. (an inversion of Problem 8.20). A solid nonmagnetic conductor of circular cross-section has 
a radius of 2mm. The conductor is inhomogeneous, with a = 10 6 (1 + 10 6 p 2 ) S/m. If the 
conductor is lm in length and has a voltage of lmV between its ends, find: 
a) H inside: With current along the cylinder length (along a z , and with </> symmetry, H 
will be ^-directed only. We find E = (V /d)a z = 10~ 3 a z V/m. Then J = <rE = 
10 3 (1 + 10 6 p 2 )a z A/m 2 . Next we apply Ampere's circuital law to a circular path of radius 
p, centered on the z axis and normal to the axis: 

<fn-dL = 2-KpHj, = [ f 3 dS= f f 10 3 (1 + 10 6 (p') 2 )a z ■ a z p 'dp 'd<j> 
J J J s Jo Jo 

Thus 

m 3 fP m3 T/,2 in6 

H^ = — p' + W 6 (p') 3 dp' 
P Jo 



/o P 
Finally, H = 500p(l + 5 x !O 5 /9 3 )a0 A/m (0 < p < 2mm). 



10' 4 



b) the total magnetic flux inside the conductor: With field in the <j) direction, a plane normal 
to B will be that in the region < p < 2 mm, < z < 1 m. The flux will be 

B-dS = no / (500/9 + 2.5 x 10V) dpdz = 8tt x IP" 10 Wb = 2.5 nWb 

J s Jo Jo 



18 



.31. The cylindrical shell defined by 1 cm < p < 1.4 cm consists of a non-magnetic conducting 
material and carries a total current of 50 A in the a 2 direction. Find the total magnetic flux 
crossing the plane 4> = 0, < z < 1: 

a) < p < 1.2 cm: We first need to find J, H, and B: The current density will be: 

50 

a z = 1.66 x 10 5 a 2 A/m 2 



7T[(1.4 X 10- 2 ) 2 - (1.0 X 10-2)2] 



Next we find at radius p between 1.0 and 1.4 cm, by applying Ampere's circuital law, 
and noting that the current density is zero at radii less than 1 cm: 



2tt P H^ = I encl = / 1.66 x 10V dp' # 
J o Jio- 2 

(rfi _ in- 4 ) 

=> = 8.30 x 10 4 — - A/m (10~ 2 m < p < 1.4 x 10" 2 m) 

Then B = /xqH, or 



B = 0.104^ Wb/m 2 



Now, 



BdS= / 0.104 

J J Jo Jio- 2 

-2\2 m-4 



10" 



= 0.104 



(1.2 x 10" 2 ) 2 - 10" 



- 10" 4 ln 



P J 
1.2 



1.0 



dp dz 

= 3.92 x 10" 7 Wb = 0.392 pWb 



b) 1.0cm < p < 1.4 cm (note typo in book): This is part a over again, except we change the 
upper limit of the radial integration: 



0.104 



[■1 ,1.4xl0 -2 

B ■ dS = / / 0.104 

Jo Jw- 2 

(1.4 x 10" 2 ) 2 - 10" 4 



10" 



P~ 
10 _4 ln 



P 
1.4 
L0 



dp dz 

= 1.49 x 10" 6 Wb = 1.49 //Wb 



c) 1.4 cm < p < 20 cm: This is entirely outside the current distribution, so we need B there: 
We modify the Ampere's circuital law result of part a to find: 

[(1.4 x 10" 2 ) 2 - 10" 4 ] 10" 5 .J . 2 
B out = 0.104^ '- l - a^ = a^ Wb/m 2 



We now find 



4V 



1 ,20x10-" iq-5 / on 

/ dpdz = !Q- 5 ln — ) = 2.7 x 10~ 5 Wb = 27/iWb 

il. 4xl0- 2 P V 1 - 4 



19 



8.32. The free space region denned by 1 < z < 4 cm and 2 < p < 3 cm is a toroid of rectangular 
cross-section. Let the surface at p = 3 cm carry a surface current K = 2a z kA/m. 

a) Specify the current densities on the surfaces at p = 2 cm, z = 1cm, and z = 4cm. 
All surfaces must carry equal currents. With this requirement, we find: K(p = 2) = 
—3a z kA/m. Next, the current densities on the z = 1 and z = 4 surfaces must transistion 
between the current density values at p = 2 and p = 3. Knowing the the radial current 
density will vary as 1/p, we find K(z = 1) = (60/p)a p A/m with p in meters. Similarly, 
K(z = 4) = -(60/p)a p A/m. 

b) Find H everywhere: Outside the toroid, H = 0. Inside, we apply Ampere's circuital law 
in the manner of Problem 8.14: 

j> H • dL = 2npH^ = j K(p = 2) • a z (2 x 10" 2 ) # 

2vr(3000)(.02) , . . .. . , , 

=► H = i — '-a^ = -60/pa^, A/m (inside) 

c) Calculate the total flux within the toriod: We have B = — (60po/p)a<^> Wb/m 2 . Then 

$= / / ^^a^ • {-^)dpdz = (.03)(60)// ln ffl = 0.92 ^Wb 

j.oi 7.02 P \2y 



8.33. Use an expansion in rectangular coordinates to show that the curl of the gradient of any scalar 
field G is identically equal to zero. We begin with 



dG dG dG 
VG = — a x + — a„ + — a 
oy 



dx x dv y ^ dz a ' 



and 



VxVG 









d 






(i) 


dz 


+ 






d 


dx ' 




dy 



d (dG_ 
dy 



\- 


[f) 




f9G )] 


dz 


\ox J 


- — 

dx 


\dzj_ 



- 



Six + 



a z = for any G 



8.34. A filamentary conductor on the z axis carries a current of 16A in the a z direction, a conducting 
shell at p = 6 carries a total current of 12A in the —a z direction, and another shell at p = 10 
carries a total current of 4A in the — a z direction, 
a) Find H for < p < 12: Ampere's circuital law states that j>H ■ dL = I en ci, where the 
line integral and current direction are related in the usual way through the right hand 
rule. Therefore, if I is in the positive z direction, H is in the a^ direction. We proceed 
as follows: 

< p < 6 : 2tt P H 4> = 16 H = 16/(2vrp)a 

6 < p < 10 : 2irpH 4> = 16-12 H = 4/(27rp)a 

p > 10 : 2irpH (j> = 16 -12 - 4 = => H = 
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8.34b) Plot vs. p: 

Problem 8.34 




2 4 6 8 10 12 
rho 



c) Find the total flux $ crossing the surface 1 < p < 7, < z < 1: This will be 

$= / [ 6] ^dpdz+[ [ 7 ^dpdz= ^ [41n6 + ln(7/6)] = 5.9 /iWb 

JO Jl 27r P JO J& 27T P 7T 



.35. A current sheet, K = 20a 2 A/m, is located at p = 2, and a second sheet, K = — 10a z A/m is 
located at p = 4. 

a.) Let F m = at i- > (/9 = 3, <fi = 0, z = 5) and place a barrier at <f> = ir. Find V m (p, <f>, z) for 
— 7r < < 7r: Since the current is cylindrically-symmetric, we know that H = // (2-7rp) a^, 
where 7 is the current enclosed, equal in this case to 2n(2)K = 80tt A. Thus, using the 
result of Section 8.6, we find 

*■•> = -£;*= -i!r*=d9i± 

which is valid over the region 2 < p < 4, — tt < <fi < tt, and — oo < z < oo. For p > 4, the 
outer current contributes, leading to a total enclosed current of 



L net 



2vr(2)(20) -2tt(4)(10) = 



With zero enclosed current, = 0, and the magnetic potential is zero as well. 

b) Let A = at P and find A(p,(f),z) for 2 < p < 4: Again, we know that H = H ( p(p), 
since the current is cylindrically symmetric. With the current only in the z direction, and 
again using symmmetry, we expect only a z component of A which varies only with p. 
We can then write: 

w a dA * -d Vo 1 
V x A = — au, = B = - — au, 

dp 2-irp 



Thus 



dA z Mo7 , HqI . . 

-dp- = -2^p * A Z = -—H P ) + C 
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8.35b. (continued). We require that A z = at p = 3. Therefore C = [(p I) /(2tt)} ln(3), Then, with 
/ = 807r, we finally obtain 

A = -t^ll [ln(p ) _ ln ( 3) ] az = 40/Uo i n f 3 .) az Wb/m 



8.36. Let A = (3y — z)a x + 2xza y Wb/m in a certain region of free space. 

a) Show that V • A = 0: 

V.A=A(3,-,) + |2*, = 

b) At P(2,-l,3), find A, B, H, and J: First A P = -6a x + 12a y . Then, using the curl 
formula in cartesian coordinates, 

B = V x A = -2x8l x - a y + (2z - 3)a z => B P = -4a x - a y + 2>a z Wb/m 2 

Now 

Hp = (l//x )B P = -3.2 x 10 6 a x - 8.0 x 10 5 a ?/ + 2.4 x 10 6 a z A/m 
Then J = V x H = (l//io)V x B = 0, as the curl formula in cartesian coordinates shows. 



8.37. Let N = 1000, I = 0.8 A, Po = 2 cm, and a = 0.8 cm for the toroid shown in Fig. 8.12b. Find 
V m in the interior of the toroid if V m = at p = 2.5 cm, (f) = 0.3tt. Keep </> within the range 
< <p < 2ir: Well-within the toroid, we have 



H 



NI . 
2^p~ c 



-vv„ 



IdVrr 



p d(j) 



Thus 



Then, 



or C = 120. Finally 



V„, 



NI<p 



+ C 



2vr 

1000(0.8)(0.3tt) 



2vr 



+ C 



Vrr, 



120 



400 



7T 



A (0 < (j) < 2vr) 
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8.38. Assume a direct current I amps flowing in the a z direction in a filament extending between 
— L < z < L on the z axis. 

a) Using cylindrical coordinates, find A at any general point P(p, 0°, z): Let z' locate a vari- 
able position on the wire, in which case the distance from that position to the observation 
point is R = y/(z — z') 2 + p 2 . The vector potential is now 

Hoi dL f' L p Idz' a z 

~ J_ L 4vV(z-z') 2 T|P 

I evaluated this using integral tables. The simplest form in this case is that involving the 
inverse hyperbolic sine. The result is 




b) From part a, find B and H: B is found from the curl of A, which, in the present case of 
A having only a z component, and varying only with p and z, simplifies to 

1 1 1 

y/l + p*/(L-zF + JT+WK^+W\ 

The magnetic field strength, H, is then just B//i . 

c) Let L — > oo and show that the expression for H reduces to the known one for an infinite 
filament: From the result of part b, we can observe that letting L — > oo causes the terms 
within the brackets to reduce to a simple factor of 2. Therefore, B — ► p$I /(2irp) a^, and 
H — > iy(27rp) in this limit, as expected. 



B = V x A 



dA z 
dp 



Pol 

47T/9 



.39. Planar current sheets of K = 30a z A/m and — 30a^ A/m are located in free space at x = 0.2 
and x = —0.2 respectively. For the region —0.2 < x < 0.2: 

a) Find H: Since we have parallel current sheets carrying equal and opposite currents, we 
use Eq. (12), H = K x a^v, where ajv is the unit normal directed into the region between 
currents, and where either one of the two currents are used. Choosing the sheet at x = 0.2, 
we find 

H = 30a z x -& x = -30a y A/m 

b) Obtain and expression for V m if V m = at P(0.1, 0.2, 0.3): Use 

H = -30a v = -W m = -^r^aj, 

dy 



So 



Then 



^=30 V m = 30y + C 1 

dy 

= 30(0.2) + d d = -6 => V m = 30y - 6 A 
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3.39c) Find B: B = /x H = -30^ y Wb/m 2 . 

d) Obtain an expression for A if A = at P: We expect A to be z-directed (with the 
current), and so from V x A = B, where B is y-directed, we set up 

dA 

--^ = -30p =► A z = 30fi x + C 2 
Then = 30/x (0.1) + C 2 => C 2 = -3p, - So finally A = p (30x - 3)a z Wb/m . 

8.40. Show that the line integral of the vector potential A about any closed path is equal to the 
magnetic flux enclosed by the path, or j A • dL = j B • dS. 

We use the fact that B = V x A, and substitute this into the desired relation to find 

<j) A ■ dL = y V x A • dS 
This is just a statement of Stokes' theorem (already proved), so we are done. 

8.41. Assume that A = 50p 2 a z Wb/m in a certain region of free space. 

a) Find H and B: Use 

dA 

B = V x A = — -q^^ = -lOOpa Wb/m 2 

Then H = B/p = -100/vVo a A/m. 

b) Find J: Use 

_ „ TT 19. „. Id /-100p 2 \ 200 . . 2 

J = V x H = - — (pH^ )a z = -— F - a z = a z A/m 2 

pop v p dp V Po / Po 

c) Use J to find the total current crossing the surface < p < 1, < <fi < 2ir, z = 0: The 
current is 

f r /"2-7T />1 onn 9nri7r 

J = / J dS= / / a z -a z pdpd<f) = A = -500 MA 

./ ./ ./n .A, /'li Mo 

d) Use the value of iJ^ at p = 1 to calculate § H ■ dL for p = 1, z = 0: Have 

/ H • dL = J = / — ^a^ • a,* (1)# = A = -500 MA 

/ Jo A*o Mo 

8.42. Show that V 2 (l/i?i 2 ) = -Vi(l/i?i 2 ) = R 2 i/i?? 2 . First 

I _ V7 17™ ™ \2 i „. \2 , /„ _ — !/ 2 

— R i2 R 2 i 



V 2 ( —J = V 2 [(x 2 - xO 2 + (y 2 - yi ) 2 + (z 2 - Zl f 

2(x 2 - xi)a x + 2(y 2 - yx)a y + 2(z 2 - z x )a z 



2 L [(X2 - £i) 2 + (y 2 - yi) 2 + (z 2 - z x )^ 
Also note that Vi(l/_Ri 2 ) would give the same result, but of opposite sign 



-^12 ^12 
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8.43. Compute the vector magnetic potential within the outer conductor for the coaxial line whose 
vector magnetic potential is shown in Fig. 8.20 if the outer radius of the outer conductor 
is 7a. Select the proper zero reference and sketch the results on the figure: We do this by 
first finding B within the outer conductor and then "uncurling" the result to find A. With 
— z-directed current I in the outer conductor, the current density is 



1 out 



vr(7a) 2 -vr(5a) s 



24vra 2 



Since current / flows in both conductors, but in opposite directions, Ampere's circuital law 
inside the outer conductor gives: 



2tt 



I 



5 a 



24vra 2 



p'dp' 



Ha 



I 

2^p~ 



49a 2 - p 
24a 2 



21 



Now, with B = ^oH, we note that V x A will have a 4> component only, and from the direction 
and symmetry of the current, we expect A to be z-directed, and to vary only with p. Therefore 



and so 

Then by direct integration, 

-W>/(49) 



V x A 



dA z 



dA z 
dp 



49a 2 



dp 



Pol 
2irp [ 24a 2 



A z = 



a , f a _l n 

48.p dp + Jl8^ dp + C= 9^ 



-981np 



+ C 



As per Fig. 8.20, we establish a zero reference at p = 5a, enabling the evaluation of the 
integration constant: 

//!,/ [25- 981n(5a)] 



C= -'- 



96vr 



Finally, 



A, 



Vol 
96vr 



25] +98 In 



Wb/m 



A plot of this continues the plot of Fig. 8.20, in which the curve goes negative at p = 5a, and 
then approaches a minimum of — .09poI/tt at p = 7a, at which point the slope becomes zero. 



8.44. By expanding Eq.(58), Sec. 8.7 in cartesian coordinates, show that (59) is correct. Eq. (58) 
can be rewritten as 

V 2 A = V(V • A) - V x V x A 



We begin with 



V- A 



dA T , OA, 



dx 



dy 



+ 



OA* 
dz 



Then the x component of V(V • A) is 



[V(V-A)] a 



9 2 A. d 2 A 



+ 



d 2 A 7 



dx 2 dxdy dxdz 
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8.44. (continued). Now 



, , dA z dA v \ (dA x dA z \ I ' dA v dA x 



dy dz J x \ dz dx J y \ dx dy 

and the x component of V x V x A is 

r _ „ d 2 A v d 2 A x d 2 A x d 2 A z 

[V x V x A] x = — £ - - + 



dxdy dy 2 dz 2 dzdy 
Then, using the underlined results 

Similar results will be found for the other two components, leading to 

V(V -A)-VxVxA = V 2 A x a x + V 2 A y a y + V 2 A z a z = V 2 A QED 
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CHAPTER 9 



9.1. A point charge, Q = —0.3 jj,C and m = 3 x 10~ 16 kg, is moving through the field E = 30 a 2 V/m. 
Use Eq. (1) and Newton's laws to develop the appropriate differential equations and solve them, 
subject to the initial conditions at t = 0: v = 3 x 10 5 a x m/s at the origin. At t = 3 [is, find: 
a) the position P(x, y, z) of the charge: The force on the charge is given by F = gE, and Newton's 
second law becomes: 

d 2 z 

F = ma = m— = qE = (-0.3 x 10 _6 )(30a 2 ) 
dt 2 

describing motion of the charge in the z direction. The initial velocity in x is constant, and 
so no force is applied in that direction. We integrate once: 

dz qE 

— = v z = — t + Ci 

at m 



The initial velocity along z, v z (0) is zero, and so C\ = 0. Integrating a second time yields the 
z coordinate: 



2m 

The charge lies at the origin at t = 0, and so C2 = 0. Introducing the given values, we find 

(-0.3 x 10" 6 )(30) 2 in 2 

z = '} K ' t 2 = -1.5 x 10 10 i 2 m 

2 x 3 x 10" 16 

At t = 3 [is, z = —(1.5 x 10 10 )(3 x 10~ 6 ) 2 = —.135cm. Now, considering the initial constant 
velocity in x, the charge in 3 fis attains an x coordinate of x = vt = (3x 10 5 )(3x 10 -6 ) = .90 m. 
In summary, at t = 3 /js we have P(x, y, z) = (.90, 0, —.135). 



b) the velocity, v: After the first integration in part a, we find 

" P '-t = -(3 x 10 10 )(3 x 10" 6 ) = -9 x 10 4 m/s 



m 

Including the intial x-directed velocity, we finally obtain v = 3 x 10 5 & x — 9 x 10 4 a 2 m/s. 
c) the kinetic energy of the charge: Have 

K.E. = ^m\v\ 2 = -(3 x 10~ 16 )(1.13 x 10 5 ) 2 = 1.5 x 10~ 5 J 



9.2. A point charge, Q = — 0.3/uC and m = 3 x 10~ 16 kg, is moving through the field B = 30a z mT. 
Make use of Eq. (2) and Newton's laws to develop the appropriate differential equations, and solve 
them, subject to the initial condition at t = 0, v = 3 x 10 5 m/s at the origin. Solve these equations 
(perhaps with the help of an example given in Section 7.5) to evaluate at t = 3/is: a) the position 
P(x, y, z) of the charge; b) its velocity; c) and its kinetic energy: 

We begin by visualizing the problem. Using F = gv x B, we find that a positive charge moving 
along positive a x , would encounter the z-directed B field and be deflected into the negative y 
direction. 



1 



9.2 (continued) Motion along negative y through the field would cause further deflection into the 
negative x direction. We can construct the differential equations for the forces in x and in y as 
follows: 

dv x 

F x a x = m—a x = qv y a y x Ba z = qBv y a x 



or 



and 



_ dVy _, 

F y a y = m—^a y = qv x a x x Ba z 

dv x qB 
dt m y 



-qBv x a y 



dvn. 



qB 



= f.T 



dt m 

To solve these equations, we first differentiate (2) with time and substitute (1), obtaining: 



(1) 
(2) 



d 2 Vy 



qB dv x 
m dt 



q_B\ 
m J 



2 

! v,. 



Therefore, v y = Asm(qBt/m) + A' cos(qBt/m). However, at t = 0, v y = 0, and so A' = 0, leaving 
v y = Asm(qBt/m). Then, using (2), 



m dv v . 

v x = — — -r~ = —A cos 

qB dt 



qBt 



m 



Now at t = 0, v x = v x q = 3 x 10 5 . Therefore A = —v x o, and so v x = v x oCOs(qBt/m), and 
v y = —v x osm(qBt/m). The positions are then found by integrating v x and v y over time: 



xO cos 



x(t) = J V, 
where C = 0, since x(0) = 0. Then 



qBt 



rn 



. n rnv x0 . ( qBt 
dt + C = — — sin 



qB 



m 



+ C 



y(t) 



-v x0 sin 



dt + D= n ^co S ( q -^)+D 
\ m J qB \ m J 



We require that y(0) = 0, so D = —(mv x0 )/(qB), and finally y(t) = —mv x o/qB [1 — cos (qBt/m)]. 
Summarizing, we have, using q = -3 x 10~ 7 C, m = 3 x 10~ 16 kg, B = 30 x 10~ 3 T, and 
v x o = 3 x 10 5 m/s: 

/.>. mvxo . ( qBt 
x(t) = — — sin 



qB 



y(t) 



mv x0 



qB 

v x (t) = v x0 cos 



1 — COS 



(^pj = -10 _2 sin(-3 x 10 _7 £) m 

= 10 _2 [1 - cos(-3 x 10 7 t)] m 



qBt 



m 



fqBt\ = 3 x 1q5 cos( _ 3 x 10 7 t \ m / g 
\ m J 

Vy {t) = -v x0 sm (^fj = -3 x 10 5 sin(-3 x 10 7 t) m/s 
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9.2 (continued) The answers are now: 

a) At t = 3 x 10~ 6 s, x = 8.9 mm , y = 14.5 mm , and 2 = 0. 

b) At t = 3 x 10" 6 s, v x = -1.3 x 10 5 m/s, w y = 2.7 x 10 5 m/s, and so 

v(t = 3 //s) = -1.3 x 10 5 a :c + 2.7 x 10 5 a y m/s 

whose magnitude is v = 3 x 10 5 m/s as would be expected. 

c) Kinetic energy is K.E. = (l/2)mv 2 = 1.35 //J at all times. 

9.3. A point charge for which Q = 2 x 10 -16 C and m = 5x 10 -26 kg is moving in the combined fields 
E = lOOa^ — 200a y + 300a^ V/m and B = — 3a x + 2a y — a z mT. If the charge velocity at t = is 
v(0) = (2a x - 3a y - 4a z ) x 10 5 m/s: 
a) give the unit vector showing the direction in which the charge is accelerating at t = 0: Use 
F(t = 0) = g[E + (v(0) x B)], where 

v(0) x B = (2a x - 3a y - 4a^)10 5 x (-3a x + 2a y - a^)10" 3 = 1100a x + 1400a,, - 500a z 

So the force in newtons becomes 

F(0) = (2xl0- 16 )[(100 + 1100)a a; + (1400-200)a y + (300-500)a^ = 4 x 10" 14 [6a x + 6a y -a z ] 

The unit vector that gives the acceleration direction is found from the force to be 

= ea. + Gay-a, = ?Q + 7Q _ u 

V73 



b) find the kinetic energy of the charge at t = 0: 

K.E. = ^m|v(0)| 2 = -(5 x 10" 26 kg)(5.39 x 10 5 m/s) 2 = 7.25 x 10" 15 J = 7.25 fJ 

9.4. Show that a charged particle in a uniform magnetic field describes a circular orbit with an orbital 
period that is independent of the radius. Find the relationship between the angular velocity and 
magnetic flux density for an electron (the cyclotron frequency). 

A circular orbit can be established if the magnetic force on the particle is balanced by the 
centripital force associated with the circular path. We assume a circular path of radius R, in 
which B = Bq a z is normal to the plane of the path. Then, with particle angular velocity 17, the 
velocity is v = RCl a^. The magnetic force is then F m = qv x B = qRVL a^ xB a z = qRQB a p . 
This force will be negative (pulling the particle toward the center of the path) if the charge 
is positive and motion is in the — a^ direction, or if the charge is negative, and motion is in 
positive a^>. In either case, the centripital force must counteract the magnetic force. Assuming 
particle mass m, the force balance equation is qR£lB = m{l 2 R, from which 17 = qB /m. The 
revolution period is T = 27r/S7 = 2irm/(qB ), which is independent of R. For an electron, we 
have q = 1.6 x 10~ 9 C, and m = 9.1 x 10 31 kg. The cyclotron frequency is therefore 

n c = S_ Bo = 1.76 x 10 n 5 s" 1 

m 
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9.5. A rectangular loop of wire in free space joins points A(l, 0, 1) to B(3, 0, 1) to C(3, 0, 4) to D(l, 0, 4) 
to A. The wire carries a current of 6 mA, flowing in the a z direction from B to C. A filamentary 
current of 15 A flows along the entire z axis in the a z direction, 
a) Find F on side BC: 



,c 

' BC — ^loop^L X Bf romw i reat BC 

J B 

|(6x 10" 3 ) dza z x a y = -1.8 x 10"^ N = -18a a nN 



Thus 

Fbc 



b) Find F on side AB: The field from the long wire now varies with position along the loop 
segment. We include that dependence and write 

/•3 15 itn 45 X 10 — 3 

F AB = / (6 x 10~ 3 )dxa x x — — a„ = // ln3 a 2 = 19.8a z nN 

J 1 2irx 7r 



c) Find F total on t ne loop: This will be the vector sum of the forces on the four sides. Note that 
by symmetry, the forces on sides AB and CD will be equal and opposite, and so will cancel. 
This leaves the sum of forces on sides BC (part a) and DA, where 

F DA = [ -(6 x W~ 3 )dza z x ^a, = 54a, nN 

The total force is then F to tai = F D a + F B c = (54 — 18)a x = 36 a, nN 



9.6 The magnetic flux density in a region of free space is given by B = — 3xa x + 5ya y — 2za z T. Find 
the total force on the rectangular loop shown in Fig. 9.15 if it lies in the plane z = and is 
bounded by x = 1, x = 3, y = 2, and y = 5, all dimensions in cm: First, note that in the plane 
z = 0, the z component of the given field is zero, so will not contribute to the force. We use 



L 



IdL x B 

loop 

which in our case becomes, with / = 30 A: 

f.03 /..05 



/•.UJ /".UO 
30dxa x x (-3xa x + 5y\ y= . 02 a y ) + / 3Mya y x (-3x\ x=m a x + 5ya y ) 
01 J. 02 

+ I 3ddxa x x {-3xa x + 5y| y= . 5 a y ) + / 3ddya y x {-3x\ x=m a x + 5ya y ) 

J.03 J.05 
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9.6. (continued) Simplifying, this becomes 



.03 



+ 



30(5) (.02) a z dx + 

01 
01 

30(5)(.05)a 2 dx + 

03 

36 a, mN 



.05 



02 
02 



-30(3) (.03) (-a,) dy 



-30(3)(.01)(-a z ) dy = (.060 + .081 - .150 - .027)a 2 N 



05 



.7. Uniform current sheets are located in free space as follows: 8a z A/m at y = 0, — 4a 2 A/m at y = 1, 
and — 4a 2 A/m at y = —1. Find the vector force per meter length exerted on a current filament 
carrying 7 mA in the a^ direction if the filament is located at: 
a) x = 0, y = 0.5, and a^ = a 2 : We first note that within the region —1 < y < 1, the magnetic 
fields from the two outer sheets (carrying — 4a 2 A/m) cancel, leaving only the field from the 
center sheet. Therefore, H = — Aa x A/m (0 < y < 1) and H = Aa x A/m (—1 < y < 0). 
Outside (y > 1 and y < — 1) the fields from all three sheets cancel, leaving H = (y > 1, 
y < — 1). So at x = 0, y = .5, the force per meter length will be 

F/m = Ia z x B = (7 x 10" 3 )a 2 x -4^8^ = -35.2a,, nN/m 
b.) y = 0.5, z = 0, and a/, = a^: F/m = Ia x x — 4/ioa^ = 0. 

c) x = 0, y = 1.5, a^ = a 2 : Since y = 1.5, we are in the region in which B = 0, and so the force 
is zero . 

.8. Filamentary currents of — 25a 2 and 25a 2 A are located in the x = plane in free space at y = — 1 
and y = lm respectively. A third filamentary current of 10 _3 a 2 A is located at x = k, y = 0. Find 
the vector force on a 1-m length of the 1-mA filament and plot |F| versus k: The total B field 
arising from the two 25 A filaments evaluated at the location of the 1-mA filament is, in cartesian 
components: 



B 



25^c 



2n(l + k 2 ) 



(ka y +a x ) + 



25/i C 



2vr(l + k 2 ) 



25/ipaa; 
Tr(l + k 2 ) 



line at y=— 1 



line at y= + l 

The force on the lm length of 1-mA line is now 

25/x a^ (2.5 x 10" 2 )(4 x 10" 7 



10" 



l a, x 



7r(l + k 2 ) 



[l + k 2 ) 



_ 10-% 



10a„ 



[l + k 2 



nN 



Problem 9.8 
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9.9. A current of — 100a z A/m flows on the conducting cylinder p = 5 mm and +500a 2 A/m is present 
on the conducting cylinder p = 1 mm. Find the magnitude of the total force acting to split the 
outer cylinder apart along its length: The differential force acting on the outer cylinder arising 
from the field of the inner cylinder is dF = K ou ter x B, where B is the field from the inner cylinder, 
evaluated at the outer cylinder location: 



Thus dF = — 100a 2 x 100/ioa^, = 10 4 /ioa p N/m 2 . We wish to find the force acting to split the outer 
cylinder, which means we need to evaluate the net force in one cartesian direction on one half of 
the cylinder. We choose the "upper" half (0 < <f> < 7r), and integrate the y component of dF over 
this range, and over a unit length in the z direction: 



Note that we did not include the "self force" arising from the outer cylinder's B field on itself. 
Since the outer cylinder is a two-dimensional current sheet, its field exists only just outside the 
cylinder, and so no force exists. If this cylinder possessed a finite thickness, then we would need 
to include its self-force, since there would be an interior field and a volume current density that 
would spatially overlap. 

9.10. A planar transmission line consists of two conducting planes of width b separated d m in air, 
carrying equal and opposite currents of / A. If b » d, find the force of repulsion per meter of 
length between the two conductors. 



Take the current in the top plate in the positive z direction, and so the bottom plate current 
is directed along negative z. Furthermore, the bottom plate is at y = 0, and the top plate is 
at y = d. The magnetic field stength at the bottom plate arising from the current in the top 
plate is H = K/2a x A/m, where the top plate surface current density is K = I/ba z A/m. 
Now the force per unit length on the bottom plate is 



where Kb is the surface current density on the bottom plate, and B& is the magnetic flux 
density arising from the top plate current, evaluated at the bottom plate location. We obtain 



9.11. a) Use Eq. (14), Sec. 9.3, to show that the force of attraction per unit length between two 
filamentary conductors in free space with currents I\3l z at x = 0, y = d/2, and I2&Z at x = 0, 
y = —d/2, is p, lil 2 /(27rd): The force on I 2 is given by 



B = 



2vr(l)(500)^ 
2vr(5) 



a^ = 100/Uq T 
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9.11a. (continued). Let Z\ indicate the z coordinate along Ii, and z 2 indicate the z coordinate along I 2 . 
We then have R\ 2 = \f {z~2 — zi) 2 + d 2 and 

(z 2 - z\ )a* - da, 



&R.12 



z\)a z 



+ d? 



Also, dL\ = dz\a z and d~L 2 = dz 2 a z The "inside" integral becomes: 



a R i2 x dLi 



R 12 



[(Z2 ~ zi)a z - da y ] x dz x a z 



[( ;Z2 _3 1 )2 + d 2]1.5 



— d dz\ a x 



The force expression now becomes 



Mo 



/li2 

47T 



/[/: 



-ddzi a^ 



[(^2-^)2 + ^1.5 



x dz 2 a z 



Mo- 



47T 



[( Z2 _ Zl )2 + d 2]1.5 

d (izi dz 2 a y 



[(z 2 -Z 1 ) 2 + d 2 ] 1 - 5 



Note that the "outside" integral is taken over a unit length of current I 2 . Evaluating, obtain, 



l\I 2 da v 



dz 2 



Hohh 
2nd 



a y N/m 



as expected. 



b) Show how a simpler method can be used to check your result: We use dF 2 — I 2 d\j 2 x Bi 2 j 
where the field from current 1 at the location of current 2 is 

„ Mo h 



>12 



2nd 



so over a unit length of I 2 , we obtain 

F 2 = ha-z 



MoA 



a* T 



M0 7TT7 a y N / m 



2vrd ^ 2vrd 

This second method is really just the first over again, since we recognize the inside integral of 
the first method as the Biot-Savart law, used to find the field from current 1 at the current 2 
location. 



9.12. A conducting current strip carrying K = 12a z A/m lies in the x = plane between y = 0.5 and 
y = 1.5 m. There is also a current filament of I = 5 A in the a 2 direction on the z axis. Find the 
force exerted on the: 

a) filament by the current strip: We first need to find the field from the current strip at the 
filament location. Consider the strip as made up of many adjacent strips of width dy, each 
carrying current dla z = Kdy. The field along the z axis from each differential strip will 
be dB = [(Kdy/j,o)/(2iry)]a x . The total B field from the strip evaluated along the z axis is 
therefore 

B = dy = *** In ( ™) a x = 2.64 x 10" 6 a K Wb/m 2 

J0.5 7T V - 5 / 

Now | 

F = / IdLxB= 5dza z x 2.64 x 10~ 6 a x dz = 13.2 a y /xN/m 
Jo Jo 



b) strip by the filament: In this case we integrate K x B over a unit length in z of the strip area, 
where B is the field from the filament evaluated on the strip surface: 

F= / KxBrfo = / I 12a z x ~ b ^ x dy = ~ 3 °^° ln(3) a y = -13.2 a y //N/m 

J Area Jo Jo.b 27T V * ' 
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9.13. A current of 6A flows from M(2,0,5) to iV(5,0,5) in a straight solid conductor in free space. An 
infinite current filament lies along the z axis and carries 50A in the a z direction. Compute the 
vector torque on the wire segment using: 
a) an origin at (0, 0, 5) : The B field from the long wire at the short wire is B = (fioI z a y ) / (2ttx) T. 
Then the force acting on a differential length of the wire segment is 



dF = I w dL x B = I w dxa x x ^-^a„ = ^ w ^ z dx a z N 



2ttx 



2irx 



Now the differential torque about (0, 0, 5) will be 



dT = R T x dF = xa x x 



2ttx 



dxa 7 = — 



2tt 



doc &7, 



The net torque is now found by integrating the differential torque over the length of the wire 
segment: 



fJ'QlwIz , 

2vr v 



3/i (6)(50) 
2tt 



-1.8 x 10~ 4 ay N-m 



b) an origin at (0, 0, 0): Here, the only modification is in Rt, which is now Rt = xa x + 5 a z So 
now 



dT = ~R T x dF = [xa x + 5a z ] x 



2ttx 



-dxa, = — - 



2vr dX&v 



Everything from here is the same as in part a, so again, T = —1.8 x 10 4 a y N-m. 
c) an origin at (3, 0, 0): In this case, Rt = (x — 3)a x + 5a z , and the differential torque is 



dT = [(x - 3)a x + 5a z ] x ^dxa z = _ *>W*-3) 

2ttx 2irx 



Thus 



HoI w I z {x - 3) 
2irx 



dxa y = -6.0 x 10" 5 



3-31n 



-1.5 x 10 _& a, ; N-m 



9.14. The rectangular loop of Prob. 6 is now subjected to the B field produced by two current sheets, 
Ki = 400 a y A/m at z = 2, and K 2 = 300 a z A/m at y = in free space. Find the vector torque 
on the loop, referred to an origin: 
a) at (0,0,0): The fields from both current sheets, at the loop location, will be negative x-directed. 
They will add together to give, in the loop plane: 

B = -no + ^ a x = -^(200 + 150) a x = -350/x a x Wb/m 2 

With this field, forces will be acting only on the wire segments that are parallel to the y axis. 
The force on the segment nearer to the y axis will be 

Fi = JL x B = -30(3 x W- 2 )a y x -350fi O a x = -315^ a z N 
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9.14a (continued) The force acting on the segment farther from the y axis will be 

F 2 = IL x B = 30(3 x 10~ 2 )a y x -350/j> o a x = 315^ a z N 

The torque about the origin is now T = Ri x Fi +R2 x F2, where Ri is the vector directed from the 
origin to the midpoint of the nearer y-directed segment, and R2 is the vector joining the origin to 
the midpoint of the farther y-directed segment. So Ri(cm) = a x +3.5& y and R2(cm) = 3a x +3.5a y . 
Therefore 

T ,o,o = [(a* + 3.5a y ) x 10 -2 ] x -315^ a z + [(3a* + 3.5a y ) x 10 -2 ] x 315^ a z 
= -6.30fi o a y = -7.92 x 10" 6 a J/ N-m 

b) at the center of the loop: Use T = IS x B where S = (2 x 3) x 10~ 4 a z m 2 . So 
T = 30(6 x 10" 4 a^) x (-350^ a*) = -7.92 x 10"% N-m 

9.15. A solid conducting filament extends from x = — b to x = b along the line y = 2, z = 0. This 
filament carries a current of 3 A in the a x direction. An infinite filament on the z axis carries 5 
A in the a z direction. Obtain an expression for the torque exerted on the finite conductor about 
an origin located at (0, 2, 0): The differential force on the wire segment arising from the field from 
the infinite wire is 



dF 



1 A 5 ^0 

3 dx a T x - — a^ 



2tt P " v 2vr v ^ 2 T4 
So now the differential torque about the (0, 2, 0) origin is 



15//o cos <j) dx 15fioxdx 

a z = — ; , — a z 



2vr(x 2 + 4) 



dT = R T x dF = x a x x - 



15[iox dx 



15fj,ox 2 dx 



2vr(x 2 +4) z 2vr(x 2 +4) v 



The torque is then 



15fiox 2 dx 



15^o 



6 2vr(x 2 +4) y 2tt y 

b 



x — 2 tan' 



(6 x 10" 6 ) 



b- 2 tan" 1 



a y N-m 



9.16. Assume that an electron is describing a circular orbit of radius o about a positively-charged nucleus. 

a) By selecting an appropriate current and area, show that the equivalent orbital dipole moment 
is ea 2 cj/2, where to is the electron's angular velocity: The current magnitude will be / = ^, 
where e is the electron charge and T is the orbital period. The latter is T = 2tt/lo, and so 
/ = euj/(2ir). Now the dipole moment magnitude will he m = I A, where A is the loop area. 
Thus 

euJ 2 1 2 // 
m = — ira = -ea to // 
2tt 2 

b) Show that the torque produced by a magnetic field parallel to the plane of the orbit is ea 2 ojB /2: 
With B assumed constant over the loop area, we would have T = m x B. With B parallel to 
the loop plane, m and B are orthogonal, and so T = mB. So, using part a, T = ea 2 LoB/2. 
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9.16. (continued) 

c) by equating the Coulomb and centrifugal forces, show that ui is (4ireom e a 3 /e 2 ) -1 ^ 2 , where m e 
is the electron mass: The force balance is written as 

2 / a ^\ -1/2 

e e 2 / 47reom e a x 



m ^a uj = ( " e ) // 



47T€oa 2 \ 



d) Find values for the angular velocity, torque, and the orbital magnetic moment for a hydrogen 
atom, where a is about 6 x 10 -11 m; let B = 0.5 T: First 



'1.60 x 10 



-19\2 nl/2 



4vr(8.85 x 10" 12 )(9.1 x 10" 31 )(6 x 10" 11 ) 3 



3.42 x 10 16 rad/s 



Finally, 



T = ^(3.42 x 10 16 )(1.60 x 10 _19 )(0.5)(6 x 10 -11 ) 2 = 4.93 x 10~ 24 N • m 

m= 1 - = 9.86 x 10~ 24 A • m 2 
H 



9.17. The hydrogen atom described in Problem 16 is now subjected to a magnetic field having the same 
direction as that of the atom. Show that the forces caused by B result in a decrease of the angular 
velocity by eB/(2m e ) and a decrease in the orbital moment by e 2 a 2 B/(4m e ). What are these 
decreases for the hydrogen atom in parts per million for an external magnetic flux density of 0.5 
T? We first write down all forces on the electron, in which we equate its coulomb force toward the 
nucleus to the sum of the centrifugal force and the force associated with the applied B field. With 
the field applied in the same direction as that of the atom, this would yield a Lorentz force that is 
radially outward - in the same direction as the centrifugal force. 



e 2 



7 cent + F B =>- = m e oj a + euaB. 



,2, 

— i : i 

4neoa 2 

QvB 



With B = 0, we solve for u> to find: 



e 2 



LO = LUg 



47reom e a 3 



Then with B present, we find 



2 e 2 ecoB 2 euB 

UJ = 3 = UJ () 

47reom e a "Ze rn e 



Therefore 



But lo = loq, and so 



/ euoB . ( ecoB 

LO = LO \ 1 2 = W 1 - — -o 



eB \ eB 

UJ = UJ 1 - = UJ - // 

zuJorrie J 2m e 
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9.17. (continued) As for the magnetic moment, we have 

eoj 2 1 2.12/ eB \ 1 2 le 2 a 2 B 
m = Ib = —na = -uea = -ea [ uj - \ = -u; ea // 



2vr 2 2 V 2m eJ 2 4 m L 

Finally, for a = 6 x 10 -11 m, 5 = 0.5 T, we have 

Au; eB 1 eB 1 1.60 x 10" 19 x 0.5 

1.3x10" 



u 2m e u 2m e uj 2 x 9.1 x 10" 31 x 3.4 x 10 16 
where too = 3.4 x 10 16 sec -1 is found from Problem 16. Finally, 

Am e 2 a 2 B 2 eB 



x 



m 4m e ijjea 2 2m e uo 



1.3 x 10 -6 



9.18. Calculate the vector torque on the square loop shown in Fig. 9.16 about an origin at A in the field 
B, given: 

a) ^4(0, 0, 0) and B = 100a,, mT: The field is uniform and so does not produce any translation 
of the loop. Therefore, we may use T = IS x B about any origin, where / = 0.6 A and 
S = 16a 2 m 2 . We find T = 0.6(16)a z x 0.100a y = -0.96a x N-m . 

b) A(0, 0, 0) and B = 200a.j; + lOOa^ mT: Using the same reasoning as in part a, we find 

T = 0.6(16)a z x (0.200a,; + O.lOOaj,) = -0.963^ + 1.92a,, N-m 

c) .4(1,2,3) and B = 2003^ + 100a y - 300a 2 mT: We observe two things here: 1) The field is 
again uniform and so again the torque is independent of the origin chosen, and 2) The field 
differs from that of part b only by the addition of a z component. With S in the z direction, 
this new component of B will produce no torque, so the answer is the same as part b, or 
T = -0.963^ + 1.92a y N-m. 

d) ^(1,2,3) and B = 200a x + lOOa^ - 300a 2 mT for x > 2 and B = elsewhere: Now, force is 
acting only on the y-directed segment at x = +2, so we need to be careful, since translation 
will occur. So we must use the given origin. The differential torque acting on the differential 
wire segment at location (2,y) is dT = R(y) x dF, where 

dF = IdL x B = 0.6 dy a y x [0.2a x + O.la^ - 0.3a 2 ] = [-0.18a x -0.12a z ] dy 

and R(y) = (2, y, 0) - (1,2, 3) = a x + (y - 2)a y - 3a z . We thus find 

dT = R(y) xdF= [a x + (y - 2)a y - 3a 2 ] x [-0.18a x - 0.12a 2 ] dy 
= [-0.12(y - 2)a x + 0.66a y + 0.18(y - 2)a 2 ] dy 

The net torque is now 

T = J [-0.12(y - 2)a x + 0.66a y + 0.18(y - 2)a 2 ] dy = 0.96a x + 2.643^ - 1.44a 2 N-m 
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9.19. Given a material for which Xm = 3.1 and within which B = 0Aya z T, find: 

a) H: We use B = p (l + Xm)H, or 

H = - °; 4 ^ = 77.6ya z kA/m 
(l + 3.1)/x 

b) n = (1 + 3.1)^0 = 5.15 x 10~ 6 H/m . 

c) Mr = (1 + 3.1) = 41. 

d) M = XmH = (3.1)(77.6ya J/ ) = 241ya z kA/m 

e) J = V x H = (dH z )/(dy) a x = 77.6 a„ kA/m 2 . 

f) J b = V x M = (dM z )/(dy)a x = 241 a x kA/m 2 . 

g) J T = V x B/^o = 318a,; kA/m 2 . 

9.20. Find H in a material where: 

a) n r = 4.2, there are 2.7 x 10 29 atoms/m 3 , and each atom has a dipole moment of 2.6 x 10~ 30 a y 
A • m 2 . Since all dipoles are identical, we may write M = Nm = (2.7 x 10 29 )(2.6 x 10~ 30 a y ) = 
0.70a y A/m. Then 

M 0.70 a„ 

H = = — — y - = 0.22a„ A/m 

H r -1 4.2-1 v - — '— 

b) M = 270 a z A/m and p = 2 pR/m: Have p r = n/n = (2 x 10- 6 )/(4vr x 10" 7 ) = 1.59. Then 
H = 270a z /(1.59 - 1) = 456 a z A/m . 

c) Xm = 0.7 and B = 2a z T: Use 

H = — — ? = 2a % N = 936a z kA/m 

^o(l + X m ) (4^xl0" 7 )(1.7) z - '— 

d) Find M in a material where bound surface current densities of 12 a z A/m and —9a z A/m 
exist at p = 0.3 m and p = 0.4 m, respectively: We use § M ■ dL = where, since currents 
are in the z direction and are symmetric about the z axis, we chose the path integrals to be 
circular loops centered on and normal to z. From the symmetry, M will be ^-directed and 
will vary only with radius. Note first that for p < 0.3 m, no bound current will be enclosed 
by a path integral, so we conclude that M = for p < 0.3m. At radii between the currents 
the path integral will enclose only the inner current so, 



3 6 

M ■ dL = 2vrpM = 2vr(0.3)12 =» M = — a^> A/m (0.3 < p < 0.4m) 



Finally, for p > 0.4 m, the total enclosed bound current is I bttot = 27r(0.3)(12)-27r(0.4)(9) = 0, 
so therefore M = (p > 0.4m). 

9.21. Find the magnitude of the magnetization in a material for which: 

a) the magnetic flux density is 0.02 Wb/m 2 and the magnetic susceptibility is 0.003 (note that 
this latter quantity is missing in the original problem statement): From B = po(H + M) and 
from M = XmH, we write 

B ( 1 B °- 02 

M = — hi = = = 47 7 A/m 

\Xm J ^o(334) (4tt x 10" 7 )(334) 1 
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9.21b) the magnetic field intensity is 1200 A/m and the relative permeability is 1.005: From B = /i (H + 
M) = /i frH, we write 

M = (p r — l)H = (.005)(1200) = 6.0 A/m 

c) there are 7.2 x 10 28 atoms per cubic meter, each having a dipole moment of 4 x 10~ 30 A • m 2 
in the same direction, and the magnetic susceptibility is 0.0003: With all dipoles identical the 
dipole moment density becomes 

M = nm = (7.2 x 10 28 )(4 x 10 -30 ) = 0.288 A/m 



9.22. Under some conditions, it is possible to approximate the effects of ferromagnetic materials by 
assuming linearity in the relationship of B and H. Let p r = 1000 for a certain material of which 
a cylindrical wire of radius 1mm is made. If I = 1 A and the current distribution is uniform, find 

a) B: We apply Ampere's circuital law to a circular path of radius p around the wire axis, and 
where p < a: 

o^nH-^T ^ n _ IP _ 1000^oJp _ (10 3 )4vr x 10- 7 (l)p 

27r ^-^ J ^ B -^^ a *- 2vr x 10-6 

= 2OOpa Wb/m 2 

b) H: Using part a, H = B/p r p = p/{2n) x lO 6 a0 A/m. 

c) M: 

M = B/^o H = ( 20Q Q ~ x 10 6 a< ^ = 1 59 x io 8 p a A/m 



d) J: 



e) 3b within the wire: 



J = V x H = - d ^EA az = 3.18 x 10 5 a z A/m 
P d P 



J b = V x M = -*^a z = 3.18 x 10 8 a, A/m 2 
P dp '- 



9.23. Calculate values for H^, B^, and at p = c for a coaxial cable with a = 2.5 mm and 6 = 6 mm 
if it carries current / = 12 A in the center conductor, and p = 3 pH/m for 2.5 < p < 3.5 mm, 
p = 5 pR/m for 3.5 < p < 4.5 mm, and p = 10 pR/m for 4.5 < p < 6 mm. Compute for: 
a) c = 3 mm: Have 

/ 12 

H (j} = = — — = 637 A/m 

2tt P 2tt(3 x 10" 3 ) — 

Then = pH^ = (3 x 10" 6 )(637) = 1.91 x 10~ 3 Wb/m 2 . 
Finally, = {l/p )B^ -H^ = 884 A/m. 
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9.23b. c = 4 mm: Have 

I 12 

Hs = = — r , = 478 A/m 

2ixp 2vr(4 x 10" 3 ) '— 



Then = pH^ = (5 x 10" 6 )(478) = 2.39 x 10" 3 Wb/m 2 



Finally, Afy = (l//i )-B* - Jfy = 1.42 x IP 3 A/m . 
c = 5 mm: Have 



7 12 

H (h = = — 5v = 382 A/m 

2irp 2tt(5 x 10" 3 — 



Then ^ = pH^ = (10 x 10" 6 )(382) = 3.82 x 10~ 3 Wb/m 2 



Finally, = (l/p, )B ( f ) — H^ = 2.66 x 10 3 A/m . 

9.24. A coaxial transmission line has a = 5 mm and 6 = 20 mm. Let its center lie on the z axis and let a 
dc current I flow in the a z direction in the center conductor. The volume between the conductors 
contains a magnetic material for which p r = 2.5, as well as air. Find H, B, and M everywhere 
between conductors if = 600/7T A/m at p = 10 mm, <j) = tt/2, and the magnetic material is 
located where: 

a) a < p < 3a; First, we know that = I/2irp, from which we construct: 

I 600 , 

=> I = 12 A 



2vr(10- 2 ) 7T 

Since the interface between the two media lies in the a^ direction, we use the boundary 
condition of continuity of tangential H and write 

12 6 

H(5 < p < 20) = - — a = — a^ A/m 
2irp -rip 



In the magnetic material, we find 

B(5 < , < 15, = „H = (2 - 5 " 4T 2 X J' 7)(12) a. = (6/gW jg 

Then, in the free space region, B(15 < p < 20) = /ioH = (2.4/p)a<^ pT. 

b) < cf> < 7r; Again, we are given H = 600/vra^ A/m at p = 10 and at 4> = tt/2. Now, since 
the interface between media lies in the a p direction, and noting that magnetic field will be 
normal to this (a^ directed) , we use the boundary condition of continuity of B normal to an 
interface, and write B(0 < 4> < ir) = Bi = B(7r < (f> < 2ir) = B2, or 2.5poHi = P0H2. Now, 
using Ampere's circuital law, we write 

j> H • dL = wpHi + TrpH 2 = 3.57rp#i = I 

Using the given value for Hi at p = 10 mm, I = 3.5(600/7r)(7r x 10~ 2 ) = 21 A. Therefore, 
Hi = 21/(3.571-/9) = 6/(717)), or H(0 < <p < tt) = 6/(np)a ( / } A/m. Then H 2 = 2.5#i, or 
H(tt < < 2tt) = 15/(7rp)a A/m. Now B(0 < 4> < 2tt) = 2.5/i (6/(7r/9))a^ = 6/pa //T. 
Now, in general, M = (p r -l)H, and so M(0 < 4> < tt) = (2.5 - l)6/(7rp)a<^ = 9/(7rp) a^ A/m 
and M(tt < (f> < 2vr) = 0. 
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25. A conducting filament at z = carries 12 A in the a z direction. Let \x r = 1 for p < 1 cm, p r = 6 
for 1 < p < 2 cm, and p r = 1 for p > 2 cm. Find 

a) H everywhere: This result will depend on the current and not the materials, and is: 

I 1-91 A . , 

H = - — a^ = A/m (0 < p < oo) 

2-7T/9 p 

b) B everywhere: We use B = p r p H to find: 

B(p < 1 cm) = (l)/x (1.91/p) = (2.4 x lQ- 6 /p)a^ T 

B(l < p < 2 cm) = (6)/x (1.91/p) = (1.4 x !Q- 5 /p)a T 

B(p > 2cm) = (l)p (l-91/p) = (2.4 x 10~ 6 /pW T where p is in meters. 

26. Two current sheets, Koa y A/m at z = 0, and —Koa y A/m at z = d are separated by two slabs of 
magnetic material, p r i for < z < a, and p r 2 for a < z < d. If p r 2 = 3p r \, find the ratio, a/d, 
such that ten percent of the total magnetic flux is in the region < z < a. 

The magnetic flux densities in the two regions are Bi = p rl p K a x Wb/m 2 and B 2 = 
p r2 poK a x Wb/m 2 . The total flux per unit length of line is then 

<£> m = a(l)Bi + (d- a)(l)B 2 = ap rl p K + (d- a)p r2 p K = p K G p rl [a + 3{d - a)} 

V v ' s v ' 

#1 $ 2 

The ratio of the two fluxes is then found, and set equal to 0.1: 

$ 2 3(d-o) d 



27. Let p r i = 2 in region 1, defined by 2x+3y—4z > 1, while p r2 = 5 in region 2 where 2x+3y—4z < 1. 
In region 1, Hi = SOa^ - 30a y + 20a 2 A/m. Find: 

a) Hati (normal component of Hi at the boundary): We first need a unit vector normal to the 
surface, found through 

V (2s + 3y - Az) 2a,, + 3a y - 4a, 

a 7v = — — = ^= = .37a x + .56a„ — .74a z 

|V (2x + 3y - Az)\ v^9 w 

Since this vector is found through the gradient, it will point in the direction of increasing 
values of 2x + 3y — Az, and so will be directed into region 1. Thus we write a at = ajv2i- The 
normal component of Hi will now be: 

Hati = (Hi • ajv2i)a.zv2i 

= [(50a x - 30a y + 20a z ) ■ (.37a x + .56a y - .74a z )} (.37a x + .56a y - .74a 2 ) 
= -4.83a;, - 7.24a y + 9.66a z A/m 

b) Hxi (tangential component of Hi at the boundary): 

Hti = Hi Hati 

= (50a x - 30a y + 20a z ) - (-4.83a x - 7.24a y + 9.66a 2 ) 
= 54.83a K - 22.76a y + 10.34a 2 A/m 
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9.27c. (tangential component of H 2 at the boundary): Since tangential components of H are con- 

tinuous across a boundary between two media of different permeabilities, we have 



H T2 = H T i = 54.833^ - 22.76a y + 10.34a 2 A/m 

d) H7V2 (normal component of H 2 at the boundary): Since normal components of B are contin- 
uous across a boundary between media of different permeabilities, we write fii~H.Ni = /i 2 Hjv2 
or 

Hat2 = ^tHati = ^(-4.83a x - 7.24a,, + 9.66a z ) = -1.93a;, - 2.90a y + 3.86a 2 A/m 
/Ur2 5 ■ 



e) 0i, the angle between Hi and ajv2i: This will be 



cos 01 



H, 



• ajV2i 



50a x - 30a y + 20a z 
(50 2 + 30 2 + 20 2 ) 1 /2_ 



• (.37a,; + .56a y - .74a z ) = -0.21 



Therefore X = cos _1 (-.21) = 102° . 
f) 02, the angle between H 2 and ajv2i: First, 

H 2 = H T2 + Hat 2 = (54.83a x - 22.76a,, + 10.34a z ) + (-1.93a x - 2.90a,, + 3.86a z ) 
= 52.903^ - 25.66a,, + 14.20a 2 A/m 



Now 

COS 02 



|H 2 



• &JV21 



52.90a x - 25.66a,, + 14.20a 2 
60.49 



(.37a x + .56a,, - .74a z ) 



-0.09 



Therefore 2 = cos" 1 (-.09) = 95^. 



9.28. For values of B below the knee on the magnetization curve for silicon steel, approximate the curve 
by a straight line with \x = 5 mH/m. The core shown in Fig. 9.17 has areas of 1.6 cm 2 and lengths 
of 10 cm in each outer leg, and an area of 2.5 cm 2 and a length of 3 cm in the central leg. A coil 
of 1200 turns carrying 12 mA is placed around the central leg. Find B in the: 
a) center leg: We use mmf = where, in the central leg, 



Rr 



3 x 10" 2 



nA in (5 x 10" 3 )(2.5 x 10" 4 ) 
In each outer leg, the reluctance is 

L ou t 10 x 10" 2 



2.4 x 10 4 H 



R 



out 



(5 x 10" 3 )(1.6 x 10- 



1.25 x 10 5 H 



The magnetic circuit is formed by the center leg in series with the parallel combination of the 
two outer legs. The total reluctance seen at the coil location is Rt = R C + (1/2)R = 8.65 x 10 4 
H. We now have 

mmf 14.4 



Rt 



8.65 x 10 4 



1.66 x 10" 4 Wb 
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9.28a. (continued) The flux density in the center leg is now 



„ $ 1.66 x 10" 4 

B = - = — — = 0.666 T 

A 2.5 x 10" 4 

b) center leg, if a 0.3-mm air gap is present in the center leg: The air gap reluctance adds to the 
total reluctance already calculated, where 

Rair = °- 3 7 ^ 10 " 3 = 9.55 x 10 5 H 

(4vr x 10" 7 )(2.5 x 10" 4 ) 

Now the total reluctance is R net = R T + Rair = 8.56 x 10 4 + 9.55 x 10 5 = 1.04 x 10 6 . The 
flux in the center leg is now 

$ = — £ = 1.38 x 10 -5 Wb 

1.04 x 10 6 

and 

„ 1.38 x 10" 5 

B = = 55.3 mT 

2.5 x 10" 4 

9.29. In Problem 9.28, the linear approximation suggested in the statement of the problem leads to a flux 
density of 0.666 T in the center leg. Using this value of B and the magnetization curve for silicon 
steel, what current is required in the 1200-turn coil? With B = 0.666 T, we read Hi n = 120 A • t/m 
in Fig. 9.11. The flux in the center leg is $ = 0.666(2.5 x 10" 4 ) = 1.66 x 10" 4 Wb. This divides 
equally in the two outer legs, so that the flux density in each outer leg is 

m i-«»<io- = , 

Using Fig. 9.11 with this result, we find H out = 90 A • t/m We now use 

I H • dL = NI 

to find 



9.30. A toroidal core has a circular cross section of 4 cm 2 area. The mean radius of the toroid is 6 cm. 
The core is composed of two semi-circular segments, one of silicon steel and the other of a linear 
material with ji r = 200. There is a 4mm air gap at each of the two joints, and the core is wrapped 
by a 4000-turn coil carrying a dc current I\. 

a) Find I\ if the flux density in the core is 1.2 T: I will use the reluctance method here. Reluc- 
tances of the steel and linear materials are respectively, 



R s 



(3.0 x 10" 3 )(4 x 10" 4 ) 
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9.30a. (continued) 

Rl = , u 7r ( 6x1 "" 2 ) = 1.88 x 10 6 H -1 

(200)(4vr x 10" 7 )(4 x 10" 4 ) 

where fi s is found from Fig. 9.11, using B = 1.2, from which H = 400, and so B/H = 3.0 mH/m. 
The reluctance of each gap is now 

R = °- 4 * *°~ 3 = 7.96 x 10 5 H" 1 

9 (4vr x 10" 7 )(4 x 10" 4 ) 

We now construct 

Nh = $R = 1.2(4 x 10" 4 ) [R s + Ri+ 2R g ] = 1.74 x 10 3 

Thus h = (1.74 x 10 3 )/4000 = 435 mA . 

b) Find the flux density in the core if I\ = 0.3 A: We are not sure what to use for the permittivity 
of steel in this case, so we use the iterative approach. Since the current is down from the value 
obtained in part a, we can try B = 1.0 T and see what happens. From Fig. 9.11, we find 
H = 200 A/m. Then, in the linear material, 

Hi = — — =- = 3.98 x 10 3 A/m 

200(4vr x 10-7) 1 

and in each gap, 

H 9 = , 7 = 7 - 96 X 105 A / m 

y Att x 10~ 7 
Now Ampere's circuital law around the toroid becomes 

Nh = vr(.06)(200 + 3.98 x 10 3 ) + 2(7.96 x 10 5 )(4 x 10" 4 ) = 1.42 x 10 3 A-t 

Then h = (1.42 x 10 3 )/4000 = .356 A. This is still larger than the given value of .3A, so we 
can extrapolate down to find a better value for B: 



B = 1.0- (1.2- 1.0) 



.356 - .300 
.435 - .356 



= 0.86 T 



Using this value in the procedure above to evaluate Ampere's circuital law leads to a value of 
Ii of 0.306 A. The result of 0.86 T for B is probably good enough for this problem, considering 
the limited resolution of Fig. 9.11. 
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9.31. A toroid is constructed of a magnetic material having a cross-sectional area of 2.5 cm 2 and an 
effective length of 8 cm. There is also a short air gap 0.25 mm length and an effective area of 2.8 
cm 2 . An mmf of 200 A • t is applied to the magnetic circuit. Calculate the total flux in the toroid 
if: 

a) the magnetic material is assumed to have infinite permeability: In this case the core reluctance, 
R c = l/(fiA), is zero, leaving only the gap reluctance. This is 

d 0.25 x 10" 3 

Kg - 



li Ag (4vr x 10" 7 )(2.5 x 10" 4 ) 7A * ^ H 



Now 

mmf 200 A TTT1 

$ = = r = 2.8 x 10 -4 Wb 

Tig 7.1 x 10 5 

b) the magnetic material is assumed to be linear with [i r = 1000: Now the core reluctance is no 
longer zero, but 

o 8 >< 10-2 _o fix1n 5 H 

Kc ~ (1000)(4vr x 10"7)(2.5 x 10" 4 ) " b U 

The flux is then 

mmf 200 A TTT1 

$ = -= V- = t-= et = 2.1 x 10~ 4 Wb 

R c + R g 9.7 x 10 5 

c) the magnetic material is silicon steel: In this case we use the magnetization curve, Fig. 9.11, 
and employ an iterative process to arrive at the final answer. We can begin with the value of 
$ found in part a, assuming infinite permeability: = 2.8 x 10 -4 Wb. The flux density 
in the core is then = (2.8 x 10" 4 )/(2.5 x 10" 4 ) = 1.1 Wb/m 2 . From Fig. 9.11, this 
corresponds to magnetic field strength = 270 A/m. We check this by applying Ampere's 
circuital law to the magnetic circuit: 



where H ( c 1] L c = (270)(8 x 10" 2 ) = 22, and where H^d = &WH g = (2.8 x 10" 4 )(7.1 x 10 5 ) = 
199. But we require that 

j> H • dh = 200 A • t 

whereas the actual result in this first calculation is 199 + 22 = 221, which is too high. So, for 
a second trial, we reduce B to B^ = 1 Wb/m 2 . This yields hP = 200 A/m from Fig. 9.11, 
and thus ^ = 2.5 x 10" 4 Wb. Now 

£n-dL = HPL c + ®WR g = 200(8 x 10" 2 ) + (2.5 x 10" 4 )(7.1 x 10 5 ) = 194 

This is less than 200, meaning that the actual flux is slightly higher than 2.5 x 10~ 4 Wb. 
I will leave the answer at that, considering the lack of fine resolution in Fig. 9.11. 
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9.32. Determine the total energy stored in a spherical region 1cm in radius, centered at the origin in free 
space, in the uniform field: 

a) Hi = —600a,, A/m: First we find the energy density: 

w ml = ^Bi • Hi = \^H\ = i(4vr x 10" 7 )(600) 2 = 0.226 J/m 3 
The energy within the sphere is then 

W m i = w ml ^ 7rfl3 ) = °- 226 x 10 ~ 6 ) = 0-947 pJ 

b) H 2 = 600a x + 1200a,, A/m: In this case the energy density is 

w m2 = [(600) 2 + (1200) 2 ] = ^o(600) 2 

or five times the energy density that was found in part a. Therefore, the stored energy in this 
field is five times the amount in part a, or W m 2 = 4.74 /uJ. 

c) H 3 = — 600aa; + 1200a,,. This field differs from H 2 only by the negative x component, which 
is a non-issue since the component is squared when finding the energy density. Therefore, the 
stored energy will be the same as that in part b, or W m s = 4.74 pj. 

d) H 4 = H 2 + H 3 , or 2400a y A/m: The energy density is now w m4 = (l/2)// (2400) 2 = 
(l/2) / [i (16)(600) 2 J/m 3 , which is sixteen times the energy density in part a. The stored 
energy is therefore sixteen times that result, or W m 4 = 16(0.947) = 15.2 p,J. 

e) lOOOa^ A/m + 0.001a x T: The energy density is w m5 = (l/2)/i [1000 + -001/^ ] 2 = 2.03 J/m 3 . 
Then W m5 = 2.03[(4/3)vr x 10" 6 ] = 8.49 pJ . 

9.33. A toroidal core has a square cross section, 2.5 cm < p < 3.5 cm, —0.5 cm < z < 0.5 cm. The 
upper half of the toroid, < z < 0.5 cm, is constructed of a linear material for which p r = 10, 
while the lower half, —0.5 cm < z < 0, has p r = 20. An mmf of 150 A • t establishes a flux in the 
SLf/) direction. For z > 0, find: 

a) H^{p): Ampere's circuital law gives: 

150 

2irpH^ = NI = 150 H 4> = — = 23.9/ p A/m 

Zin (J 

b) B^p): We use = p r p H^ = (10)(4vr x 10" 7 )(23.9/p) = 3.0 x 10~ 4 /p Wb/m 2 . 

c) < & 2 >o: This will be 

*, >0 = // B . « = f 05 J2 = (.005)(3.0 , 10-).„ ( j|) 

= 5.0 x 10" 7 Wb 



d) Repeat for z < 0: First, the magnetic field strength will be the same as in part a, since the 
calculation is material-independent. Thus = 23.9/p A/m. Next, B^ is modified only by the 
new permeability, which is twice the value used in part a: Thus B^ = 6.0 x 10 _4 /p Wb/m 2 . 
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9.33d. (continued) Finally, since is twice that of part a, the flux will be increased by the same factor, 
since the area of integration for z < is the same. Thus $z<o = 1.0 x 10~ 6 Wb . 

e) Find $totai : This will be the sum of the values found for z < and z > 0, or 3>totai = 
1.5 x 10" 6 Wb. 



9.34. Determine the energy stored per unit length in the internal magnetic field of an infinitely-long 
straight wire of radius a, carrying uniform current I. 

We begin with H = Ip/(2iTa 2 ) a^, and find the integral of the energy density over the unit 
length in z: 



1 



-poH 2 dv 



vol 



JO 



~^Pdpdct>dz= — J/m 



9.35. The cones = 21° and = 159° are conducting surfaces and carry total currents of 40 A, as shown 
in Fig. 9.18. The currents return on a spherical conducting surface of 0.25 m radius, 
a) Find H in the region < r < 0.25, 21° < < 159°, < <f> < 2ir: We can apply Ampere's 
circuital law and take advantage of symmetry. We expect to see H in the a^ direction and it 
would be constant at a given distance from the z axis. We thus perform the line integral of 
H over a circle, centered on the z axis, and parallel to the xy plane: 

//•Z7T 
H dL = J ■ r sin 0a (f> dcj> = I encL = 40 A 

Assuming that is constant over the integration path, we take it outside the integral and 
solve: ^ 

Ha = — H = A/m 



27rr sin 



trr sin 



b) How much energy is stored in this region? This will be 

,-2-k /.159° f.lh 



w, 



H 



2 

100^o 



VoHj 



In 



^21° 

tan(159/2) 



vr |_tan(21/2) 



200^o 
o vr 2 r 2 sin 2 V 

1.35 x 10" 4 J 



r 2 sin dr d0 1 



100/xo f 159 ° d0 



7T J 2 1° 



sin# 



9.36. The dimensions of the outer conductor of a coaxial cable are b and c, where c > b. Assuming /j, = 

find the magnetic energy stored per unit length in the region b < p < c for a uniformly-distributed 
total current / flowing in opposite directions in the inner and outer conductors. 

We first need to find the magnetic field inside the outer conductor volume. Ampere's circuital 
law is applied to a circular path of radius p, where b < p < c. This encloses the entire center 
conductor current (assumed in the positive z direction), plus that part of the — z-directed 
outer conductor current that lies inside p. We obtain: 



r ^2 



„2 n 



2irpH = 1-1 



b 2 



b 2 
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9.36. (continued) So that 



H 



I 

2vrp 



' c 2 -p 2 
c 2 -b 2 

The energy within the outer conductor is now 

^1 fl-K pC 



a<£ A/m (b < p < c) 



r oH2dv = l I I s^f-b 2 ) 2 

Vol 2 



-2c 2 + p 2 



4tt(1 - b 2 /c 2 Y 



ln(c/6) - (1 - 6 2 /c 2 ) + 7(1 - 6 4 /c 4 ) 



9.37. Find the inductance of the cone-sphere configuration described in Problem 9.35 and Fig. 9.18. 
The inductance is that offered at the origin between the vertices of the cone: From Problem 9.35, 
the magnetic flux density is = 20/io/(vrr sin 9). We integrate this over the crossectional area 
defined by < r < 0.25 and 21° < 9 < 159°, to find the total flux: 



159° /.0.25 



21° 



20/io rdrde = 5 -^ln 



irr sin 9 



7T 



tan(159/2) 



tan(21/2) J vr 



,/i0 (3.37) = 6.74 x 10" 6 Wb 



Now L = <$>/I = 6.74 x 10" 6 /40 = 0.17 pH . 

Second method: Use the energy computation of Problem 9.35, and write 

L= 2^ = 2(1.35xl0-^) =ai 



I 2 



(40)* 



9.38. A toroidal core has a rectangular cross section defined by the surfaces p = 2 cm, p = 3 cm, z = 4 
cm, and z = 4.5 cm. The core material has a relative permeability of 80. If the core is wound with 
a coil containing 8000 turns of wire, find its inductance: First we apply Ampere's circuital law to 
a circular loop of radius p in the interior of the toroid, and in the direction. 



Ha, 



NI 
2iTp 



H • dL = 2npH 4} = NI 
The flux in the toroid is then the integral over the cross section of B : 

B dL - 



.045 r-03 



^° NI d P dz = {.m ^ NI \n 



.04 J .02 27T/3 

The flux linkage is then given by N<&, and the inductance is 
_ N ® _ (-005)(80)(47r x 10" 7 )(8000) 2 

~ ~T ~ 2^ 



2tt 



ln(1.5) = 2.08 H 



.03 

m 
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9.39. Conducting planes in air at z = and z = d carry surface currents of ±K a x A/m. 

a) Find the energy stored in the magnetic field per unit length (0 < x < 1) in a width w (0 < 
y < w): First, assuming current flows in the +a x direction in the sheet at z = d, and in — a x 
in the sheet at z = 0, we find that both currents together yield H = K$a y for < z < d and 
zero elsewhere. The stored energy within the specified volume will be: 

W H = [ \^)H 2 dv =111 -/j, Kq dxdydz = ]-wd^Kl J/m 
Jv 2 Jo J o J o 2 A 

b) Calculate the inductance per unit length of this transmission line from Wh = (1/2)L/ 2 , where 
I is the total current in a width w in either conductor: We have / = wK 0l and so 

2 wd 2 2 dw 2 fi d 

c) Calculate the total flux passing through the rectangle 0<x<l, 0<z<d, in the plane 
y = 0, and from this result again find the inductance per unit length: 



$ = / / /i Ha y ■ a y dx dz = / / /j K dx dy = fiodKo 
Jo Jo Jo Jo 



Then 

L = - = — — = H/m 

1 wKn W 



9.40. A coaxial cable has conductor dimensions of 1 and 5 mm. The region between conductors is air 
for < 4> < 7r /2 and tt < 4> < 3tt/2, and a non-conducting material having \i r = 8 for tt/2 < 4> < tt 
and 3tt/2 < <j) < 2tt. Find the inductance per meter length: The interfaces between media all occur 
along radial lines, normal to the direction of B and H in the coax line. B is therefore continuous 
(and constant at constant radius) around a circular loop centered on the z axis. Ampere's circuital 
law can thus be written in this form: 

/H^L = ^(|p) + ^(|p) + ^(|p) + ^(|p)=^ (tlr + l) = / 

J flQ V 2 I Hr^O ^ 2 / fl Q \ 2 I Hr^O ^2 / Hr^O 



and so 



„ Vr^ol 

is = — -a^ 

7rp(l + Hr) 



The flux in the line per meter length in z is now 

Jo J. ooi vrp(l + M vr(l + ^ r ) 

And the inductance per unit length is: 

L = — = ^ - ln(5) = 8(4?r * W ~ 7) ln(5) = 572 nH/m 
/ n(l + Hr) V7 tt(9) y) '— 
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9.41. A rectangular coil is composed of 150 turns of a filamentary conductor. Find the mutual inductance 
in free space between this coil and an infinite straight filament on the z axis if the four corners of 
the coil are located at 

a) (0,1,0), (0,3,0), (0,3,1), and (0,1,1): In this case the coil lies in the yz plane. If we assume that 
the filament current is in the +a z direction, then the B field from the filament penetrates the 
coil in the — a x direction (normal to the loop plane) . The flux through the loop will thus be 

Jo Ji 2vry x K x > 2vr 
The mutual inductance is then 

N$ 150u Ol 
M = —— = — — In 3 = 33 /iH 
1 2tt 

b) (1,1,0), (1,3,0), (1,3,1), and (1,1,1): Now the coil lies in the x = 1 plane, and the field from 
the filament penetrates in a direction that is not normal to the plane of the coil. We write the 
B field from the filament at the coil location as 

27r^/y 2 + 1 

The flux through the coil is now 

Jo Ji 27ry^TI Jo Ji 27^2/2 + 1 

The mutual inductance is then 

M = — = (150)(1.6 x 10" 7 ) = 24 fiB. 



9.42. Find the mutual inductance between two filaments forming circular rings of radii a and Ao, where 
Aa << a. The field should be determined by approximate methods. The rings are coplanar and 
concentric. 

We use the result of Problem 8.4, which asks for the magnetic field at the origin, arising from 
a circular current loop of radius a. That solution is reproduced below: Using the Biot-Savart 
law, we have IdL = IadTra^, R = a, and = —a p . The field at the center of the circle is 
then 



f 27T Iad(f>^ x (-a p ) f 277 Id<P* z I 
U " rc = J 4^ = J ^T = 2^ A/m 

imate that field as < 
flux linkage (for the single turn) as 



io ^ nu Jo 

We now approximate that field as constant over a circular area of radius Ao, and write the 



<P m = ir[/\a) B outer = =4> M = —— = 

2a I 2a 
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9.43. a) Use energy relationships to show that the internal inductance of a nonmagnetic cylindrical wire 
of radius a carrying a uniformly-distributed current I is /j,o/(8it) H/m. We first find the magnetic 
field inside the conductor, then calculate the energy stored there. From Ampere's circuital law: 



Now 



W, 



H 



2irpH (t> 



-po^dv 



na 2 



I 



Ha 



IP 

2ixa 2 



A/m 



o Jo 



2-7T pa 



^I 2 P 2 , , Pol 2 T/ 
pdpdcpdz = - c _ J /m 



8vr 2 a 4 



16vr 



Now, with Wh = (l/2)iv/ 2 , we find Lj nt = pq/(8tt) as expected. 



b) Find the internal inductance if the portion of the conductor for which p < c < a is removed: The 
hollowed-out conductor still carries current /, so Ampere's circuital law now reads: 



2-KpHtj, 



<P 2 



7r(a 2 — c 2 
and the energy is now 

^ '- a p P(p 2 -c 2 ) 2 



Ha, 



I 

2^~p 



p 2 -c 2 



A/m 



p 1 pZTT pC 

JO JO J c 



87r 2 p 2 {a 2 - c 2 ) 2 



p dp dcj> dz 



Pol 2 



47r(a 2 - c 2 ) 2 



J c 



p 3 - 2c 2 p + 



C 



41 



dp 



Po 



I 2 



47r(a 2 - c 2 ) 2 
The internal inductance is then 

2W H 



\{a± - c 4 ) - cV "C 2 )+c 4 In Q 



J/m 



int 



I 2 



PO 

8tt 



a 4 - 4o 2 c 2 + 3c 4 + 4c 4 ln(a/c) 



(a 2 - c 2 ) 2 



H/m 
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CHAPTER 10 



10.1. In Fig. 10.4, let B = 0.2cosl207rf T, and assume that the conductor joining the two ends 
of the resistor is perfect. It may be assumed that the magnetic field produced by I(t) is 
negligible. Find: 

a) Vab(t)'- Since B is constant over the loop area, the flux is $ = ir(0.l5) 2 B = 1.41 x 
10" 2 cos 120vrt Wb. Now, emf = V ba (t) = -d$/dt = (120vr)(1.41 x 10" 2 ) sin 120vrt. 
Then V ab (t) = -V ba (t) = -5.33 sin 1207rt V . 

b) I(t) = V ba (t)/R = 5.33sin(120vrt)/250 = 21.3sin(1207rt) mA 

10.2. In Fig. 10.1, replace the voltmeter with a resistance, R. 

a) Find the current I that flows as a result of the motion of the sliding bar: The current is 
found through 

/=i/ B .dL=- 1 *- 



RJ R dt 

Taking the normal to the path integral as a z , the path direction will be counter-clockwise 
when viewed from above (in the — a z direction). The minus sign in the equation indicates 
that the current will therefore flow clockwise, since the magnetic flux is increasing with 
time. The flux of B is <£ m = Bdvt, and so 

1 d$ m Bdv . 
|/| = -— = — (clockw 1S e) 

b) The bar current results in a force exerted on the bar as it moves. Determine this force: 



IdL x B = / Idxa x x Ba z = 

Jo Jo 



Bdv „ B 2 d 2 v „ 

— — a x x Ba z = — a v N 

R R v 



c) Determine the mechanical power required to maintain a constant velocity v and show 
that this power is equal to the power absorbed by R. The mechanical power is 

(Bdv) 2 
P m = Fv = W 



The electrical power is 



P e — I 2 R — - — j^— — P m 



10.3. Given H = 300 a z cos(3 x 10 8 t — y) A/m in free space, find the emf developed in the general 
as direction about the closed path having corners at 

a) (0,0,0), (1,0,0), (1,1,0), and (0,1,0): The magnetic flux will be: 

$= [ ( 300^ cos(3 x 10 8 t-y)dxdy = 300/i O sin(3 x 10 8 t - y) | J 
Jo Jo 

= 300/io [sin(3 x 10 8 t - 1) - sin(3 x 10 8 t)] Wb 

Then 

emf = = -300(3 x 10 8 )(4^ x 10" 7 ) [cos(3 x W 8 t - 1) - cos(3 x 10 8 t)] 

= -1.13 x 10 5 [cos(3 x W 8 t - 1) - cos(3 x 10 8 t)] V 

b) corners at (0,0,0), (2vr,0,0), (27r,2vr,0), (0,2vr,0): In this case, the flux is 

$ = 2vr x 300^o sin(3 x 10 8 t - y) \ l7r = 

The emf is therefore 0. 

10.4. Conductor surfaces are located at p = 1cm and p = 2cm in free space. The volume 1 cm < 
p < 2 cm contains the fields Hs = (2/p) cos(6 x 10 8 7rf — 2nz) A/m and E p = (2407r/p) cos(6 x 
10 8 vrf - 2vrz) V/m. 

a) Show that these two fields satisfy Eq. (6), Sec. 10.1: Have 

„ „ dE p 2vr(240vr) . o . 480vr 2 . . „ 

V x E = — ^ as = — i '- sin 6 x 10 8 vri - 2vrz as = sm(6 x 10 8 vrt - 2irz)a <t> 

dz p p 



Then 

dB 2u (6 x 10 8 W . 

; sin(6 x 10 8 vrt - 2ttz) a 4 



dt p 

(8vr x 10" 7 )(6 x 10 8 )vr . . a . 480vr 2 . . 8 
= ^ ^ '— sin 6 x 10 8 vrf - 2vrz = sm(6 x 10 8 vrf - 2vrz as 

P P 
b) Evaluate both integrals in Eq. (4) for the planar surface defined by <j> = 0, 1cm < p < 2cm, 
< z < 0.1m, and its perimeter, and show that the same results are obtained: we take 
the normal to the surface as positive as, so the the loop surrounding the surface (by the 
right hand rule) is in the negative a p direction at z = 0, and is in the positive a p direction 
at z = 0.1. Taking the left hand side first, we find 

.01 



E • dL = / cos(6 x 10 8 7r£) a p ■ a p dp 

J .02 P 

/•.02 24O7J- 
cos(6 x 10 8 vrf - 2vr(0.1)) a p ■ a p dp 
oi P 

= 240vrcos(6 x 10 8 vrt) In +240vrcos(6 x 10 8 vrf - 0.2vr) In (^j 
= 240(ln2) [cos(6 x 10 8 vrf - 0.2vr) - cos(6 x 10 8 7rf)] 



10.4b (continued). Now for the right hand side. First, 

,0.1 ,.02 8 _ v ln -7 



B ■ dS = / / cos(6 x 10 8 7rt - 27rz) • a^, dpdz 

JO 7.01 P 
,0.1 

= / (8vr x 10" 7 ) In 2 cos(6 x 10 8 irt - 2tt z) dz 
Jo 

= -4 x 10" 7 In 2 [sin(6 x 10 8 vrt - 0.2vr) - sin(6 x 10 8 vrt)] 



Then 



d f 

-— B-dS = 240vr(ln2) [cos(6 x 10 8 7rf - 0.2vr) - cos(6 x 10 8 vrt)] (check) 

10.5. The location of the sliding bar in Fig. 10.5 is given by x = 5t + 2i 3 , and the separation of the 
two rails is 20 cm. Let B = 0.8x 2 a z T. Find the voltmeter reading at: 

a) t = 0.4 s: The flux through the loop will be 

<D = /°' 2 f o.8(x') 2 dx' dy = ^x 3 = °^-(5t + 2t 3 ) 3 Wb 
Jo Jo 3 3 

Then 

emf = ~ = ^(3)(5t + 2t 3 ) 2 (5 + 6t 2 ) = -(0.16)[5(.4) + 2(.4) 3 ] 2 [5 + 6(.4) 2 ] = -4.32 V 

b) x = 0.6 m: Have 0.6 = 5t + 2t 3 , from which we find t = 0.1193. Thus 

emf = -(0.16)[5(.1193) + 2(.1193) 3 ] 2 [5 + 6(.1193) 2 ] = -.293 V 



10.6. A perfectly conducting filament containing a small 500-17 resistor is formed into a square, as 
illustrated in Fig. 10.6. Find I(t) if 
a) B = 0.3cos(1207rt — 30°) a 2 T: First the flux through the loop is evaluated, where the 
unit normal to the loop is a z . We find 



$= I B-dS = (0.3)(0.5) 2 cos(120vrt-30°) Wb 

./loop 

Then the current will be 

= emf = _ 1 » = (120^0(03X025) _ = _ 

R R dt 500 v ' 



b) B = 0.4cos[7r(ct — y)\ a z fiT where c = 3 x 10 8 m/s: Since the field varies with y, the flux 
is now 

f f' 5 2 

$=/ B ■ dS = (0.5) (0.4) / cos(iry - net) dy = — [sin(7rct - vr/2) - sin(vrct)] fiWb 

./loop JO 7r 

The current is then 

. emf 1 (f$ —0.2c r . . . . . 

I(t) = — = --j = — [cosset - ,r/2) - cos(vrct)] M 

- [sin(7rct) — cos(7rct)] /iA = 120 [cos(7rct) — sin(7rct)] mA 



500 



10.7. The rails in Fig. 10.7 each have a resistance of 2.2 17/m. The bar moves to the right at a 
constant speed of 9 m/s in a uniform magnetic field of 0.8 T. Find I(t), < t < 1 s, if the bar 
is at x = 2 m at t = and 

a) a 0.3 SI resistor is present across the left end with the right end open-circuited: The flux 
in the left-hand closed loop is 

$i = B x area = (0.8) (0.2) (2 + 9t) 

Then, emf; = -d^i/dt = -(0.16)(9) = -1.44 V. With the bar in motion, the loop 
resistance is increasing with time, and is given by Ri(t) = 0.3 + 2[2.2(2 + 9t)]. The current 
is now 

emfj -1.44 

/it = — Hr = A 

v ' Ri(t) 9.1 + 39.6t 

Note that the sign of the current indicates that it is flowing in the direction opposite that 

shown in the figure. 

b) Repeat part a, but with a resistor of 0.3 Q across each end: In this case, there will be 
a contribution to the current from the right loop, which is now closed. The flux in the 
right loop, whose area decreases with time, is 

$ r = (0.8)(0.2)[(16-2) -9t] 

and emf r = -d® r /dt = (0.16)(9) = 1.44 V. The resistance of the right loop is R r {t) = 
0.3 + 2[2.2(14 — 9i)], and so the contribution to the current from the right loop will be 

-1 44 

Ut) = — — A 

w 61.9-39.6t 



10.7b (continued). The minus sign has been inserted because again the current must flow in the 
opposite direction as that indicated in the figure, with the flux decreasing with time. The 
total current is found by adding the part a result, or 



I T (t) = -1.44 



61.9 - 39.6* + 9.1 + 39.6i 



A 



10.8. Fig. 10.1 is modified to show that the rail separation is larger when y is larger. Specifically, let 
the separation d = 0.2 + 0.02y. Given a uniform velocity v y = 8 m/s and a uniform magnetic 
flux density B z = 1.1 T, find 7 12 asa function of time if the bar is located at y = at t = 0: 
The flux through the loop as a function of y can be written as 

/rV p.2+.02y' py 
BdS= / l.ldxdy'= 1.1(.2 + .02y') dy' = 0.22y(l + My) 

Jo Jo Jo 

Now, with y = vt = 8t, the above becomes = 1.76t(l + .40*). Finally, 

<7<T> 

V12 = -— = -1.76(1 + .80t) V 



10.9. A square filamentary loop of wire is 25 cm on a side and has a resistance of 125 £1 per meter 
length. The loop lies in the z = plane with its corners at (0,0,0), (0.25,0,0), (0.25,0.25,0), 
and (0,0.25,0) at t = 0. The loop is moving with velocity v y = 50 m/s in the field B z = 
8cos(1.5 x 10 8 t — 0.5x) fj,T. Develop a function of time which expresses the ohmic power being 
delivered to the loop: First, since the field does not vary with y, the loop motion in the y 
direction does not produce any time-varying flux, and so this motion is immaterial. We can 
evaluate the flux at the original loop position to obtain: 

$(<)=/ / 8 x 10 _6 cos(1.5 x 10 8 t-0.5x)dxdy 
Jo Jo 

= -(4 x 10" 6 ) [sin(1.5 x 10 8 t - 0.13a;) - sin(1.5 x 10 8 t)] Wb 

Now, emf = V(t) = -d$/dt = 6.0 xlO 2 [cos(1.5 x 10 8 t -0.13s) - cos(1.5 x 10 8 t)], The total 
loop resistance is R = 125(0.25 + 0.25 + 0.25 + 0.25) = 125 tt. Then the ohmic power is 

V 2 (t) 

P(t) = —y- = 2.9 x 10 3 [cos(1.5 x 10 8 i - 0.13s) - cos(1.5 x 10 8 t)l Watts 
R 



10.10a. Show that the ratio of the amplitudes of the conduction current density and the displacement 
current density is a/ue for the applied field E = E m cos cot. Assume \i = First, D = 
eE = eE m cosojt. Then the displacement current density is dD/dt = — coeE m sin cot. Second, 
J c = oE = aE m cosujt. Using these results we find |J c |/|</<z| = cr/uoe. 



find D = eE = eE m e- l / T , and so J d = dD/dt = -(e/r)£ , m e-*/ T . Also, J c = oE m e- l l T . 
Finally, \J c \/\J d \ = ar/e. 

10.11. Let the internal dimension of a coaxial capacitor be a = 1.2 cm, b = 4 cm, and / = 40 cm. 
The homogeneous material inside the capacitor has the parameters e = 10 -11 F/m, = 10~ 5 
H/m, and a = 10~ 5 S/m. If the electric field intensity is E = (10 6 /p) cos(10 5 t)a p V/m, find: 
a) J: Use 



b. What is the amplitude ratio if the applied field is E = E m e 



*/ T , where r is real? As before, 




b) the total conduction current, I c , through the capacitor: Have 




J • dS = 2-KplJ = 20^/ cos(10 5 t) = 87rcos(10 5 t) A 



c) the total displacement current, Id, through the capacitor: First find 



Jd = 



~dt 



d_ 
di 



(eE) = - 



(10 5 )(10- n )(10 6 
P 



) 



sin(10 5 t)a p = — 



sin(10 5 t) A/m 



Now 



I d = 2nplJ d = -27dsin(10 5 t) = -0.87rsin(10 5 t) A 



d) the ratio of the amplitude of I d to that of J c , the quality factor of the capacitor: This will 
be 



10.12. Show that the displacement current flowing between the two conducting cylinders in a lossless 
coaxial capacitor is exactly the same as the conduction current flowing in the external circuit 
if the applied voltage between conductors is Vq cos tot volts. 

From Chapter 7, we know that for a given applied voltage between the cylinders, the 
electric field is 



Vocasut eV Q cosut 2 

w , , v a p V/m D = a p C/m 

pm{b/a) pm{b/a) 



Then the displacement current density is 

<9D —ujeVo sin tot 
~dt ~ p]n(b/a) 

Over a length £, the displacement current will be 



<9D ,„ AD 27r^ey sma;t dV 

— ■ dS = 2tto£— = .," . = C— 

dt H dt ln(6 a) dt 



r,i - I I ' ; r/s - 2;t/./ - "'"7.'/ ; ,7,;V"' - c— - i 

where we recall that the capacitance is given by C = 2ne£/ ln(6/a) 



c 



10.13. Consider the region defined by \x\, \y\, and \z\ < 1. Let e r = 5, ^ r = 4, and a = 0. If 
J d = 20cos(1.5 x 10 8 t - bx)a y pA/m 2 ; 

a) find D and E: Since = dD/dt, we write 

/20 x 10 -6 
3 d dt + C = - - - sin(1.5 x 10 8 - bx)a y 

= 1.33 x 10 -13 sin(1.5 x 10 8 t - bx)a y C/m 2 
where the integration constant is set to zero (assuming no dc fields are present). Then 

„ D 1.33 x 10" 13 . . o . 

E = — = — sm(1.5 x 10 8 t - bx)a v 

e (5 x 8.85 x 10" 12 ) v ' y 

= 3.0 x 10- 3 sin(1.5 x 10 8 t - bx)a y V/m 

b) use the point form of Faraday's law and an integration with respect to time to find B and 
H: In this case, 

dE <9B 
V x E = -^a z = -6(3.0 x 10" 3 ) cos(1.5 x 10 8 t - bx)a z = — — 
ox dt 

Solve for B by integrating over time: 

6(3 x 10 -3 ) 

B = - ; sin(1.5 x 10 8 t - bx)a z = (2.0)6 x IP" 11 sin(1.5 x 10 8 t - bx)a z T 



10.13b (continued). Now 

h = 5 = (^ 

H 4 x 

= (4.0 x 10- 6 )6sin(1.5 x 10 8 t - bx)a z A/m 



TT B 2.0 6 x 10" 11 . r 1ft8 

H = — = ^ - = sm(1.5 x 10 8 i - bx)i 

H 4 x 4vr x 10" 7 v ; 



c) use V x H = Jrf + J to find J^: Since o = 0, there is no conduction current, so in this 
case 

dH 

V x H = — ^a y = 4.0 x 10 _6 6 2 cos(1.5 x 10 8 t - bx)a y A/m 2 = J d 

d) What is the numerical value of 6? We set the given expression for 3d equal to the result 
of part c to obtain: 

20 x 10 -6 = 4.0 x 10 _6 6 2 b= V^O m" 1 

10.14. A voltage source, Vos'mujt, is connected between two concentric conducting spheres, r = a 
and r = b, b > a, where the region between them is a material for which e = e r eo, /U = an d 
(7 = 0. Find the total displacement current through the dielectric and compare it with the 
source current as determined from the capacitance (Sec. 5.10) and circuit analysis methods: 
First, solving Laplace's equation, we find the voltage between spheres (see Eq. 20, Chapter 



Then 



Now 



„ Vosvnut e r e V s\nujt 

E = -W = — a r D = -—— — -a r 

r z (l/a— l/o) r z {l/a — l/b) 



9D e r eowVo cos tot 
d = ^t = r^l/a-l/b)^ 



The displacement current is then 



2t 4Tre r eoooVo cos cot ^dV 
/rf = 47FrJrf= (1/a-l/b) =C ^ 



where, from Eq. 47, Chapter 5, 

4-7re r eo 



C 



(l/a-1/6) 
The results are consistent. 



10.15. Let fj, = 3xl0" 5 H/m, e = 1.2 xlO" 10 F/m, and a = everywhere. If H = 2 cos(10 10 t-/3x)a 2 
A/m, use Maxwell's equations to obtain expressions for B, D, E, and j3: First, B = /iH = 
6 x 10~ 5 cos(10 10 t - (3x)a z T . Next we use 

air BY) 



from which 



D = y 2/3sin(10 10 i -px)dt + C= cos(10 10 t - /3x) a?/ C/m 2 



where the integration constant is set to zero, since no dc fields are presumed to exist. Next, 

D 2(5 

7 ~ ~(1.2 x 10- 10 )(10 10 ^ 



E = - = ~ n ^-.n-iownKn cos(10 10 t " M*y = -1.67/3 cos(10 10 t - /?x)a„ V/m 



Now 

V x E = ^a z = 1.67/3 2 sin(10 10 i - 0x)bl z = ~ 
ox at 

So 

B = - J 1.67/3 2 sin(10 10 t - (3x)a z dt = (1.67 x 10" 10 )/? 2 cos(10 10 t - (3x)a z 
We require this result to be consistent with the expression for B originally found. So 

(1.67 x 10 _10 )/3 2 = 6 x 10 -5 => /3 = ±600 rad/m 

10.16. Derive the continuity equation from Maxwell's equations: First, take the divergence of both 
sides of Ampere's circuital law: 

V-VxH = V- J + ^-V - D = V- J + ^ = 
N v ' at gt 

o 

where we have used V ■ D = p v , another Maxwell equation. 

10.17. The electric field intensity in the region < x < 5, < y < vr/12, < z < 0.06 m in free 
space is given by E = Csin(12y) sin(az) cos(2 x 10 10 i)a x V/m. Beginning with the V x E 
relationship, use Maxwell's equations to find a numerical value for a, if it is known that a is 
greater than zero: In this case we find 

„ „ dE x 8E Z 
VxE=— a y -— a z 

9B 

= C [asin(12y) cos(az)a y — 12 cos(12y) sm(az)& z ] cos(2 x 10 10 t) = — 



10.17 (continued). Then 



H = -— I VxEdi + Cj 
Mo J 

C 

= — — — q [asin(12y) cos(az)a. y — 12 cos(12y) sin(az)a 2 ] sin(2 x 10 10 t) A/m 

where the integration constant, C\ = 0, since there are no initial conditions. Using this result, 
we now find 



V x H 



dH z dH„ 



dy dz 



Now 



D f 1 

E = — = —VxHdt + C 2 
e o J e o 



C(144 + a 2 ) 
Vo(2 x 10 10 ) 

C(144 + a 2 ) 



sin(12y)sin(az)sin(2 x 10 10 t)a ; 



3D 



sin(12y)sin(az)cos(2 x 10 iU t)a ; 



H e (2 x lO^) 2 

where C 2 = 0. This field must be the same as the original field as stated, and so we require 
that 

C(144 + a 2 ) 



/W2 x 10!0) 2 



Using [i e = (3 x 10 8 ) 2 , we find 



(2 x 10 10 ) 2 

(3 x io 8 y 



-.1/2 



144 



66 m" 



10.18. The parallel plate transmission line shown in Fig. 10.8 has dimensions b = 4 cm and d = 8 
mm, while the medium between plates is characterized by /j, r = 1, e r = 20, and a = 0. Neglect 
fields outside the dielectric. Given the field H = 5cos(10 9 i — (3z)& y A/m, use Maxwell's 
equations to help find: 
a) p, if (3 > 0: Take 

V x H = -^ a - = -5/?sin(10 9 t - Pz)a x = 20e — 
az at 



So 



Then 



So that 



E 



J ^ sin(10 9 t - /3z)a x dt 
(i 2 



(4 x 10 9 )e 



V x E = ——a 



cos(10 9 t - /3z)a 2 



9H 



<9z - " (4 x 10 9 ) eo Sin(1 ° 9t " ^ = ft 



H 



-P 2 



(4 x 10 9 )/i e 
5cos(10 9 t-/?z)a 



sin(10 9 t - (3z)a x dt 



(4 x 10 18 Heo 



cos(10 9 t - 0z) 



10.18a (continued) where the last equality is required to maintain consistency. Therefore 

P 2 



(4 x 10 lf > o eo 



= 14.9 m" 1 



b) the displacement current density at z = 0: Since a = 0, we have 

V x H = J d = -5/3sin(10 9 t - Qz) = -74.5 sin(10 9 t - 14.9z)a x 
= -74.5sin(10 9 i)a x A/m at z = 

c) the total displacement current crossing the surface x = 0.5c?, < y < b, and < z < 0.1 
m in the a x direction. We evaluate the flux integral of Jd over the given cross section: 

/•O.l 

I d = -74.56 / sin(10 9 £ - 14.9z) a x ■ a x dz = 0.20 [cos(10 9 t - 1.49) - cos(10 9 t)] A 

10.19. In the first section of this chapter, Faraday's law was used to show that the field E = 
— ^kB pe kt a,p results from the changing magnetic field B = B e kt a z . 

a) Show that these fields do not satisfy Maxwell's other curl equation: Note that B as stated 
is constant with position, and so will have zero curl. The electric field, however, varies 
with time, and so V x H = ^ would have a zero left-hand side and a non-zero right-hand 
side. The equation is thus not valid with these fields. 

b) If we let Bq = 1 T and k = 10 6 we are establishing a fairly large magnetic flux 
density in 1 /xs. Use the V x H equation to show that the rate at which B z should (but 
does not) change with p is only about 5 x 10~ 6 T/m in free space at t = 0: Assuming 
that B varies with p, we write 

_ „ dH z 1 dB Q kt BE 1 2 D kt 

V x H = -^a^ = -^e kt = e — = --e k 2 B pe kt 

op fio dp ot 2 



Thus 



dBo - \ eok 2 pB = n T 2 }} ] S 2 = 5.6 x 10" 6 p 



dp 2 —-"- 2(3 xlO 8 ) 
which is near the stated value if p is on the order of lm 



10.20. Point C(— 0.1, —0.2, 0.3) lies on the surface of a perfect conductor. The electric field intensity 
at C is (500a x — 300a,, + 600a^) cos 10 7 i V/m, and the medium surrounding the conductor is 
characterized by \i r = 5, e r = 10, and a = 0. 
a) Find a unit vector normal to the conductor surface at C, if the origin lies within the 
conductor: At t = 0, the field must be directed out of the surface, and will be normal to 
it, since we have a perfect conductor. Therefore 

+E(t = 0) 5a, - 3a y + 6a z 

n = T3r~r- rf = — = 0.60a x - 0.36a,, + 0.72a^ 

|E(t = 0)| ^25 + 9 + 36 * 



b) Find the surface charge density at C: Use 

p s = D • n| sur/ace = 10e [500a, - 300a y + 600a 2 ] cos(10 7 t) • [.60a x - .36a y + .72a^] 
= 10e [300 + 108 + 432] cos(10 7 t) = 7.4 x 10" 8 cos(10 7 t) C/m 2 
= 74cos(10 7 t) nC/m 2 

10.21. a) Show that under static field conditions, Eq. (55) reduces to Ampere's circuital law. First 
use the definition of the vector Laplacian: 

V 2 A = -V x V x A + V(V • A) = -fi3 

which is Eq. (55) with the time derivative set to zero. We also note that V • A = in steady 
state (from Eq. (54)). Now, since B = V x A, (55) becomes 

-V x B = -/jj => V x H = J 

b) Show that Eq. (51) becomes Faraday's law when taking the curl: Doing this gives 

d 

V x E = -V x W - —V x A 

ot 

The curl of the gradient is identially zero, and V x A = B. We are left with 



V x E = -dB/dt 



10.22. In a sourceless medium, in which J = and p v = 0, assume a rectangular coordinate system in 
which E and H are functions only of z and t. The medium has permittivity e and permeability 
jjL. (a) If E = E x a x and H = H y a y , begin with Maxwell's equations and determine the second 
order partial differential equation that E x must satisfy. 
First use 

„ „ dB dE x dH v 

VxE = "^ -87^ = -^^ 

in which case, the curl has dictated the direction that H must lie in. Similarly, use the 
other Maxwell curl equation to find 

_ „ dB dH y dE x 

Now, differentiate the first equation with respect to z, and the second equation with 
respect to t: 

d 2 E x = 8 2 H y d 2 H y = 3 2 E X 

dz 2 ^ dtdz dzdt 6 dt 2 

Combining these two, we find 

d 2 E x d 2 E x 
/j,e- 



dz 2 ^ dt 2 

b) Show that E x = E cos(a;t — 3z) is a solution of that equation for a particular value of 3: 
Substituting, we find 

d 2 E d 2 E 
- n x = —3 2 E cosfut — dz) and tie n J° = —u 2 ueE cosfwi — dz) 

OZ z Ot' L 

These two will be equal provided the constant multipliers of cos(cjt — j3z) are equal. 

c) Find 3 as a function of given parameters. Equating the two constants in part b, we find 
3 = ujJjLe. 



10.23. In region 1, z < 0, ei = 2 x 10" 11 F/m, m = 2 x 10" 6 H/m, and a 1 = 4 x 10" 3 S/m; in 
region 2, z > 0, e-i = ei/2, fi2 = 2//i, and 02 = <ti/4. It is known that Ei = (30a.,; + 20a y + 
10a z ) cos(10 9 t) V/m at Pi(0, 0, 0"). 

a) Find Ejvi, E t i, D^vi, and D ti : These will be 



Eati = 10cos(10 9 t)a 2 V/m E tl = (30a x + 20a y ) cos(10 9 t) V/m 
B N1 = eiE^vi = (2 x 10- n )(10) cos(10 9 i)a^ C/m 2 = 200 cos(10 9 ^)a^ pC/m 2 



10.23a (continued). 



D tl = eiE t i = (2 x 10- 11 )(30a a; + 20a y ) cos(10 9 i) = (600a x + 400aj,) cos(10 9 t) pC/m 2 

b) Find Jjvi and J t i at Pi: 

J Ari = ^lEjvi = (4 x 10- 3 )(10cos(10 9 t))a^ = 40 cos(10 9 t)a^ mA/m 2 
Jti = ffxEti = (4 x 10~ 3 )(30a x + 20a y ) cos(10 9 i) = (120a,; + 80a y ) cos(10 9 t) mA/m 2 

c) Find E t2 , D t2 , and J t2 at Pi: By continuity of tangential E, 

E t2 = E t i = (303^ + 20a y ) cos(10 9 t) V/m 

Then 

D t2 = e 2 E t2 = (10 _11 )(30a a; + 20a y ) cos(10 9 t) = (300a,, + 200a,,) cos(10 9 t) pC/m 2 
J t2 = cr 2 E t2 = (10~ 3 )(30a x + 20a y ) cos(10 9 t) = (30a,; + 20aj,) cos(10 9 t) mA/m 2 

d) (Harder) Use the continuity equation to help show that Jni — Jn2 = dDN 2 /dt — dD^i/dt 
and then determine Eat 2 , D a? 2 , and J N2 '■ We assume the existence of a surface charge layer 
at the boundary having density p s C/m 2 . If we draw a cylindrical "pillbox" whose top and 
bottom surfaces (each of area Aa) are on either side of the interface, we may use the continuity 
condition to write 

(Jjv2 - Jjvi)Aa = --7^-Aa 
where p s = D^2 — -Djvi- Therefore, 

d 

Jni — Jn2 = q^{Dn2 — Dni) 

In terms of the normal electric field components, this becomes 

d 

ci-EWi — o- 2 En2 = -q^{^2En2 — ei-Ejvi) 
Now let E N2 = ^lcos(10 9 t) + J Bsin(10 9 t), while from before, E N1 = 10cos(10 9 t). 



10.23d (continued) 

These, along with the permittivities and conductivities, are substituted to obtain 

(4 x 10- 3 )(10)cos(10 9 t) - 10- 3 [Acos(10 9 t) + Bsm(10 9 t)} 
= ^ [I0- n [v4cos(10 9 t) + Ssin(10 9 t)] - (2 x 10- n )(10) cos(10 9 t)] 
= -(10 _2 ^sin(10 9 t) + 10 _2 Scos(10 9 t) + (2 x 10 _1 ) sin(10 9 i) 

We now equate coefficients of the sin and cos terms to obtain two equations: 

4 x 10 -2 - 10 _3 yl = W~ 2 B 

-10~ 3 B = -10" 2 yl + 2 x 10" 1 
These are solved together to find A = 20.2 and B = 2.0. Thus 

Ejv 2 = [20.2 cos(10 9 t) +2.0 sin(10 9 t)] a z = 20.3cos(10 9 t + 5.6°)a z V/m 

Then 

Dat 2 = e 2 B N2 = 203cos(10 9 t + 5.6°)a^ pC/m 2 

and 

J N2 = (T 2 E N2 = 20.3cos(10 9 t + 5.6°)a 2 mA/m 2 

10.24. In a medium in which p v = 0, but in which the permittivity is a function of position, determine 
the conditions on the permittivity variation such that 

a) V • E = 0: We first note that V • D = if p v = 0, where D = eE. Now 

V • D = V • (eE) = E • Ve + eV • E = 

or 

Ve 

V • E + E =0 

e 

We see that V • E = if Ve = 0. 

b) V • E = 0: From the development in part a, V • E will be approximately zero if Ve/e is 
negligible. 



10.25. In a region where \i r = e r = 1 and a = 0, the retarded potentials are given by V = x(z — ct) 
V and A = x[(z/c) — t]a z Wb/m, where c = 1/^/^0 ■ 

a) Show that V • A = -fjie(dV/dt): 



First, 



w a dAz x i 

~dz~ = c = Xv ^° e ° 



Second, 



— cx = — - 



VMoeo 

so we observe that V- A = — fi eo(dV/dt) in free space, implying that the given statement 
would hold true in general media. 

b) Find B, H, E, and D: 



Use 

R = \7v A = — 

dx 



— 9A X ( z\ m 

B = V x A = — =(t--)a y T 



Then 

Mo Mo 



(t - -^j a y A/m 



Now, 



<9A 

E = — W — = — (z — ct)a x — xa z + xa z = (ct — z)a x V/m 

ot 



Then 

D = e E = e (ct - z)a x C/m 2 



c) Show that these results satisfy Maxwell's equations if J and p v are zero: 

i. V • D = V • e (ct - z)a x = 

ii. V ■ B = V • (t — z/c)a y = 



m. 



v x ri — a x — a x — a a x 

OZ jlQC y /i 



which we require to equal dD/dt: 



10.25c (continued), 
iv. 



^ „ 9E X 
V x E = — — a,, 



dz 



which we require to equal — d'B/dt: 



dB 

~dt 



So all four Maxwell equations are satisfied. 



10.26. Let the current / = 80t A be present in the a 2 direction on the z axis in free space within the 
interval —0.1 < z < 0.1 m. 
a) Find A z at P(0,2,0): The integral for the retarded vector potential will in this case assume 
the form 

, 1 mm-R/c). 



AttR 



where R = V z 2 + 4 and c = 3 x 10 8 m/s. We obtain 



A z 



80^o 

47T 

8 x 10 _6 ln 



dz 



1 



i v^Tl j . i < 



dz 



8 x 10" 6 tln(z + Vz 2 + 4) 



1 8x10" 



l 3 x 10 8 
0.53 x 10 -14 = 8.0 x 10 _7 t - 0.53 x 10 -14 



-i + ^/IM / 

So finally, A = [8.0 x 10" 7 t - 5.3 x 10" 15 ] a z Wb/m. 

b) Sketch A z versus t over the time interval —0.1 < t < 0.1 /is: The sketch is linearly increasing 
with time, beginning with A z = —8.53 x 10~ 14 Wb/m at t = —0.1 /is, crossing the time axis 
and going positive at t = 6.6 ns, and reaching a maximum value of 7.46 x 10~ 14 Wb/m at 
t = 0.1 us. 



CHAPTER 11 



11.1. The parameters of a certain transmission line operating at 6 x 10 8 rad/s are L = 0.4 /xH/m, 
C = 40 pF/m, G = 80 /iS/m, and R = 20 fi/m. 
a) Find 7, a, /?, A, and Zq: We use 

= V[20 + i(6 x 10 8 )(0.4 x 10" 6 )][80 x 10" 6 + j(6 x 10 8 )(40 x 10" 12 )] 
= 0.10 + j2.4 m" 1 = a + j/3 

Therefore, a = 0.10 Np/m, /3 = 2.4 rad/m, and A = 2ir/0 = 2.6 m . Finally, 



/ i? + juoL / 20 + j2A x 10 2 „ ^ 

y = V gT^c = V so x io-« + j2.4 x 10- 2 = 100 " j4 -° n 

b) If a voltage wave travels 20 m down the line, what percentage of the original amplitude 
remains, and by how many degrees is it phase shifted? First, 

^ = e ~ aL = e -(°- 10 )( 2 °) = 0.13 or 13 percent 

Then the phase shift is given by (3L, which in degrees becomes 

4> = (3L (^pj = (2.4)(20) (^pj = 2.7 x 10 3 degrees 



11.2. A lossless transmission line with Zq = 60 O is being operated at 60 MHz. The velocity on the 
line is 3 x 10 8 m/s. If the line is short-circuited at z = 0, find Z^ n at: 
a) z = — lm: We use the expression for input impedance (Eq. 12), under the conditions 
Z 2 = 60 and Z 3 = 0: 



Z 3 cos(pi) + jZ 2 sin(ffl) 
Z 2 cos(pi) + jZ 3 sm(pl) 



= j'60tan(/3Z) 



where I = —z, and where the phase constant is /3 = 2irc/ f = 27r(3 x 10 8 )/(6 x 10 7 ) 
(2/5)vr rad/m. Now, with z = -1 (I = 1), we find Z in = j60tan(2vr/5) = jl84.6 tt . 

b) z = -2 m: Z in = j60tan(4vr/5) = -j43.6 n 



c) z = —2.5 m: Z in 

d) z = — 1.25 m: Z ir 



j60tan(57r/5) = 

= j60tan(7r/2) = joo 17 (open circuit) 



11.3. The characteristic impedance of a certain lossless transmission line is 72 Q. If L = 0.5/xH/m, 
find: 

a) C: Use Z = y^L/C, or 



C 



5 x 10" 7 
172)^ 



9.6 x 10 _11 F/m = 96pF/m 



1 



11.3b) v p : 



P VLC y/(5 x 10" 7 )(9.6 x 10- 
c) p if / = 80 MHz: 



1.44 x 10 8 m/s 



, rr 2tt x 80 x 10 6 
p = ujVLC = - - - — ^ — = 3.5 rad/m 



1.44 x 10 8 



d) The line is terminated with a load of 60 17. Find T and s: 



60-72 
60 + 72 



-0.09 



1 + |r| _ 1 + -09 
1 - irl ~ 1 - .09 



1.2 



11.4. A lossless transmission line having Z = 120S7 is operating at u = 5 x 10 8 rad/s. If the velocity 
on the line is 2.4 x 10 8 m/s, find: 
a) L: With Z = y/L/C and v = 1/VIC, we find L = Z /v = 120/2.4 x 10 8 = 0.50 //H/m. 



b) C: Use Z v = ^fLjC/^/LC =» C = l/(Z u) = [120(2.4 x 10 8 )]" 1 = 35 pF/m . 

c) Let Z^, be represented by an inductance of 0.6 /iH in series with a 100-17 resistance. Find 
r and s: The inductive impedance is juL = j(5 x 10 8 )(0.6 x 10~ 6 ) = j'300. So the load 
impedance is Z L = 100 + j300 tt. Now 



Z L - Z 100 + j300 - 120 



Then 



Z L + Z 100 + j300 + 120 

1 + lrl 1 + 0.808 



0.62 + j0.52 = 0.808Z40 



i - in 



1 - 0.808 
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11.5. Two characteristics of a certain lossless transmission line are Z = 50 17 and 7 = 0+ j0.27r m 1 

at / = 60 MHz. 

a) Find L and C for the line: We have f3 = 0.2vr = uj^/LC and Z = 50 = y/L/C. Thus 



= UJ C C = 



0.2^ 



1 



x 10 10 = 33.3 pF/m 



wZ (2tt x 60 x 10 6 )(50) 3 



Then L = CZ^ = (33.3 x 10" 12 )(50) 2 = 8.33 x 10" 8 H/m = 83.3 nH/m. 

b) A load, Zl — 60 + j80 17 is located at z = 0. What is the shortest distance from the load 
to a point at which Z in = R in + jO? I will do this using two different methods: 

The Hard Way: We use the general expression 

\ Z L +jZ t a n((3iy 
Zm - Z °[z +jZ L t a n(Pl). 
We can then normalize the impedances with respect to Z and write 



(Z L /Z )+jtan(p7) 
l+j(Z L /Z )tan(p7) 



z L + j tan(/3/) 
1 + jz L tan(p7) 



where z L = (60 + j80)/50 = 1.2 + jl.6. 
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11.5b. (continued) Using this, and denning x = tan(/3Z), we find 



1.2 + j(1.6 + x) 
(1 - 1.6x) + jl.2x 



(1 - 1.6a;) -jl.2x 
(1 - 1.6x) - jl.2x 



The second bracketed term is a factor of one, composed of the complex conjugate of the 
denominator of the first term, divided by itself. Carrying out this product, we find 



1.2(1 - 1.6a:) + 1.2x(1.6 + x) - j[(1.2) 2 x - (1.6 + x)(l - 1.6x)] 
(1 - 1.6x) 2 + (1.2) 2 x 2 

We require the imaginary part to be zero. Thus 



(1.2) 2 x - (1.6 + x)(l- 1.6x) = 



1.6x 2 + 3x- 1.6 = 



So 



x = ^) = ^fP = (-433, -2.31) 



2(1.6) 



We take the positive root, and find 

01 = tan -1 (.433) = 0.409 



0.409 

0.27T 



0.65 m = 65 cm 



The Easy Way: We find 

= 60 + J80 -50 = = 59ZQ 

60 + j80 + 50 

Thus = 0.818 rad, and we use the fact that the input impedance will be purely real at 
the location of a voltage minimum or maximum. The first voltage maximum will occur 
at a distance in front of the load given by 



0.818 



Zrrt.n.T. 



±_ 

2/3 2(0.2vr) 



0.65 m 



11.6. The propagation constant of a lossy transmission line is 1 + j'2 m , and its characteristic 
impedance is 20 + jO Q at oj = 1 Mrad/s. Find L, C, R, and G for the line: Begin with 



! R + jujL 
G + juL 



20 



R + jtoL = 400(G + juC) 



Then 



7 2 = (R + ju,L)(G + jwC) = (1 + i2) : 



400(G + juCf = (1 + j2) s 



(2) 



where (1) has been used. Eq. 2 now becomes G + jtoC = (1 + j2)/20. Equating real and 
imaginary parts leads to G = .05 S/m and C = 1/(10cj) = 10~ 7 = 0.1 /jF/m. 
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11.6. (continued) Now, (1) becomes 



^V20 =» 20= R + JLJL => 20 + j 40 = R + j uL 
■j2 l+j2 

Again, equating real and imaginary parts leads to R = 20 fl/m and L = 40 /u> = 40 /jH/m. 



11.7. A transmitter and receiver are connected using a cascaded pair of transmission lines. At the 
operating frequency, Line 1 has a measured loss of 0.1 dB/m, and Line 2 is rated at 0.2 dB/m. 
The link is composed of 40m of Line 1, joined to 25m of Line 2. At the joint, a splice loss of 
2 dB is measured. If the transmitted power is lOOmW, what is the received power? 

The total loss in the link in dB is 40(0.1) + 25(0.2) +2 = 11 dB. Then the received power 
is P r = lOOmW x io-°- 1 ( 11 ) = 7.9 mW , 




11.8. A measure of absolute power is the dBm scale, in which power is specified in decibels relative 
to 1 milliwatt. Specifically, P(dBm) = 101og 10 [P(mW)/lmW]. Suppose a receiver is rated as 
having a sensitivity of -5 dBm - indicating the minimum power that it must receive in order 
to adequately interpret the transmitted data. Consider a transmitter having an output of 100 
mW connected to this receiver through a length of transmission line whose loss is 0.1 dB/m. 
What is the maximum length of line that can be used? 

First we find the transmitted power in dBm: P t (dBm) = 10 log 10 (100/l) = 20 dBm. 
From this result, we subtract the maximum dB loss to obtain the receiver sensitivity: 

20 dBm- loss (dB) = -5 dBm loss (dB) = 0.1L max = 25 dB 

Therefore, the maximum distance is L max = 250 m . 



11.9. A sinusoidal voltage source drives the series combination of an impedance, Z g = 50 — j50 S7, 
and a lossless transmission line of length L, shorted at the load end. The line characteristic 
impedance is 50 17, and wavelength A is measured on the line. 

a) Determine, in terms of wavelength, the shortest line length that will result in the voltage 
source driving a total impedance of 50 S7: Using Eq. (98), with Zl = 0, we find the input 
impedance, Z in = jZ tan(/?L), where Z = 50 ohms. This input inpedance is in series 
with the generator impedance, giving a total of Z tot = 50 — j50 + j50tan(/3L). For this 
impedance to equal 50 ohms, the imaginary parts must cancel. Therefore, tan(/3L) = 1, 
or (5L = ir/4, at minimum. So L = 7r/(4/?) = 7r/(4 x 2ir/\) = A/8. 

b) Will other line lengths meet the requirements of part o? If so what are they? Yes, the 
requirement being (5L = ir/4 + mir, where m is an integer. Therefore 

_ 7r/4 + mir _ 7r(l + 4m) _ A A 
~ /? ~ 4 x 2vr/A ~ 8 + m 2 
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11.10. A 100 MHz voltage source drives the series combination of an impedance, Z g = 25 + j'25 £1 
and a lossless transmission line of length A/4, terminated by a load impedance, Zl. The line 
characteristic impedance is 50 Q. 

a) Determine the load impedance value required to achieve a net impedance (seen by the 
voltage source) of 50 Q: From Eq. (98), the input impedance for a quarter- wave line is 
Z in = Zq/Zl, and the net impedance seen by the voltage source is now 

(50) 2 

Z to t = 25 + j25 H — = 50 as requested 

Zl 

Solving for Zl, obtain 

(50)2 

^ = 25^ = 50 + J " 50 ° hmS 

b) If the inductance of the line is L = 1 ^/H/m, determine the line length in meters: We 
know that Z = y/L/C = 50, so that C = L/(50) 2 = 10" 6 /2500 = 4.0 x 10" 10 F. Next, 
the line phase velocity is v p = \ j\fW = l/^/(10" 6 )(4.0 x 10" 10 ) = 5.0 x 10 7 m/s. Then 
the wavelength in the line is A = v p /f = 5.0 x 10 7 /10 8 = 0.5 m. Finally the line length 
is L = A/4 = 0.125 m . 

11.11. A transmission line having primary constants L, C, R, and G, has length £ and is terminated 
by a load having complex impedance Rl + jXjj. At the input end of the line, a DC voltage 
source, Vo, is connected. Assuming all parameters are known at zero frequency, find the steady 
state power dissipated by the load if 

a) R = G = 0: Here, the line just acts as a pair of lossless leads to the impedance. At zero 
frequency, the dissipated power is just Pd = Vq /Rl- 

b) R ^ 0, G = 0: In this case, the load is effectively in series with a resistance of value Rl. 
The voltage at the load is therefore Vl = VqRl/(R£ + Rl), and the dissipated power is 
Pd = VI/Rl = V 2 Rl/(R£ + Rl) 2 - 

c) R = 0, G 7^ 0: Now, the load is in parallel with a resistance, 1/(G£), but the voltage at 
the load is still Vq. Dissipated power by the load is Pd = Vq /Rl- 

d) R ^ 0, G ^ 0: One way to approach this problem is to think of the power at the load 
as arising from an incident voltage wave of vanishingly small frequency, and to assume 
that losses in the line are sufficient to allow steady state conditions to be reached after 
a single reflection from the load. The "forward-traveling" voltage as a function of z is 
given by V(z) = Voexp(— jz), where 7 = y/(R + juL) (G + ju;C) — > y/RG as frequency 
approaches zero. Considering a single reflection only, the voltage at the load is then 

Vl = (1 + r)Voexp (—y/RGi\ . The reflection coefficient requires the line characteristic 

impedance, given by Z = [(R + jcoL) /(G + jujC)] 1 ^ 2 — > y/R/G as lu — > 0. The reflection 
coefficient is then T = (Rl — \JR/G)/(Rl + y/R/G), and so the load voltage becomes: 

Vl = 1 — — exp 

Rl + ^/R/G 



The dissipated power is then 

Vl 4R L Vj 

(Rl + y/R/G) 



Pd=v k = i ARlV ^ exp {- 2 ^ 1 ) W 
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11.12. In a circuit in which a sinusoidal voltage source drives its internal impedance in series with a 
load impedance, it is known that maximum power transfer to the load occurs when the source 
and load impedances form a complex conjugate pair. Suppose the source (with its internal 
impedance) now drives a complex load of impedance Zl = Rl + jXl that has been moved to 
the end of a lossless transmission line of length I having characteristic impedance Zq. If the 
source impedance is Z g = R g + jX g , write an equation that can be solved for the required 
line length, £, such that the displaced load will receive the maximum power. 

The condition of maximum power transfer will be met if the input impedance to the line 
is the conjugate of the internal impedance. Using Eq. (98), we write 



Z 



in 



(R L + jX L ) cos(/?l) + jZ sin(/3l) 
Z cos(pe) + j(R L + jX L ) sin(^) _ 



Rg-jXg 



This is the equation that we have to solve for £ - assuming that such a solution exists. 
To find out, we need to work with the equation a little. Multiplying both sides by the 
denominator of the left side gives 

Z (R L + jX L ) cos(f3£) + jZl sm{(3£) = (R g - jX g )[Z cos{(3£) + j(R L + jX L ) sm((3£)} 

We next separate the equation by equating the real parts of both sides and the imaginary 
parts of both sides, giving 

(R L - R g ) cos((3£) = sin(/3£) (real parts) 

Zq 

and 

(Xl + X g ) cos(/3£) = — — sia(P£) (imaginary parts) 

Zo 



Using the two equations, we find two conditions on the tangent of (51: 

tan(/3£) 



Zq(Rl — Rg) _ Z (Xl + X g ) 



X 9 Xl RgRh — Zq 

For a viable solution to exist for £, both equalities must be satisfied, thus limiting the 
possible choices of the two impedances. 

11.13. The incident voltage wave on a certain lossless transmission line for which Z = and 
v p = 2x 10 8 m/s is V + (z,t) = 200cos(wt - irz) V. 

a) Find u: We know [3 = ir = cu/v p , so to = ir(2 x 10 8 ) = 6.28 x 10 8 rad/s. 

b) Find I + (z,t): Since Z is real, we may write 

y+( z t) 

I+(z,t) = )-^- = 4 cos(wt - ttz) A 



The section of line for which z > is replaced by a load Zl = 50 + j30 SI at z = 0. Find 
c) r L : This will be 

50 _i_ 7 '3Q _ 50 

r ^ = K n i -on i K n = - 0825 + ^ 21b = 0-287Z1.28 rad 
50 + j30 + 50 
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d) V-(z) = V L V+(z)e^ z = 0.287(200)e^e^- 28 = 57.5e^ +1 - 28 ) 

e) V s at z = —2.2 m: 

V s (-2.2) = V s + (-2.2) + V~{-2.2) = 200e j2 - 27T + 57 -.56-7(2.2^-1.28) = 2 57.5e jU63 
= 257.5Z36 



11.14. A 50-S7 lossless line is terminated with 60- and 30- O resistors in parallel. The voltage at the 
input to the line is V(t) = 100 cos(5 x 10 9 i) and the line is three-eighths of a wavelength long. 
What average power is delivered to each load resistor? 

First, we need the input impedance. The parallel resistors give a net load impedance of 
20 ohms. The line length of 3A/8 gives 0£ = (2vr/A)(3A/8) = (3/4)vr. Eq. (98) then 
yields: 



Zin — 50 



20cos(3vr/4) + j50 sin(3vr/4) 
50cos(3vr/4) + j20 sin(3vr/4) 



50 



-20/V2 + j50/V2 
-50/^ + J20/V2 



34.5 - j36.2 n 



Now, the power delivered to the load is the power delivered to the input impedance. This 
is 

ivti 1 r 10 4 



1 



p = --Re . r 
2 ZL 



-Tie , 

2 I 34.5 + j36.2 



69 W 



The load resistors, 30 and 60 ohms, will divide the power, with the 30-ohm resistor 
dissipating twice the power of the 60-ohm. Therefore, the power divides as 23 W (60S7) 
and 46 W (30O) . 

11.15. For the transmission line represented in Fig. 11.29, find V SiOUt if / =: 
a) 60 Hz: At this frequency, 



LU 



2ir x 60 



(2/3)(3 x 10 s ) 



1.9 x 10" 6 rad/m So (31 = (1.9 x 10" 6 )(80) = 1.5 x 10" 4 « 1 



The line is thus essentially a lumped circuit, where Z in = Zl = 80 Cl. Therefore 

80 



V. 



s,out 



120 



12 + 80 



104 V 



b) 500 kHz: In this case 

2vr x 5 x 10 5 







1.57 x 10 -2 rad/s So 01 = 1.57 x 10 _2 (80) = 1.26 rad 



Now 



Zi r 



2 x 10 8 

"80cos(1.26) + j50sin(1.26) 

50 



33.17 -j'9.57 = 34.5Z - .28 



_50cos(1.26) + j80sin(1.26) 

The equivalent circuit is now the voltage source driving the series combination of Z in and 
the 12 ohm resistor. The voltage across Z in is thus 



120 



Zi 



12 + Z v 



120 



33.17- j9.57 
12 + 33.17 -j'9.57 



89.5 - j'6.46 = 89.7Z - .071 
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11.15. (continued) The voltage at the line input is now the sum of the forward and backward- 
propagating waves just to the right of the input. We reference the load at z = 0, and so the 
input is located at z = —80 m. In general we write Vi n = V + e~^ z + V ~ e^ z , where 



Vn 



80 - 50 
80 + 50 



Vn 



13 



At 



V 



—80 m we thus have 
3 



gil.26 + 



-jl.26 



13 



89.5 - j'6.46 



eji.26 + (3/i3) e -Ji-26 



42.7- j'100 V 



Now 



V s , out = V + (l + T L ) = (42.7 -jl00)(l + 3/(13)) = 134Z - 1.17 rad = 52.6 - j!23 V 
As a check, we can evaluate the average power reaching the load: 

1 (134) 2 



avg,L 



1 |^s,out| 



112 W 



2 R L 2 80 
This must be the same power that occurs at the input impedance: 



avg,in 



l -Re{V in I* n } = ^ Re {(89.5 - j6.46)(2.54 + j0.54)} = 112 W 



where I in = V in /Z in = (89.5 - j6.46)/(33.17 - j'9.57) = 2.54 + j0.54. 

11.16. A 300 ohm transmission line is 0.8 m long and is terminated with a short circuit. The line is 
operating in air with a wavelength of 0.3 m and is lossless, 
a) If the input voltage amplitude is 10V, what is the maximum voltage amplitude at any 
point on the line? The net voltage anywhere on the line is the sum of the forward and 
backward wave voltages, and is written as V(z) = V^~e~^ z + V ~ ' e^ z . Since the line is 
short-circuited at the load end (z = 0), we have V ~ = — V + , and so 

V(z) = V + {e~ jl3z - e^ z ) = -2jV + sm(jpz) 

We now evaluate the voltage at the input, where z = —0.8m, and A = 0.3m. 

'2vr(-0.8)' 



V„ 



-2j V sin 



0.3 



-J1.73V 



The magnitude of Vi n is given as 10V, so we find V + = 10/1.73 = 5.78V. The maximum 
voltage amplitude on the line will be twice this value (where the sine function is unity), 
so \V\ max = 2(5.78) = 1L56 V . 

b) What is the current amplitude in the short circuit? At the shorted end, the current will 
be 



V 



o 
Z 



V 





Z 



2VJ 



11.56 
300 



0.039,4 = 39 mA 



11.17. Determine the average power absorbed by each resistor in Fig. 11.30: The problem is made 
easier by first converting the current source/ 100 ohm resistor combination to its Thevenin 
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equivalent. This is a 50Z0 V voltage source in series with the 100 ohm resistor. The next 
step is to determine the input impedance of the 2.6A length line, terminated by the 25 ohm 
resistor: We use (31 = (27r/A)(2.6A) = 16.33 rad. This value, modulo 2ir is (by subtracting 2ir 
twice) 3.77 rad. Now 



Zin — 50 



25cos(3.77) +j50sin(3.77) 
50cos(3.77) +j25sin(3.77) 



33.7 + j'24.0 



The equivalent circuit now consists of the series combination of 50 V source, 100 ohm resistor, 
and Z in , as calculated above. The current in this circuit will be 

50 

0.368Z - .178 



100 + 33.7 + j24.0 



The power dissipated by the 25 ohm resistor is the same as the power dissipated by the real 
part of Zi n , or 

P 25 = P33.7 = \\I\ 2 R = ^(.368) 2 (33.7) = 2.28 W 

To find the power dissipated by the 100 ohm resistor, we need to return to the Norton config- 
uration, with the original current source in parallel with the 100 ohm resistor, and in parallel 
with Zi n . The voltage across the 100 ohm resistor will be the same as that across Zi n , or 
V = IZ in = (.368Z - .178) (33.7 + j'24.0) = 15.2Z0.44. The power dissipated by the 100 ohm 
resistor is now 

_ 1 IV? _ 1 (15.2) 2 

11.18 The line shown in Fig. 11.31 is lossless. Find s on both sections 1 and 2: For section 2, we 
consider the propagation of one forward and one backward wave, comprising the superposition 
of all reflected waves from both ends of the section. The ratio of the backward to the forward 
wave amplitude is given by the reflection coefficient at the load, which is 

= 50-jl00 -50 -j _l (1 _.s 
L 50-jl00 + 50 1 -j 2 { 3) 



Then |r L | = (1/2 V(l + = 1/V2. Finally 



_ i + |r L | _ 1 + 1/vg _ 



For section 1, we need the reflection coefficient at the junction (location of the 100 resistor) 
seen by waves incident from section 1: We first need the input impedance of the .2 A length of 
section 2: 



Hn2 



50 



(50 - jlOO) cos(/3 2 /) + j50sin(/3 2 /) 
_50cos(#jZ) + j(50 - jl00)sin(/3 2 0. 
8.63 + j'3.82 = 9.44Z0.42 rad 



50 



(1 -j2) (0.309) + j'0.951 
0.309 + j (1 - j2) (0.951) _ 



11.18. (continued) Now, this impedance is in parallel with the 100O resistor, leading to a net junction 
impedance found by 



+ 



Z inT 100 8.63 + j'3.82 



Z inT = 8.06 + j'3.23 = 8.69Z0.38 rad 
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The reflection coefficient will be 

'Zj ' ' '"io 

= J nT = -0.717 + j0.096 = 0.723Z3.0rad 

ZinT + 50 

and the standing wave ratio is Si = (1 + 0.723)/(l — 0.723) = 6.22 . 



11.19. A lossless transmission line is 50 cm in length and operating at a frequency of 100 MHz. The 
line parameters are L = 0.2 ^H/m and C = 80 pF/m. The line is terminated by a short 
circuit at z = 0, and there is a load, Zl = 50 + j'20 ohms across the line at location z = —20 
cm. What average power is delivered to Zl if the input voltage is 100Z0 V? With the given 
capacitance and inductance, we find 



L /2xl0" 7 

50 ft 



C V 8 x 10" 11 
and 



y/(2 x 10" 7 )(9 x 10" 11 ) 



2.5 x 10 8 m/s 



Now (3 = u/vp = (2ir x 10 8 )/(2.5 x 10 8 ) = 2.5 rad/s. We then find the input impedance to 
the shorted line section of length 20 cm (putting this impedance at the location of Zl, so 
we can combine them): We have (31 = (2.5) (0.2) = 0.50, and so, using the input impedance 
formula with a zero load impedance, we find Zj n i = j'50tan(0.50) = J27.4 ohms. Now, at 
the location of Zl, the net impedance there is the parallel combination of Zl and Zi n y. 
Z n et = (50 + j'20) 1 1 (j'27.4) = 7.93+ jl9. 9. We now transform this impedance to the line input, 
30 cm to the left, obtaining (with (31 = (2.5)(.3) = 0.75): 



Hn2 



50 



(7.93 + j'19.9) cos(.75) + j/50 sin(.75) 
_50cos(.75) + j(7.93 + jl9.9)sin(.75) 



35.9 + j98.0 = 104.3Z1.22 



The power delivered to Zl is the same as the power delivered to Z in2 : The current magnitude 
is |/| = (100)/(104.3) = 0.96 A. So finally, 

P = ]^\I\ 2 R = ^(0.96) 2 (35.9) = 16.5 W 
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20a. Determine s on the transmission line of Fig. 11.32. Note that the dielectric is air: The 
reflection coefficient at the load is 

T L = = ^ 333 = .333Z1.57rad Then s = = m 



40 + j30 + 50 



1 - .333 



b) Find the input impedance: With the length of the line at 2.7A, we have (51 = (27r)(2.7) = 16.96 
rad. The input impedance is then 



50 



(40 + j30) cos(16.96) + j50sin(16.96) 
50cos(16.96) + j(40 + j30) sin(16.96) 



50 



-1.236 - J5.682 
_ 1.308 -j'3.804 



61.8 - j37.5 fl 



c) If ojL = 10 17, find I s : The source drives a total impedance given by Z net = 20 + jtoL + Zi n = 
20 + jlO + 61.8 - j37.5 = 81.8 - j'27.5. The current is now I s = 100/(81.8 - j27.5) = 
1.10 + J0.37A . 

d) What value of L will produce a maximum value for |/ s | at u = 1 Grad/s? To achieve this, 
the imaginary part of the total impedance of part c must be reduced to zero (so we need an 
inductor) . The inductor impedance must be equal to negative the imaginary part of the line 
input impedance, or uoL = 37.5, so that L = 37.5/a; = 37.5 nH . Continuing, for this value of 
L, calculate the average power: 

e) supplied by the source: P s = (l/2)Re{V s /*} = (1/2)(100)(1.10) = 55.0W . 

f) delivered to Zl = 40 + j30Q: The power delivered to the load will be the same as the power 
delivered to the input impedance. We write 

P L = hie{Z in }\I s \ 2 = |(61.8)[(1.10 + 7.37H1.10 - j.37)\ = 41.6 W 



.21. A lossless line having an air dielectric has a characteristic impedance of 400 S7. The line is 
operating at 200 MHz and Z in = 200 — J200 S7. Use analytic methods or the Smith chart (or 
both) to find: (a) s; (b) Zl if the line is 1 m long; (c) the distance from the load to the nearest 
voltage maximum: I will first use the analytic approach. Using normalized impedances, Eq. 
(13) becomes 



~z^ 



Solve for z^: 



zl cos(/3L) + j sm(/3L) 
cos(j3L) + jzL sin(/3L) 

z in ~ j tan(/3L) 



zl + j tan(PL) 
1 + jz L tan(/3L) 



zl 



where, with A = c/f = 3 x 10 8 /2 x 10 s 



.1 - jZi n taxi((3L) 
= 1.50 m, we find f3L 



(2vr)(l)/(1.50) = 4.19, and so 



tan(/3L) = 1.73. Also, Zj 



zl 



(200 - j200) /400 = 0.5 - j0.5. So 
0.5 -j'0.5 - jl.73 



Finally, Z L = z L (400) 



l-j(0.5-j0.5)(1.73) 
1.04 x 10 3 + j'69.8 tt. Next 



2.61 + j0.174 



Z L - Z _ 6.42 x 10 2 + j'69.8 
Z L + Z ~ 1.44 x 10 3 + j69.8 



.446 + j2.68 x 10" 



.447Z6.0 x 10" 2 rad 
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11.21. (continued) Now 

1 + irl 1 + .447 

s = = — = 2.62 

1 - r 1 - .447 — 



Finally 

6 \<p (6.0 x 10 _2 )(1.50) 

-7.2 x 10" 3 m = -7.2 mm 



2/3 4vr 4tt 



We next solve the problem using the Smith chart. Referring to the figure below, we first 
locate and mark the normalized input impedance, Zi n = 0.5 — j0.5. A line drawn from the 
origin through this point intersects the outer chart boundary at the position 0.0881 A on the 
wavelengths toward load (WTL) scale. With a wavelength of 1.5 m, the 1 meter line is 0.6667 
wavelengths long. On the WTL scale, we add 0.6667A, or equivalently, 0.1667A (since 0.5A is 
once around the chart), obtaining (0.0881 + 0.1667) A) = 0.2548A, which is the position of the 
load. A straight line is now drawn from the origin though the 0.2548A position. A compass 
is then used to measure the distance between the origin and Zi n . With this distance set, the 
compass is then used to scribe off the same distance from the origin to the load impedance, 
along the line between the origin and the 0.2548A position. That point is the normalized load 
impedance, which is read to be z L = 2.6 + j0.18. Thus Z L = z L (400) = 1040 + j72. This is 
in reasonable agreement with the analytic result of 1040 + j'69.8. The difference in imaginary 
parts arises from uncertainty in reading the chart in that region. 

In transforming from the input to the load positions, we cross the r > 1 real axis of the chart at 
r=2.6. This is close to the value of the VSWR, as we found earlier. We also see that the r > 1 
real axis (at which the first V max occurs) is a distance of 0.0048A (marked as .005A on the chart) 
in front of the load. The actual distance is z max = —0.0048(1.5) m = —0.0072 m = —7.2 mm. 
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11.22. A lossless two- wire line has a characteristic impedance of 300 Q and a capacitance of 15 pF/m. 
The load at z = consists of a 600-17 resistor in parallel with a 10-pF capacitor. If u = 10 8 
rad/s and the line is 20m long, use the Smith chart to find a) |I"l|; b) s; c) Zi n . First, the 
wavelength on the line is found using A = 2ttv p /uj, where v p = 1/{CZq). Assuming higher 
accuracy in the given values than originally stated, we obtain 

A _ 2vr = 2n = 

ujCZ (10 8 )(15 x 10" 12 )(300) ' 

The line length in wavelengths is therefore 20/13.96 = 1.433A. The normalized load admittance 
is now 




The ul value is plotted on the chart and labeled as Ul,. Next, is inverted to find zl by 
transforming the point halfway around the chart, using the compass and a straight edge. The 
result, labeled zl on the chart is read to be Zl = 1.5 — j0.87. This is close to the computed 
inverse of Ul, which is 1.47 — j0.88. Scribing the compass arc length along the bottom scale 
for reflection coefficient yields \Tl\ = 0.38 . The VSWR is found by scribing the compass arc 
length either along the bottom SWR scale or along the positive real axis of the chart, both 
methods yielding s = 2.2. Now, the position of z^ is read on the outer edge of the chart as 
0.308A on the WTG scale. The point is now transformed through the line length distance of 
1.433A toward the generator (the net chart distance will be 0.433A, since a full wavelength is 
two complete revolutions). The final reading on the WTG scale after the transformation is 
found through (0.308 + 0.433 — 0.500)A = 0.241A. Drawing a line between this mark on the 
WTG scale and the chart center, and scribing the compass arc length on this line, yields the 
normalized input impedance. This is read as Zi n = 2.2 + j'0.21 (the computed value found 
through the analytic solution is Zi n = 2.21 + j0.219. The input impedance is now found by 
multiplying the chart reading by 300, or Z in = 660 + j'63 0. 
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11.23. The normalized load on a lossless transmission line is Zl = 2 + jl. Let A = 20 m Make use of 
the Smith chart to find: 

a) the shortest distance from the load to the point at which Zi n = ri n + jO, where r^ n > 1 
(not greater than as stated): Referring to the figure below, we start by marking the 
given zl on the chart and drawing a line from the origin through this point to the outer 
boundary. On the WTG scale, we read the Zl location as 0.213A. Moving from here 
toward the generator, we cross the positive Tr axis (at which the impedance is purely 
real and greater than 1) at 0.250A. The distance is then (0.250 - 0.213)A = 0.037A from 
the load. With A = 20 m, the actual distance is 20(0.037) = 0.74 m. 

b) Find Zi n at the point found in part a: Using a compass, we set its radius at the distance 
between the origin and Zl. We then scribe this distance along the real axis to find 

Zin ^*iti 2.61 . 




c) The line is cut at this point and the portion containing zl is thrown away. A resistor 
r = r in of part a is connected across the line. What is s on the remainder of the line? 
This will be just s for the line as it was before. As we know, s will be the positive real 
axis value of the normalized impedance, or s = 2.61 . 

d) What is the shortest distance from this resistor to a point at which Zi n = 2 + jl? This 
would return us to the original point, requiring a complete circle around the chart (one- 
half wavelength distance). The distance from the resistor will therefore be: d = 0.500 A — 
0.037 A = 0.463 A . With A = 20 m, the actual distance would be 20(0.463) = 9.26 m. 
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11.24. With the aid of the Smith chart, plot a curve of \Zi n \ vs. I for the transmission line shown 
in Fig. 11.33. Cover the range < l/X < 0.25. The required input impedance is that at the 
actual line input (to the left of the two 2017 resistors. The input to the line section occurs just 
to the right of the 2017 resistors, and the input impedance there we first find with the Smith 
chart. This impedance is in series with the two 2017 resistors, so we add 4017 to the calculated 
impedance from the Smith chart to find the net line input impedance. To begin, the 2017 
load resistor represents a normalized impedance of z\ = 0.4, which we mark on the chart (see 
below). Then, using a compass, draw a circle beginning at Zl and progressing clockwise to 
the positive real axis. The circle traces the locus of Zi n values for line lengths over the range 
< I < A/4. 




On the chart, radial lines are drawn at positions corresponding to .025 A increments on the 
WTG scale. The intersections of the lines and the circle give a total of 11 Zi n values. To these 
we add normalized impedance of 40/50 = 0.8 to add the effect of the 4017 resistors and obtain 
the normalized impedance at the line input. The magnitudes of these values are then found, 
and the results are multiplied by 5017. The table below summarizes the results. 



l/X 


z in i (to right of 4017) 


%in ^inl H~~ 0.8 


\Zin\ — 50 





0.40 


1.20 


60 


.025 


0.41 + j.13 


1.21 + j.13 


61 


.050 


0.43 + j.27 


1.23 + j.27 


63 


.075 


0.48 + j.41 


1.28 + j.41 


67 


.100 


0.56 + j.57 


1.36 + j.57 


74 


.125 


0.68 + j.73 


1.48 + j.73 


83 


.150 


0.90 + j.90 


1.70 + j.90 


96 


.175 


1.20 + jl.05 


2.00 + jl.05 


113 


.200 


1.65 + jl.05 


2.45 + jl.05 


134 


.225 


2.2 + j.7 


3.0 + j.7 


154 


.250 


2.5 


3.3 


165 
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11.24. (continued) As a check, the line input input impedance can be found analytically through 



Z m = 40 + 50 



20cos(2vr//A) + j50sin(2vr//A) 
50cos(2ttZ/A) + j20sin(27rZ/A) 



50 



60cos(2vr//A) + j66sin(27r//A) 
50cos(2tt//A) + j20sin(27rZ/A) 



from which 



50 



36cos 2 (2vr//A) + 43.6 sin 2 (2vr//A) 
25cos 2 (2vr//A) +4sin 2 (2vr//A) 



1/2 



This function is plotted below along with the results obtained from the Smith chart. A fairly 
good comparison is obtained. 



Problem 11.24 




0.025 0.05 0.075 0.1 0.13 0.15 0.18 0.2 0.23 0.25 
length/wavelength 

— Smi* Chart 

— Analytic 
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11.25. A 300-ohm transmission line is short-circuited at z = 0. A voltage maximum, |y| ma: r = 10 V, 
is found at z = —25 cm, and the minimum voltage, |V| m j n = 0, is found at z = —50 cm. Use 
the Smith chart to find Zl (with the short circuit replaced by the load) if the voltage readings 
are: 

a) |U| ma:c = 12 V at z = —5 cm, and vertV\ m i n = 5 V: First, we know that the maximum 
and minimum voltages are spaced by A/4. Since this distance is given as 25 cm, we see 
that A = 100 cm = 1 m. Thus the maximum voltage location is 5/100 = 0.05A in front 
of the load. The standing wave ratio is s = \V\ max /\V\ m i n = 12/5 = 2.4. We mark 
this on the positive real axis of the chart (see next page). The load position is now 0.05 
wavelengths toward the load from the |U| mQ:r position, or at 0.30 A on the WTL scale. 
A line is drawn from the origin through this point on the chart, as shown. We next set 
the compass to the distance between the origin and the z = r = 2.4 point on the real 
axis. We then scribe this same distance along the line drawn through the .30 A position. 
The intersection is the value of Zl, which we read as Zj_, = 1.65 + j.97. The actual load 
impedance is then Z L = 300z L = 495 + j290 tt . 

b) |U| max = 17 V at z = —20 cm, and |V| m j n = 0. In this case the standing wave ratio is 
infinite, which puts the starting point on the r — > oo point on the chart. The distance of 
20 cm corresponds to 20/100 = 0.20 A, placing the load position at 0.45 A on the WTL 
scale. A line is drawn from the origin through this location on the chart. An infinite 
standing wave ratio places us on the outer boundary of the chart, so we read Zl = j0.327 
at the 0.45 A WTL position. Thus Z L = j300(0.327) = j98 0. 
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11.26. A lossless 5017 transmission line operates with a velocity that is 3 /4c. A load, Zl = 60 + j30Sl 
is located at z = 0. Use the Smith chart to find: 
a) s: First we find the normalized load impedance, zl = (60 + j'30)/50 = 1.2 + j0.6, which 
is then marked on the chart (see below). Drawing a line from the chart center through 
this point yields its location at 0.328A on the WTL scale. The distance from the origin 
to the load impedance point is now set on the compass; the standing wave ratio is then 
found by scribing this distance along the positive real axis, yielding s = 1.76 , as shown. 
Alternately, use the s scale at the bottom of the chart, setting the compass point at the 
center, and scribing the distance on the scale to the left. 




b) the distance from the load to the nearest voltage minimum if / = 300 MHz: This distance 
is found by transforming the load impedance clockwise around the chart until the negative 
real axis is reached. This distance in wavelengths is just the load position on the WTL 
scale, since the starting point for this scale is the negative real axis. So the distance is 
0.328A. The wavelength is 

v (3/4)c _ 3(3xlQ8) 
/ 300MHz 4(3 xlO 8 ) 
So the actual distance to the first voltage minimum is d m i n = 0.328(0.75) m = 24.6 cm . 



c) the input impedance if / = 200 MHz and the input is at z = —110cm: The wavelength 
at this frequency is A = (3/4)(3 x 10 8 )/(2 x 10 8 ) = 1.125 m. The distance to the input in 
wavelengths is then di n = (1.10)/(1.125) = 0.9778A. Transforming the load through this 
distance toward the generator involves revolution once around the chart (0.500A) plus the 
remainder of 0.4778A, which leads to a final position of 0.1498A = 0.150A on the WTG 
scale, or 0.350A on the WTL scale. A line is drawn between this point and the chart center. 
Scribing the compass arc length through this line yields the normalized input impedance, 
read as Z{ n = 1.03+ jO. 56. The actual input impedance is Z in = Zi n x 50 = 51.5 + j28.0 £1. 
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11.27. The characteristic admittance (Yq = 1/Zq) of a lossless transmission line is 20 mS. The line is 
terminated in a load Yj, = 40 — j20 mS. Make use of the Smith chart to find: 

a) s: We first find the normalized load admittance, which is yi, = Yl/Yq = 2 — jl. This is 
plotted on the Smith chart below. We then set on the compass the distance between i/l 
and the origin. The same distance is then scribed along the positive real axis, and the 
value of s is read as 2.6 . 

b) Yi n if I = 0.15 A: First we draw a line from the origin through zl and note its intersection 
with the WTG scale on the chart outer boundary. We note a reading on that scale of 
about 0.287 A. To this we add 0.15 A, obtaining about 0.437 A, which we then mark on 
the chart (0.287 A is not the precise value, but I have added 0.15 A to that mark to obtain 
the point shown on the chart that is near to 0.437 A. This "eyeballing" method increases 
the accuracy a little). A line drawn from the 0.437 A position on the WTG scale to the 
origin passes through the input admittance. Using the compass, we scribe the distance 
found in part a across this line to find yi n = 0.56 — j0.35, or Y in = 20y in = 11 — j7.0 mS. 

c) the distance in wavelengths from Y^ to the nearest voltage maximum: On the admittance 
chart, the V max position is on the negative T r axis. This is at the zero position on the 
WTL scale. The load is at the approximate 0.213 A point on the WTL scale, so this 
distance is the one we want. 
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11.28. The wavelength on a certain lossless line is 10cm. If the normalized input impedance is 
z in = 1 + j2, use the Smith chart to determine: 

a) s: We begin by marking Zi n on the chart (see below), and setting the compass at its 
distance from the origin. We then use the compass at that setting to scribe a mark on 
the positive real axis, noting the value there of s = 5.8 . 

b) zl, if the length of the line is 12 cm: First, use a straight edge to draw a line from the origin 
through Zi n , an d through the outer scale. We read the input location as slightly more than 
0.312A on the WTL scale (this additional distance beyond the .312 mark is not measured, 
but is instead used to add a similar distance when the impedance is transformed). The 
line length of 12cm corresponds to 1.2 wavelengths. Thus, to transform to the load, we 
go counter-clockwise twice around the chart, plus 0.2A, finally arriving at (again) slightly 
more than 0.012A on the WTL scale. A line is drawn to the origin from that position, 
and the compass (with its previous setting) is scribed through the line. The intersection 
is the normalized load impedance, which we read as Zl = 0.173 — j'0.078. 

c) xl, if zl = 2 + jxL, where xl > 0. For this, use the compass at its original setting to 
scribe through the r = 2 circle in the upper half plane. At that point we read xl = 2.62 . 
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11.29. A standing wave ratio of 2.5 exists on a lossless 60 Q line. Probe measurements locate a voltage 
minimum on the line whose location is marked by a small scratch on the line. When the load 
is replaced by a short circuit, the minima are 25 cm apart, and one minimum is located at 
a point 7 cm toward the source from the scratch. Find Zl- We note first that the 25 cm 
separation between minima imply a wavelength of twice that, or A = 50 cm. Suppose that the 
scratch locates the first voltage minimum. With the short in place, the first minimum occurs 
at the load, and the second at 25 cm in front of the load. The effect of replacing the short 
with the load is to move the minimum at 25 cm to a new location 7 cm toward the load, or at 
18 cm. This is a possible location for the scratch, which would otherwise occur at multiples of 
a half- wavelength farther away from that point, toward the generator. Our assumed scratch 
position will be 18 cm or 18/50 = 0.36 wavelengths from the load. Using the Smith chart (see 
below) we first draw a line from the origin through the 0.36A point on the wavelengths toward 
load scale. We set the compass to the length corresponding to the s = r = 2.5 point on the 
chart, and then scribe this distance through the straight line. We read Zl = 0.79 + j'0.825, 
from which Zl = 47.4 + j49. 5 VL. As a check, I will do the problem analytically. First, we use 



-18 cm 



1 



4(18) 
50 



vr = 1.382 rad = 79.2° 



Now 



. s-l 2.5-1 
T L = — - r = - . — = 0.4286 



s + 1 2.5 + 1 
and so T L = 0.4286Z1.382. Using this, we find 



i-r L 

and thus Z L = z L {60) = 47.8 + j49.3 tt. 



i + r 

z L = ^ = 0.798 + j0.823 
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11.30. A 2- wire line, constructed of lossless wire of circular cross-section is gradually flared into a 
coupling loop that looks like an egg beater. At the point X, indicated by the arrow in Fig. 
11.34, a short circuit is placed across the line. A probe is moved along the line and indicates 
that the first voltage minimum to the left of X is 16cm from X. With the short circuit 
removed, a voltage minimum is found 5cm to the left of X, and a voltage maximum is located 
that is 3 times voltage of the minimum. Use the Smith chart to determine: 

a) /: No Smith chart is needed to find /, since we know that the first voltage minimum in 
front of a short circuit is one-half wavelength away. Therefore, A = 2(16) = 32cm, and 
(assuming an air-filled line), / = c/A = 3 x 10 8 /0.32 = 0.938 GHz . 

b) s: Again, no Smith chart is needed, since s is the ratio of the maximum to the minimum 
voltage amplitudes. Since we are given that Vmax — ^V-mim we find s — 3. 

c) the normalized input impedance of the egg beater as seen looking the right at point 
X: Now we need the chart. From the figure below, s = 3 is marked on the positive 
real axis, which determines the compass radius setting. This point is then transformed, 
using the compass, to the negative real axis, which corresponds to the location of a voltage 
minimum. Since the first V m in is 5cm in front of X, this corresponds to (5/32) A = 0.1563A 
to the left of X. On the chart, we now move this distance from the V m in location toward 
the load, using the WTL scale. A line is drawn from the origin through the 0.1563A mark 
on the WTL scale, and the compass is used to scribe the original radius through this line. 
The intersection is the normalized input impedance, which is read as Zi n = 0.86 — jl.06. 
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11.31. In order to compare the relative sharpness of the maxima and minima of a standing wave, 
assume a load zl = 4 + jO is located at z = 0. Let |V"| m in = 1 and A = 1 m. Determine the 
width of the 

a) minimum, where \V\ < 1.1: We begin with the general phasor voltage in the line: 

V(z) = V + (e- jl3z + Te jPz ) 

With zl = 4 + jO, we recognize the real part as the standing wave ratio. Since the load 
impedance is real, the reflection coefficient is also real, and so we write 

11 s+ 1 4+1 

The voltage magnitude is then 

\V{z)\ = ^V(z)V*(z) = V + [(e- jf3z + Te jl3z )(e jf3z + Te-^ Z )] 1/2 
= V + [l + 2rcos(2/3z)+r 2 ] 1/2 

Note that with cos(2/?z) = ±1, we obtain \ V\ = V + (l ± T) as expected. With s = 4 and 
with \V\ min = 1, we find \V\ max = 4. Then with F = 0.6, it follows that V + = 2.5. The 
net expression for |V(^)| is then 

V(z) = 2.5a/i.36 + 1.2cos(2/3z) 

To find the width in z of the voltage minimum, defined as \V\ < 1.1, we set |V(^)| = 1.1 
and solve for z: We find 

= 1-36 + 1.2 cos(2/3z) 2f3z = cos" 1 (-0.9726) 

Thus 2(3z = 2.904. At this stage, we note the the |V| m j n point will occur at 2/3z = ir. We 
therefore compute the range, Az, over which \V\ < 1.1 through the equation: 

7r — 2 904 

20(Az) = 2(tt - 2.904) => Az = — — — = 0.0378m = 3.8 cm 

27T/1 

where A = 1 m has been used. 

b) Determine the width of the maximum, where \V\ > 4/1.1: We use the same equation for 
|y(z)|, which in this case reads: 

4/1.1 = 2.5^1-36 + 1.2 cos(2/3z) cos(2/3z) = 0.6298 

Since the maximum corresponds to 2/3z = 0, we find the range through 

8896 

2(3Az = 2 cos" 1 (0.6298) Az = - - = 0.142 m = 14.2 cm 

27T/1 
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11.32. A lossless line is operating with Z = 40 f2, / = 20 MHz, and [3 = 7.57T rad/m. With a short 
circuit replacing the load, a minimum is found at a point on the line marked by a small spot 
of puce paint. With the load installed, it is found that s = 1.5 and a voltage minimum is 
located lm toward the source from the puce dot. 

a) Find Zl'- First, the wavelength is given by A = 2ir/P = 2/7.5 = 0.2667m. The lm distance 
is therefore 3.75A. With the short installed, the V m in positions will be at multiples of A/2 
to the left of the short. Therefore, with the actual load installed, the V m in position as 
stated would be 3.75A + nA/2, which means that a maximum voltage occurs at the load. 
This being the case, the normalized load impedance will lie on the positive real axis of the 
Smith chart, and will be equal to the standing wave ratio. Therefore, Zl = 40(1.5) = 60 Q . 

b) What load would produce s = 1.5 with 1^1 maa ; at the paint spot? With |y| ma x at the 
paint spot and with the spot an integer multiple of A/2 to the left of the load, (l^max 
must also occur at the load. The answer is therefore the same as part a, or Zl = 60 Q . 



11.33. In Fig. 11.17, let Z L = 40 - jlO ft, Z = 50 ft, f = 800 MHz, and v = c. 

a) Find the shortest length, d±, of a short-circuited stub, and the shortest distance d that 
it may be located from the load to provide a perfect match on the main line to the left 
of the stub: The Smith chart construction is shown on the next page. First we find 
z L = (40 - jl0)/50 = 0.8 - j0.2 and plot it on the chart. Next, we find y L = l/z L by 
transforming this point halfway around the chart, where we read i/l = 1.17 + jO. 30. This 
point is to be transformed to a location at which the real part of the normalized admittance 
is unity. The g = 1 circle is highlighted on the chart; hl transforms to two locations on it: 
Uini = 1 — j0.32 and yi n i = 1 + j'0.32. The stub is connected at either of these two points. 
The stub input admittance must cancel the imaginary part of the line admittance at that 
point. If y in 2 is chosen, the stub must have input admittance of — j0.32. This point is 
marked on the outer circle and occurs at 0.452 A on the WTG scale. The length of the stub 
is found by computing the distance between its input, found above, and the short-circuit 
position (stub load end), marked as P sc . This distance is d\ = (0.452 — 0.250) A = 0.202 A. 
With / = 800 MHz and v = c, the wavelength is A = (3 x 10 8 )/(8 x 10 8 ) = 0.375 m. 
The distance is thus d x = (0.202) (0.375) = 0.758 m = 7.6 cm . This is the shortest of 
the two possible stub lengths, since if we had used yini-, we would have needed a stub 
input admittance of +j'0.32, which would have required a longer stub length to realize. 
The length of the main line between its load and the stub attachment point is found on 
the chart by measuring the distance between yL and yi n 2, in moving clockwise (toward 
generator). This distance will be d = [0.500 - (0.178 - 0.138)] A = 0.46 A. The actual 
length is then d = (0.46)(0.375) = 0.173m = 17.3cm . 
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11.33b) Repeat for an open-circuited stub: In this case, everything is the same, except for the load- 
end position of the stub, which now occurs at the P oc point on the chart. To use the shortest 
possible stub, we need to use yi n \ = 1 — j0.32, requiring y s = +j0.32. We find the stub length 
by moving from P oc to the point at which the admittance is j'0.32. This occurs at 0.048 A on 
the WTG scale, which thus determines the required stub length. Now d\ = (0.048) (0.375) = 
0.18 m = 1.8 cm . The attachment point is found by transforming y^ to yi n i, where the 
former point is located at 0.178 A on the WTG scale, and the latter is at 0.362 A on the 
same scale. The distance is then d = (0.362 — 0.178)A = 0.184A. The actual length is 
d = (0.184)(0.375) = 0.069m = 6.9 cm . 
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11.34. The lossless line shown in Fig. 11.35 is operating with A = 100cm. If d% = 10cm, d = 25cm, 
and the line is matched to the left of the stub, what is ZjP. For the line to be matched, it 
is required that the sum of the normalized input admittances of the shorted stub and the 
main line at the point where the stub is connected be unity. So the input susceptances of the 
two lines must cancel. To find the stub input susceptance, use the Smith chart to transform 
the short circuit point 0.1A toward the generator, and read the input value as b s = —1.37 
(note that the stub length is one-tenth of a wavelength). The main line input admittance 
must now be y^ n = 1 + jl.37. This line is one-quarter wavelength long, so the normalized 
load impedance is equal to the normalized input admittance. Thus zl = 1 + j'1.37, so that 

z L = 300z L = 300 + j4ii a 
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11.35. A load, Z^ = 25 + j75 O, is located at z = on a lossless two- wire line for which Zq = 50 Q 
and v = c. 

a) If / = 300 MHz, find the shortest distance d (z = —d) at which the input impedance has 
a real part equal to \/Zq and a negative imaginary part: The Smith chart construction 
is shown below. We begin by calculating zl = (25 + j'75)/50 = 0.5 + jl.5, which we then 
locate on the chart. Next, this point is transformed by rotation halfway around the chart 
to find y L = l/z L = 0.20 - j0.60, which is located at 0.088 A on the WTL scale. This 
point is then transformed toward the generator until it intersects the g = 1 circle (shown 
highlighted) with a negative imaginary part. This occurs at point yi n = 1.0 — j'2.23, 
located at 0.308 A on the WTG scale. The total distance between load and input is then 
d = (0.088 + 0.308)A = 0.396A. At 300 MHz, and with v = c, the wavelength is A = 1 m. 
Thus the distance is d = 0.396m = 39.6 cm . 

b) What value of capacitance C should be connected across the line at that point to provide 
unity standing wave ratio on the remaining portion of the line? To cancel the input 
normalized susceptance of -2.23, we need a capacitive normalized susceptance of +2.23. 
We therefore write 
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11.36. The two- wire lines shown in Fig. 11.36 are all lossless and have Zq = 200 S7. Find d and the 
shortest possible value for d\ to provide a matched load if A = 100cm. In this case, we have 
a series combination of the loaded line section and the shorted stub, so we use impedances 
and the Smith chart as an impedance diagram. The requirement for matching is that the 
total normalized impedance at the junction (consisting of the sum of the input impedances 
to the stub and main loaded section) is unity. First, we find Zj_, = 100/200 = 0.5 and mark 
this on the chart (see below). We then transform this point toward the generator until we 
reach the r = 1 circle. This happens at two possible points, indicated as z in i = 1 + j.71 and 
Zin2 = 1 — i-71. The stub input impedance must cancel the imaginary part of the loaded 
section input impedance, or Zi ns = ±j.71. The shortest stub length that accomplishes this is 
found by transforming the short circuit point on the chart to the point Zi ns = +j0.71, which 
yields a stub length of d\ = .098A = 9.8 cm . The length of the loaded section is then found by 
transforming z^ = 0.5 to the point Zi n 2 = 1 — j.71, so that Zi ns + Zi n 2 = 1, as required. This 
transformation distance is d = 0.347A = 37.7 cm. 
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11.37. In the transmission line of Fig. 11.20, Rl = Zq = 50 Q. Determine and plot the voltage at the 
load resistor and the current in the battery as functions of time by constructing appropriate 
voltage and current reflection diagrams: Referring to the figure, closing the switch launches a 
voltage wave whose value is given by Eq. (50): 

VqZq _50 2 
Vl -R^Z~ -75 V °-3 V ° 

We note that = 0, since the load impedance is matched to that of the line. So the voltage 
wave traverses the line and does not reflect. The voltage reflection diagram would be that 
shown in Fig. 11.21a, except that no waves are present after time t = l/v. Likewise, the 
current reflection diagram is that of Fig. 11.22a, except, again, no waves exist after t = l/v. 
The voltage at the load will be just V± = (2/3) Vq for times beyond l/v. The current through 
the battery is found through 

1 Z„ 75 

This current initiates at t = 0, and continues indefinitely. 

11.38. Repeat Problem 37, with Zq = 5017, and Rl = R g = 25S7. Carry out the analysis for the time 
period < t < 8l/v. At the generator end, we have T g = —1/3, as before. The difference is 
at the load end, where Tl = —1/3, whereas in Problem 37, the load was matched. The initial 
wave, as in the last problem, is of magnitude V + = (2/3) Vq. Using these values, voltage and 
current reflection diagrams are constructed, and are shown below: 




I z l z 

Voltage Current 
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11.38. (continued) From the diagrams, voltage and current plots are constructed. First, the load 
voltage is found by adding voltages along the right side of the voltage diagram at the indicated 
times. Second, the current through the battery is found by adding currents along the left side 
of the current reflection diagram. Both plots are shown below, where currents and voltages 
are expressed to three significant figures. The steady state values, Vl = 0.5V and Ib = 0.02A, 
are expected as t — > oo. 



0.494 V 



0.499 Vp 



0.500 Vp 



0.444 V 



l/v 3l/v 51 /v 7l/v 



0.0133 V 



0.0193 V r 



0.0199 V 0-0200 Vp 



2l/v 4l/v 6l/v il/v 



11.39. In the transmission line of Fig. 11.20, Z = 50 and Rl = R g = 2517. The switch is closed 
at t = and is opened again at time t = l/4v, thus creating a rectangular voltage pulse in 
the line. Construct an appropriate voltage reflection diagram for this case and use it to make 
a plot of the voltage at the load resistor as a function of time for < t < 81 /v (note that 
the effect of opening the switch is to initiate a second voltage wave, whose value is such that 
it leaves a net current of zero in its wake): The value of the initial voltage wave, formed by 
closing the switch, will be 

V + = Z ° V = 50 V = -V 
Rg + Z 25 + 50 3 

On opening the switch, a second wave, V + ', is generated which leaves a net current behind 
it of zero. This means that V +> = —V + = — (2/3) Vb- Note also that when the switch is 
opened, the reflection coefficient at the generator end of the line becomes unity. The reflection 
coefficient at the load end is Tl = (25 — 50) /(25 + 50) = —(1/3). The reflection diagram is 
now constructed in the usual manner, and is shown on the next page. The path of the second 
wave as it reflects from either end is shown in dashed lines, and is a replica of the first wave 
path, displaced later in time by l/(4v).& All values for the second wave after each reflection are 
equal but of opposite sign to the immediately preceding first wave values. The load voltage as 
a function of time is found by accumulating voltage values as they are read moving up along 
the right hand boundary of the chart. The resulting function, plotted just below the reflection 
diagram, is found to be a sequence of pulses that alternate signs. The pulse amplitudes are 
calculated as follows: 
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11.39. (continued) 




/ z 



V L 







— 0.44Vo ' 
.25 l/v 
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Iv H/v 
1-,— 0.049 V | 


ijv 


1 i o.onvo t 

U --0.15V 51/V 
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11.40. In the charged line of Fig. 11.25, the characteristic impedance is Zq = 100S1, and R g = 300S7. 
The line is charged to initial voltage V$ = 160 V, and the switch is closed at t = 0. Determine 
and plot the voltage and current through the resistor for time < t < 81 /v (four round trips). 
This problem accompanies Example 13.6 as the other special case of the basic charged line 
problem, in which now R g > Zq. On closing the switch, the initial voltage wave is 

v+ = = - 16 °^ = - 40V 

Now, with T g = 1/2 and Yj_, = l, the voltage and current reflection diagrams are constructed as 
shown below. Plots of the voltage and current at the resistor are then found by accumulating 
values from the left sides of the two charts, producing the plots as shown. 




120 



"I H. 



i 1 r 

4//u 



2//U 



i r 



Sl/v 



I Ms 



2I/v 4l/v 
J I I I L 



61/v 



Sl/v 

J L_ 



-.025 t 
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11.41. In the transmission line of Fig. 11.37, the switch is located midway down the line, and is 
closed at t = 0. Construct a voltage reflection diagram for this case, where Rl = Zq. Plot 
the load resistor voltage as a function of time: With the left half of the line charged to Vo, 
closing the switch initiates (at the switch location) two voltage waves: The first is of value 
— Vo/2 and propagates toward the left; the second is of value Vq/2 and propagates toward the 
right. The backward wave reflects at the battery with T g = —1. No reflection occurs at the 
load end, since the load is matched to the line. The reflection diagram and load voltage plot 
are shown below. The results are summarized as follows: 








I 31 



Vl 



Vo 




V L 



2 



t 




-3l/2v 



1/2 I 



Z 



Vb/2 



l/2v 



l/v 
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11.42. A simple frozen wave generator is shown in Fig. 11.38. Both switches are closed simultaneously 
at t = 0. Construct an appropriate voltage reflection diagram for the case in which Rl = Zq. 
Determine and plot the load voltage as a function of time: Closing the switches sets up a total 
of four voltage waves as shown in the diagram below. Note that the first and second waves 
from the left are of magnitude Vo, since in fact we are superimposing voltage waves from the 
— Vo and +Vq charged sections acting alone. The reflection diagram is drawn and is used to 
construct the load voltage with time by accumulating voltages up the right hand vertical axis. 



-v — 


1 1 
— j — o—o — j 


Vo ' 


1 1 „ 

— o o j 






Z 




Zq 


1 Z ° 




1 

T 


F, = l — 
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CHAPTER 12 



12.1. Show that E xs = Ae jk " z+(l> is a solution to the vector Helmholtz equation, Sec. 12.1, Eq. (30), 
for ko = LUyJuoeo and any cf> and A: We take 

Ae jk 0Z+4 > = ( jko fAei k ° z+ * = -k 2 E xs 



12.2. A 100-MHz uniform plane wave propagates in a lossless medium for which e r = 5 and fx r = 1. 
Find: 

a) Vp : v p = c/^/Tr = 3 x lO 8 /^ = 1.34 x 10 8 m/s . 
h) 13: 13 = Lo/v p = (2vr x 10 8 )/(1.34 x 10 8 ) = 4.69 m" 1 . 

c) A: A = 2ir/0 = 1.34 m . 

d) E s : Assume real amplitude E , forward z travel, and x polarization, and write 
E s = E exp(-jfiz)a x = E exp(-j4.69z)a x V/m . 

e) H s : First, the intrinsic impedance of the medium is rj = ^o/v 7 ^ = 377/^ = 169 £1. 
Then H s = (Eo/rj)exp(-j0z) a y = (E /169) exp(-j4.69z) a y A/m. 

f) < S >= (l/2)^e{E s x H;} = (£ 2 /337)a^ W/m 2 



12.3. An H field in free space is given as H(x,t) = 10cos(10 8 t — (3x)a y A/m. Find 

a) f3: Since we have a uniform plane wave, j3 = lo/c, where we identify lo = 10 8 sec -1 . Thus 
fi = 10 8 /(3 x 10 8 ) = 0.33 rad/m . 

b) A: We know A = 2ir/(3 = 18.9 m . 

c) £(x,t) at P(0.1,0.2,0.3) at t = 1 ns: Use = -rj H(x,t) = -(377)(10) cos(10 8 t - 
fix) = —3.77 x 10 3 cos(10 8 t — fix). The vector direction of E will be — a z , since we require 
that S = E x H, where S is x-directed. At the given point, the relevant coordinate is 
x = 0.1. Using this, along with t = 10~ 9 sec, we finally obtain 

E(x,t) = -3.77 x 10 3 cos[(10 8 )(10- 9 ) - (0.33)(0.1)]a* = -3.77 x 10 3 cos(6.7 x 10" 2 )a z 
= -3.76 x 10 3 a^ V/m 



12.4. Given £(z,t) = E e~ az sm(tot - fiz)a x , and 77 = |r?|e^, find: 

a) E s : Using the Euler identity for the sine, we can write the given field in the form: 



£(z, t) = Eq e" 



e j(u!t-/3z) _ e -j(ut-Pz) 

2j 



We therefore identify the phasor form as E s (z) = —jE e az e ^ z a x V/m. 

b) H s : With positive z travel, and with E s along positive x, H s will lie along positive y. 
Therefore H s = -jE /\rj\ e~ az e~^ z a y A/m. 

c) < S >: 

E 2 

< S >= (l/2)fte{E s x H*} = — ^ e~ 2az cos 4>a z W/m 2 

2\7]\ 
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12.5. A 150-MHz uniform plane wave in free space is described by H s = (4 + jl0)(2a x + ja y )e ^ z 
A/m. 

a) Find numerical values for lo, A, and (3: First, lo = 2tt x 150 x 10 6 = 3ir x 10 8 sec -1 . Second, 
for a uniform plane wave in free space, A = 2ttc/lo = c/f = (3 x 10 8 )/(1.5 x 10 8 ) = 2m. 
Third, = 2vr/A = 7rrad/m. 

b) Find H(z, t) at t = 1.5 ns, z = 20 cm: Use 

H(z,t) = Re{H s e juJt } = Re{(4 + jl0)(2a x + ja y )(cos(ut - (3z)+jsm(ujt - (3z)} 

= [8 cos(cjt — (3z) — 20 sin(u)t — (5z)} a x — [10 cos(ujt — (5z) + 4 sin(u;t — (3z)\ a y 

. Now at the given position and time, cut- /3z= (3vr x 10 8 )(1.5 x 10" 9 ) - vr(0.20) = vr/4. 
And cos(tt/4) = sin(vr/4) = 1/V2. So finally, 

H(z = 20cm, t = 1.5ns) = — ]= (12a x + Ua y ) = -8.5a x - 9.9a y A/m 

V2 ■ 

c) What is \E\ max ? Have \E\ max = r] \H\ max , where 

\H\ max = VH S -H* = [4(4 + j'10)(4-ilO) + (j)(-j)(4 + jlO)(4-jlO)] 1/2 = 24.1 A/m 
Then \E\ max = 377(24.1) = 9.08 kV/m . 

12.6. A linearly-polarized plane wave in free space has electric field given by 
£{z,t) = (25a x - 30a 2 ) cos(wt - 50y) V/m. Find: 

a) lo: In free space, (3 = k = oo/c =4> uj = 50c = 50 x 3 x 10 8 = 1.5 x 10 10 rad/s. 

b) E s = (25a,, - 30a^)exp(-j50?/) V/m . 

c) H s : We use the fact that each to component of E s , there will be an orthogonal H s 
component, oriented such that the cross product of E s with H s gives the propagation 
direction. We obtain 

H s = -— (2ha z + Wa x ) e~^ v 
Vo 

d) < S > = - TZe{B s x H*} = — Tie {{2ha x - 30a 2 ) x {-2ha z - 30a x )} 
2 2r/o 

= 2(3^7) t (25)2 + (3 ° )2 ] Ay = 2 -° ay W/m2 

12.7. The phasor magnetic field intensity for a 400-MHz uniform plane wave propagating in a 
certain lossless material is (2aj, — j5a 2 )e _j25x A/m. Knowing that the maximum amplitude 
of E is 1500 V/m, find (3, r), A, v p , e r , fi r , and H(x,y, z,t): First, from the phasor expression, 
we identify (3 = 25 m -1 from the argument of the exponential function. Next, we evaluate 
H = |H| = VH H* = V2 2 + 5 2 = V29. Then r? = E /H = 1500/^ = 278.5 Q . Then 
A = 2ir/(3 = 2vr/25 = .25 m = 25 cm . Next, 

lo 2irx 400 x 10 6 „ . 

v p = q = — = 1.01 x 10 8 m/s 
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12.7. (continued) Now we note that 



v = 278.5 = 377,, 



0.546 



And 



1.01 x 10 s 



8.79 



We solve the above two equations simultaneously to find e r = 4.01 and \x r = 2.19 . Finally, 



H(x, y, z, t) = Re{ (2a y - j5a z )e 



-j25x jut 



} 



2 cos(2vr x 400 x 10 6 t - 25x)a y + 5 sin(2vr x 400 x 10 6 t - 25x)a z 
2cos(8vr x 10 8 i - 25x)a y + 5sin(8vr x 10 8 t - 25x)a^ A/m 



12.8. Let the fields, S(z,t) = 1800 cos(10 7 vri - (3z)a x V/m and H(z,t) = 3.8 cos(10 7 7ri - j3z)a y 
A/m, represent a uniform plane wave propagating at a velocity of 1.4 x 10 8 m/s in a perfect 
dielectric. Find: 

a) = oj/v = (10 7 vr)/(1.4 x 10 8 ) = 0.224m" 1 . 

b) A = 2vr//3 = 2vr/.224 = 28.0m . 

c) 7] = |E|/|H| = 1800/3.8 = 474 £1 . 

d) fi r : Have two equations in the two unknowns, /x r and e r : rj = t\q\J \x r je r and (3 = 
co^/fj, r er/c. Eliminate e r to find 



Per] 


2 r 


_ujr] _ 





(.224) (3 x 10 8 )(474) 
(10 7 ^)(377) 



2.69 



e) e r = Hr(vo/v) 2 = (2.69)(377/474) 2 = 1.70 . 



12.9. A certain lossless material has \i r = 4 and e r = 9. A 10-MHz uniform plane wave is propagating 
in the a y direction with E x0 = 400 V/m and E y0 = E z0 = at P(0.6, 0.6, 0.6) at t = 60 ns. 



a) Find j3, A, v p , and rj: For a uniform plane wave, 

2vr x 10 7 



P = ^e=-^ r 3xiQ8 



V(4)(9) = 0.4vr rad/m 



Then A = (2tt)//3 = (2vr)/(0.4^) = 5m. Next, 

w 2vr x 10 7 



P 4vr x 10" 



r = 5 x 10 7 m/s 



Finally, 



377W- = 251 n 
9 
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b) Find E(t) (at P): We are given the amplitude at t = 60 ns and at y = 0.6 m. Let the 
maximum amplitude be E max , so that in general, E x = E max cos(ojt — j3y). At the given 
position and time, 



E x = 400 = E max cos[(2tt x 10 7 )(60 x 10 -9 ) - (4vr x 10 _1 )(0.6)] = E max cos(0.96vr) 
0.99-£/ max 

So E max = (400)/(-0.99) = -403 V/m. Thus at P, E(t) = -403cos(2^ x 10 7 t) V/m . 

c) Find H(t): First, we note that if E at a given instant points in the negative x direction, 
while the wave propagates in the forward y direction, then H at that same position and 
time must point in the positive z direction. Since we have a lossless homogeneous medium, 
r\ is real, and we are allowed to write H(t) = E(t)/r), where r\ is treated as negative and 
real. Thus 

Hit) = H z (t) = = — ^ cos(2vr x 10" 7 t) = 1.61cos(2tt x 10~ 7 t) A/m 



12.10. In a medium characterized by intrinsic impedance r\ = |^|e JC)i , a linearly-polarized plane wave 
propagates, with magnetic field given as H s = (H 0y & y + H 0z a z ) e ~ ax e -ifi x . Find: 

a) E s : Requiring orthogonal components of E s for each component of H s , we find 

B s = \r,\ [H 0z a y - H 0y a 2 ] e~ ax e~^ x eP* 

b) £(x,t) = He = \rj\ [H 0z a y - H 0y a z ] e - ax cos(a;t - 0x + <f>). 

c) H(x,t) = Tie {H a e»' w *} = [H 0y a y + H 0z a z ] e~ ax cos(ut - 0x). 

d) < S >= l - TZe{B s xH:} = ^| [H 2 0y + H 2 0z ] e~ 2ax cos <f>a x W/m 2 



12.11. A 2-GHz uniform plane wave has an amplitude of E y0 = 1.4 kV/m at (0, 0,0, t = 0) and is 
propagating in the a z direction in a medium where e" = 1.6 x 10 -11 F/m, e' = 3.0 x 10 -11 
F/m, and fj, = 2.5 /iH/m. Find: 

a) E y at P(0,0, 1.8cm) at 0.2 ns: To begin, we have the ratio, e"/e' = 1.6/3.0 = 0.533. So 

1/2 



a = u 




1 + 



o, /(2.5 x 10" 6 )(3.0 x 10" ir 
(2vr x 2 x 10 9 )i ' v 



1/2 



+ (.533) 2 - 1 = 28.1Np/m 



Then 



P = u 




fie' 



1 + 



+ 1 



1/2 



112rad/m 



Thus in general, 



E y (z,t) = 1.4e- 28 - lz cos(47r x 10 9 t - 112z) kV/m 
4 



2.11a. (continued) Evaluating this at t = 0.2 ns and z = 1.8 cm, find 

#3,(1.8 cm, 0.2 ns) = 0.74 kV/m 

b) H x at P at 0.2 ns: We use the phasor relation, H xs = —E ys /rj where 



V = \fc l 1 = = \ X 10 I r 1 = 2 63 + j65.7 = 271Z 14° Q 

\le' ^/i- i( e"/6') V 3.0 x 10-i Vl-i(-533) 

So now 

= = - ll ' 4XlU )e — 6 = -5.16 e - 28 - lz e^ 112 ^ 14 A/m 

r? 271e-? 14 7 

Then 

i^( z , t) = -5.16e" 28 - lz cos(4vr x 10" 9 t - 112z - 14°) 
This, when evaluated at t = 0.2 ns and z = 1.8 cm, yields 



H x (1.8 cm, 0.2ns) = -3.0A/m 



12.12. The plane wave E s = 300e •' fa a !/ V/m is propagating in a material for which fj, = 2.25 /iR/m, 
e' = 9 pF/m, and e" = 7.8 pF/m. If u = 64 Mrad/s, find: 
a) a: We use the general formula, Eq. (35): 



a = u 




fie' 



1 + 



- 1 



1/2 



1/2 



y/1 + (.867) 2 - 1 = 0.116 Np/m 



b) /?: Using (36), we write 



= u> 




fie' 



1 + 



1/2 



.311 rad/m 



c) v p = u/(3 = (64 x 10 6 )/(.311) = 2.06 x 10 8 m/s . 

d) A = 2vr//3 = 2vr/(.311) = 20.2 m . 

e) rf. Using (39): 

i 



V 



2.25 x 10" 



e' ^l-j(e"/e') V 9 x 10" 12 ^/l-j(.867) 



407 + jl52 = 434.5e J '- 36 17 



f) H s : With E s in the positive y direction (at a given time) and propagating in the positive 
x direction, we would have a positive z component of H s , at the same time. We write 
(with jk = a + j(3): 



Hs 



300 



r\ ~* 434.5^'- 36 
= 0.69e"- 116a; e- J '- 311a; e- J - 36 a^ A/m 



— e - jkx a? = 0.69e- QX e-^ x e- J - 36 a 2 
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2.12g) £(3, 2, 4, 10ns): The real instantaneous form of E will be 

E(x, y, z, t) = Re {E s e juJt } = 300e _Qa; cos(wi - (3x)a y 

Therefore 

E(3,2,4,10ns) = 300e"- 116(3) cos[(64 x 10 6 )(10" 8 ) - .311(3)]a J/ = 203 V/m 



12.13. Let jTc = 0.2 + j'1.5 m 1 and rj = 450 + j60 SI for a uniform plane wave propagating in the a 2 
direction. If u = 300 Mrad/s, find /x, e', and e": We begin with 



and 
Then 

and 



V = \\-, ; = 450 + j60 



jfc = jui Jp^ y/l-j(e"/e') = 0.2 + jl.5 



W * = ^ — = p_ = (450 + j60)(450 - j60) = 2.06 x 10 5 (1) 



(jfc)O'AO* = cu V + (e"/e') 2 = (0-2 + jl.5)(0.2 - jl.5) = 2.29 (2) 
Taking the ratio of (2) to (1), 

K = w 2 ( e /)2 /j ( ,y , )2 ) = 2.29 = L11 x 1Q -5 

r/r?* v 7 v v 7 ' 1 2.06 x 10 5 

Then with u = 3 x 10 8 , 

2 = 1.11 x 1Q- 5 = 1.23 x 1Q- 22 

{e> (3xl0 8 ) 2 (l + (e"/e') 2 ) (1 + (e"/e') 2 ) K) 

Now, we use Eqs. (35) and (36). Squaring these and taking their ratio gives 

a 2 _ yj + ggg _ (0.2) 2 



ii 



We solve this to find e"/e' = 0.271. Substituting this result into (3) gives e' = 1.07 x 10 
F/m. Since e"/e' = 0.271, we then find e" = 2.90 x 10~ 12 F/m. Finally, using these results in 
either (1) or (2) we find fj, = 2.28 x 10 -6 H/m. Summary: fx = 2.28 x 10 _6 H/m, 
e' = 1.07 x 10" 11 F/m, and e" = 2.90 x 10" 12 F/m. 
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12.14. A certain nonmagnetic material has the material constants e' r = 2 and e"/e' = 4 x 10~ 4 at 
uj = 1.5 Grad/s. Find the distance a uniform plane wave can propagate through the material 
before: 

a) it is attenuated by 1 Np: First, e" = (4 x 10 4 )(2)(8.854 x 10" 12 ) = 7.1 x 10" 15 F/m. 
Then, since e"/e' << 1, we use the approximate form for a, given by Eq. (51) (written 
in terms of e"): 



a 



. toe" Hi (1.5 x 10 9 )(7.1 x 10" 15 ) 377 , Jn in 3 AT . 
= — ^ = i ^ >-= = 1.42 x ID- Np/m 



The required distance is now z\ = (1.42 x 10 3 ) 1 = 706 m 

b) the power level is reduced by one-half: The governing relation is e~ 2aZl ^ 2 = 1/2, or 
Zi/2 = ln2/2a = ln2/2(1.42 x 10"3) = 244 m . 

c) the phase shifts 360°: This distance is defined as one wavelength, where A = 2ir/@ 
= (2itc)/(lu^) = [2tt(3 x 10 8 )]/[(1.5 x lO 9 )^] = 0-89 m . 



12.15. A 10 GHz radar signal may be represented as a uniform plane wave in a sufficiently small 
region. Calculate the wavelength in centimeters and the attenuation in nepers per meter if 
the wave is propagating in a non-magnetic material for which 
a) e' r = 1 and e" = 0: In a non-magnetic material, we would have: 



a. = oj 



fj,oe e' r 



1 + 



1/2 



and 



13 = u 



£f0 e e r 



'1 + 



+ 1 



1/2 



With the given values of e' r and e", it is clear that (5 = u^/ioeo = ^/c, an d so 

A = 2vr//3 = 2itc/uj = 3 x 10 10 /10 10 = 3 cm . It is also clear that a = 0. 

b) e' r = 1.04 and e' r ' = 9.00 x 10" 4 : In this case e'^/e' r « 1, and so = uy^/c = 2.13 cm" 1 . 
Thus A = 2vr//3 = 2.95 cm . Then 

2vr x 10 10 (9.00 x 10" 4 ) 



a 



._ toe" jjib _ uoe" Y^oeo _ to e^. 

~ 2c~~ 

i 

9.24 x 10" 2 Np/m 



2 x 3 x 10 8 v/T04 
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2.15c) e' r = 2.5 and e" = 7.2: Using the above formulas, we obtain 
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2vr x 10 iU V2.5 
(3 x lO 10 )^ 



1 + 1 1 1 : ! 



1/2 



= 4.71 cm" 



and so A = 2n / [3 = 1.33 cm . Then 



a 



2ir x 10 iU V2.5 
(3 x 10 S )V2 



7.2 
2^5 



- 1 



1/2 



335 Np/m 



12.16. The power factor of a capacitor is defined as the cosine of the impedance phase angle, and 
its Q is loCR, where R is the parallel resistance. Assume an idealized parallel plate capacitor 
having a dielecric characterized by a, e', and /j, r . Find both the power factor and Q in terms 
of the loss tangent: First, the impedance will be: 

R {A) _ \-jRwC_ HQ 

\JojC J 

Now i? = d/(aA) and C = e'A/d, and so Q = ue'/a = 1/l.t. Then the power factor is 
P.F = cosftan-^-Q)] = l/^/l + Q 2 . 

12.17. Let r/ = 250 + j30fi and j'A; = 0.2 + j'2m _1 for a uniform plane wave propagating in the a 2 
direction in a dielectric having some finite conductivity. If \E S \ = 400 V/m at z = 0, find: 

a) < S > at z = and z = 60 cm: Assume x-polarization for the electric field. Then 

< S > = ^Re{E s x H:} = ^Re ^OOe-^e-^a^ x ^e^V^ j 

= -(400) 2 e- 2QZ Re(-la 2 = 8.0 x 10 4 e- 2 ( - 2 ) z Re ( 1 

2 V ' \v* ) \250 -j30 

= 315e -2(0.2), az w/m 2 

Evaluating at z = 0, obtain < S > (z = 0) = 315 a 2 W/m 2 , 

and at z = 60 cm, P 2 , a „(z = 0.6) = 3i5 e -2(o.2)(o.6) az = 248a2 w/m 2 . 

b) the average ohmic power dissipation in watts per cubic meter at z = 60 cm: At this point 
a flaw becomes evident in the problem statement, since solving this part in two different 
ways gives results that are not the same. I will demonstrate: In the first method, we use 
Poynting's theorem in point form (first equation at the top of p. 366), which we modify 
for the case of time-average fields to read: 

-V- < S >=< J E > 

where the right hand side is the average power dissipation per volume. Note that the 
additional right-hand-side terms in Poynting's theorem that describe changes in energy 
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stored in the fields will both be zero in steady state. We apply our equation to the result 
of part a: 

< J • E >= —V- < S >= -^-315e- 2(0 ^ z = (0.4)(315)e- 2 (°- 2 ^ = 126e-° Az W/m 3 

At z = 60 cm, this becomes < J • E >= 99.1 W/m 3 . In the second method, we solve for 
the conductivity and evaluate < J • E >= a < E 2 >. We use 



jk = juj^ /ueV 1 - J(e'7 e ') 



and 



We take the ratio, 



— = ]ue 



jue' + uje" 



Identifying o = cue", we find 
cr = Re 



jk 
V 



Re 



0.2 + jl 



250 + j30 

Now we find the dissipated power per volume: 

a <E 2 >= 1.74 x 10" 



1.74 x 10 -3 S/m 



(400e-°- 2 ^) ; 



At z = 60 cm, this evaluates as 109 W/m 3 . One can show that consistency between the 
two methods requires that 



Re 



a 

~2a 



This relation does not hold using the numbers as given in the problem statement and the 
value of a found above. Note that in Problem 12.13, where all values are worked out, the 
relation does hold and consistent results are obtained using both methods. 



12.18. Given, a 100MHz uniform plane wave in a medium known to be a good dielectric. The phasor 
electric field is E s = 4e~°' 5z e~i 20z & x V/m. Not stated in the problem is the permeabil- 
ity, which we take to be Hq. Also, the specified distance in part f should be 10m, not lkm. 
Determine: 

a) e': As a first step, it is useful to see just how much of a good dielectric we have. We use 
the good dielectric approximations, Eqs. (60a) and (60b), with a = ue" . Using these, we 
take the ratio, (3 /a, to find 

= 20 = u^[l + (l/8)(e"/e') 2 ] /V \ 1 ( S\ 
a 0.5 (^e"/2)V/W W He'j 

This becomes the quadratic equation: 
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12.18a (continued) The solution to the quadratic is (e"/e') = 0.05, which means that we can neglect 
the second term in Eq. (60b), so that j3 = ui^ffle' = (uj/c)^/e[.. With the given frequency of 
100 MHz, and with \i = p, , we find ^/7 r = 20(3/2vr) = 9.55, so that e' r = 91.3, and finally 
e' = e' r e = 8.1 x IP" 10 F/m . 

b) e": Using Eq. (60a), the set up is 

a = .5=^ «» = ■ F- = J£l = 4.0 x 1Q-" F/m 
2 V e 2vr x 10 8 V // 2vr(377) — 



c) 77: Using Eq. (62b), we find 



" 1/7 



, .1 /e" 
1+7- 



377 

-^== (1 + j.025) = (39.5 +j0.99) ohms 



d) H s : This will be a y-directed field, and will be 

H - —ft - 4 p -0.5z -j20z _ n i m -0.5z -j20z -jO.025 a/ 

s " r? y ~ (39.5 + j0.99) 6 % " 

e) < S >: Using the given field and the result of part d, obtain 

< S >= ^TZe{E s x IT!} = (O- 10 ^ 4 ) e -2(o.5), CQs(Q Q25) a ^ = 0-2 Q2 e - z a, W/m 2 

f) the power in watts that is incident on a rectangular surface measuring 20m x 30m at 
z = 10m (not 1km): At 10m, the power density is < S >= 0.202e" 10 = 9.2 x 10" 6 W/m 2 . 
The incident power on the given area is then P = 9.2 x 10~ 6 x (20) (30) = 5.5 mW . 

12.19. Perfectly-conducting cylinders with radii of 8 mm and 20 mm are coaxial. The region between 
the cylinders is filled with a perfect dielectric for which e = 10 _9 /47r F/m and jj, r = 1. If E in 
this region is (500/p) cos(wi — Az)a p V/m, find: 

a) lu, with the help of Maxwell's equations in cylindrical coordinates: We use the two curl 
equations, beginning with V x E = — <9B/<9i, where in this case, 



So 



„ „ dE p 2000 . , t . dBs 
V x E = -q^ a 4> = — — sm(ut - 4z)a0 = --^a^ 

f 2000 . , . 2000 , , . m 

Ba, = I sm(ut - Az)dt = cos(wt - Az) T 

J P up 



Then 

Bet, 2000 , . . , 

H 4> = — = Ta ttt^tn — cos(wt - Az) A m 

v fi (Air x W- 7 )ujp 

We next use V x H = dD/dt, where in this case 

oz p op 

where the second term on the right hand side becomes zero when substituting our H^. 
So 

~^z~ ap = - (4vrxl0->p Sm{lVt ~ 4Z) ^ = 

And 



D p = / —-. =- — sm(ut - Az)dt = _. _ cosiut - Az) C/m 2 

p J (4tt x lO" 7 )^ v ' {An x 10" 7 )w 2 p v ' ' 
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12.19a. (continued) Finally, using the given e, 

D p 8000 , . , 

^ = -f = (io-iy P COBM " 4z) V/m 

This must be the same as the given field, so we require 

8000 500 



(10" 16 )w 2 p p 



b) H(p,z,t): From part a, we have 



co = 4 x 10 8 rad/s 



2000 , , , 4.0 o , , 

H(p, 2, i) = — =r — cos(tut - 4z)a<A = — cos(4 x 10 t - Azja^ A/m 

(An x W~ 7 )lop v p v 



c) S(p,(/>,z): This will be 



S(p, ^,z)=ExH = y cos(4 x 10 8 i - 4z)a p x cos(4 x 10 8 t - 4z)a^ 

= 2,0 X 9 10 " 3 cos 2 (4 x 10 8 t - 4z)a, W/m 2 
p 2 



d) the average power passing through every cross-section 8 < p < 20 mm, < (j> < 2n. 
Using the result of part c, we find < S >= (1.0 x 10 3 )/p 2 a z W/m 2 . The power through 
the given cross-section is now 



/ L0X 9 1Q3 prfp# = 2n x 10 3 In = 5.7kW 

JO J. 008 P V 8 / 



12.20. If E s = (60/r)sinee-^' 2r afl V/m, and H s = (l/4vrr) sin 9 e~ j2r A/m in free space, find the 
average power passing outward through the surface r = 10 6 , < 9 < tt/3, and < <fi < 2tt. 

<S>= 1 -Re{E s x H:} = ^^a r W/m 2 
Then, the requested power will be 

j-2n /.tt/3 i r - 2 a pn/3 

$=/ / ^a r ■a r r 2 sin9d9d(/) = 15 / sin 3 fld# 

Jo Jo 2vrr 2 7 

"73 25 

= — = 3.13 W 
o 8 



15 ( -^cos6>(sin 2 6» + 2) 



Note that the radial distance at the surface, r = 10 6 m, makes no difference, since the power 
density dimishes as 1 /r 2 . 
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12.21. The cylindrical shell, 1 cm j p j 1.2 cm, is composed of a conducting material for which a = 10 6 
S/m. The external and internal regions are non-conducting. Let = 2000 A/m at p = 1.2 
cm. 

a) Find H everywhere: Use Ampere's circuital law, which states: 

jn-dh = 2vrp(2000) = 2tt(1.2 x 10" 2 )(2000) = 48vr A = / encZ 



Then in this case 

/ 48 



Area (1.44- 1.00) x 10" 



1.09 x 10 6 a^ A/m 2 



With this result we again use Ampere's circuital law to find H everywhere within the 
shell as a function of p (in meters): 

1 /-2VT rp c-4 C 

tfWp) = / / 1.09 x 10 6 pdpd4>= — (10 4 p 2 - 1) A/m (.01 < p < .012) 

2?r P Jo J.01 _9 

Outside the shell, we would have 

HM = ^ = 24/p A/m (p > .012) 

Inside the shell (p < .01 m), = since there is no enclosed current. 

b) Find E everywhere: We use 

„ J 1.09xl0 6 

E = - = 77^ a z = 1-09 a z V/m 

a 10 6 — 

which is valid, presumeably, outside as well as inside the shell. 

c) Find S everywhere: Use 

54 5 

P = E x H = 1.09 a z x — — (10 4 p 2 - 1) a 

= - — (10 4 p 2 - l)a p W/m 2 (.OK p<. 012 m) 



Outside the shell, 

24 26 



S = 1.09 a z x — su = -— bl p W/m 2 (p>.012m) 
9 9 
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12.22. The inner and outer dimensions of a copper coaxial transmission line are 2 and 7 mm, respec- 
tively. Both conductors have thicknesses much greater than 5. The dielectric is lossless and 
the operating frequency is 400 MHz. Calculate the resistance per meter length of the: 
a) inner conductor: First 

i i 

3.3 x 10" 6 m = 3.3/im 



VWi^ a/vt(4 x 10 8 )(4tt x 10" 7 )(5.8 x 10 7 ) 
Now, using (70) with a unit length, we find 

Rm = 2W = 2vr(2x 10"3)(5.8x 10 7 )(3.3x 10-6) = °' 42 ohms/m 

b) outer conductor: Again, (70) applies but with a different conductor radius. Thus 

Rout = ^Rin = ^ (0.42) = 0.12 ohms/m 

c) transmission line: Since the two resistances found above are in series, the line resistance 
is their sum, or R = R in + R out = 0.54 ohms/m. 



12.23. A hollow tubular conductor is constructed from a type of brass having a conductivity of 
1.2 x 10 7 S/m. The inner and outer radii are 9 mm and 10 mm respectively. Calculate the 
resistance per meter length at a frequency of 

a) dc: In this case the current density is uniform over the entire tube cross-section. We 
write: 

R(dc) = — = t =r-4 — o = 1-4 x 10 -3 fl/m 

v ' a A (1.2 x 10 7 )vr(.01 2 - .009 2 ) — 

b) 20 MHz: Now the skin effect will limit the effective cross-section. At 20 MHz, the skin 
depth is 

5(20MHz) = [vr/^ ^]" 1/2 = [vr(20 x 10 6 )(4tt x 10" 7 )(1.2 x 10 7 )]" 1/2 = 3.25 x 10" 5 m 

This is much less than the outer radius of the tube. Therefore we can approximate the 
resistance using the formula: 

fl(20MHz) = — = = — — — l —— = 4.1 x 10" 2 O/m 

V ' aA 2irbS (1.2 x 10 7 )(2vr(.01))(3.25 x 10" 5 ) '— 

c) 2 GHz: Using the same formula as in part b, we find the skin depth at 2 GHz to be 5 = 
3.25 x 10 -6 m. The resistance (using the other formula) is i?(2GHz) = 4.1 x 10 _1 Q/m. 
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12.24a. Most microwave ovens operate at 2.45 GHz. Assume that a = 1.2 x 10 6 S/m and fi r = 500 
for the stainless steel interior, and find the depth of penetration: 



V^IJ^ ^vr(2.45 x 10 9 )(4^ x 10" 7 )(1.2 x 10 6 ) 



9.28 x 10" b m = 9.28//m 



b) Let E s = 50 Z 0° V/m at the surface of the conductor, and plot a curve of the amplitude 
of E s vs. the angle of E s as the field propagates into the stainless steel: Since the 
conductivity is high, we use (62) to write a = j3 = y^rfjia = 1/5. So, assuming that the 
direction into the conductor is z, the depth-dependent field is written as 



E s {z) = 50e~ az e- jl3z = 50e~ z/s e~ jz/5 = 50exp(-z/9.28) exp(-j z/9.28) 

amplitude angle 

where z is in microns. Therefore, the plot of amplitude versus angle is simply a plot of 
e -x versus X) where x = z/9.28; the starting amplitude is 50 and the 1/e amplitude (at 
z = 9.28 urn) is 18.4. 

12.25. A good conductor is planar in form and carries a uniform plane wave that has a wavelength 
of 0.3 mm and a velocity of 3 x 10 5 m/s. Assuming the conductor is non-magnetic, determine 
the frequency and the conductivity: First, we use 

f= V -= 3X105 =10* Hz = lGHz 
J A 3 x 10" 4 

Next, for a good conductor, 

27~7^J7^ ^ ° ~ X*fjl ~ (9 x 10-8)(10 9 )(4tt x 10~ 7 ) ~ X /m 



12.26. The dimensions of a certain coaxial transmission line are a = 0.8mm and b = 4mm. The outer 
conductor thickness is 0.6mm, and all conductors have a = 1.6 x 10 7 S/m. 
a) Find R, the resistance per unit length, at an operating frequency of 2.4 GHz: First 

' 1 2.57 x 10" 6 m = 2.57,™ 



V^fJ^ yvr(2.4 x 10 8 )(4vr x 10- 7 )(1.6 x 10 7 ) 
Then, using (70) with a unit length, we find 

Rin = 2W = 2vr(0.8xl0-3)(1.6xl0 7 )(2.57 xl0-6) = 484 ohms / m 
The outer conductor resistance is then found from the inner through 

Rout = ^R in = ^(4.84) = 0.97 ohms/m 
The net resistance per length is then the sum, R = R in + R out = 5.81 ohms/m. 
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12.26b. Use information from Sees. 6.4 and 9.10 to find C and L, the capacitance and inductance per 
unit length, respectively. The coax is air-filled. From those sections, we find (in free space) 

2vr(8.854 x 10" 12 ) 



C 



_ 2ire 
~ \n(b/a) 

2tt 



\n(b/a) 



ln(4/.8) 
4vr x 10" 7 



3.46 x 10 _il F/m 



2vr 



ln(4/.8) = 3.22 x 10 -7 H/m 



c) Find a and j3 if a + j(3 = \J jujC (R + juiL) : Taking real and imaginary parts of the given 
expression, we find 



and 



a = Re{y/ju)C(R + jwL)} 



P = Im{y/jujC(R + ju>L)} 



loVLC 



uVLC 



1/2 



V2 



1 + 



R 

ojL 



+ 1 



1/2 



These can be found by writing out a = Re | \J jujC{R + jujL) j = (1/2) \J 'juC(R + juL)+^ 

c.c, where c.c denotes the complex conjugate. The result is squared, terms collected, and 
the square root taken. Now, using the values of R, C, and L found in parts a and b, we 
find a = 3.0 x 10~ 2 Np/m and (3 = 50.3 rad/m . 

12.27. The planar surface at z = is a brass- Teflon interface. Use data available in Appendix C to 
evaluate the following ratios for a uniform plane wave having uj = 4 x 10 10 rad/s: 
a) «Tef /c^brass : From the appendix we find e"/e' = .0003 for Teflon, making the material a 
good dielectric. Also, for Teflon, e' r = 2.1. For brass, we find a = 1.5 x 10 S/m, making 
brass a good conductor at the stated frequency. For a good dielectric (Teflon) we use the 
approximations: 



a 



a / /i 



(3 = u)\J //e' 
For brass (good conductor) we have 

a = (3 = \f 7r/^cr br ass : 



1 + 



1 

2 

ujy/JIef 



UJ 



UJ 



2vr 



Now 



QTef 
Obrass 



1/2 (e"/e') (uj/c) 



brass 



b) 



A T ef _ (27T//3 T ef) 
Abrass (2tt/ /3brass) 



/^brass 

/?Tef 



(4 x 10 10 )(4vr x 10" 7 )(1.5 x 10 7 ) = 6.14 x 10 5 m" 1 



(l/2)(.0003)(4 xl0 1 »/3x 10^^2.1 = 8 
6.14 x 10 5 



cVvr/^brass = (3 x 1Q 8 ) (6.14 x 10 5 ) = 3 2 x 1Q 3 
Uy/Z^Z (4xl0 10 )V2T 



7< 



Tef 



(4 X 10 



15 



12.27. (continued) 



c) 

= {UJ !? Tef \ = = 3.2 x 10 3 as before 

■Wbrass (W/Pbrass) PTef 



12.28. A uniform plane wave in free space has electric field given by E s = lOe j/3x a z + 15e ^ x a y 
V/m. 

a) Describe the wave polarization: Since the two components have a fixed phase difference 
(in this case zero) with respect to time and position, the wave has linear polarization, 
with the field vector in the yz plane at angle 4> = tan _1 (10/15) = 33.7° to the y axis. 

b) Find H s : With propagation in forward x, we would have 

H s = ^re'i^ay + ^-e~^ x a z A/m = -26.56"^% + 39.8 e - J/3a: a 2 mA/m 



c) determine the average power density in the wave in W/m 2 : Use 



• a „ s = -Re{E s xH:} = - 



(iQ); 

377 



&x + 



(15) 2 
377 



0.43a,; W/m 2 or P avg = 0.43 W/m 2 



12.29. Consider a left-circular ly polarized wave in free space that propagates in the forward z direc- 
tion. The electric field is given by the appropriate form of Eq. (100). 
a) Determine the magnetic field phasor, H s : 

We begin, using (100), with E s = E (a x + ja y )e~ : > f3z . We find the two components of 
H s separately, using the two components of E s . Specifically, the x component of E s is 
associated with a y component of H s , and the y component of E s is associated with a 
negative x component of H s . The result is 

U s = ^(a y -ja x )e-^ z 



b) Determine an expression for the average power density in the wave in W/m 2 by direct 
application of Eq. (77): We have 

Re(E s x H:) = l -Re ( E (a x + ja y ) e "^ x ^(a y - ja x )e + ^ z ) 



z,avg 



2 

E 2 

—a z W/m 2 (assuming E is real) 
Vo 
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12.30. The electric field of a uniform plane wave in free space is given by E s = 10(a z + ja x )e j50y . 
Determine: 

a) /: From the given field, we identify (3 = 50 = uj/c (in free space), so that / = lo/2it = 
50c/2vr = 2.39 GHz . 

b) H s : Each of the two components of E s must pair with a magnetic field vector, such that 
the cross product of electric with magnetic field gives a vector in the positive y direction. 
The overall magnitude is the electric field magnitude divided by the free space intrinsic 
impedance. Thus 

H s = (a, - ja z ) e-^ 



c) < S >= ^1Ze{E s x H:} = |^ [(a, x a,) - (a, x a z )\ = ^ a y = 0.27a y W/m 2 

d) Describe the polarization of the wave: This can be seen by writing the electric field in 
real instantaneous form, and then evaluating the result at y = 0: 

£(0, t) = 10 [cos(o;i) a z — sin(wt) a x ] 

At t = 0, the field is entirely along z, and then acquires an increasing negative x com- 
ponent as t increases. The field therefore rotates clockwise in the y = plane when 
looking back toward the plane from positive y. Since the wave propagates in the positive 
y direction and has equal x and z amplitudes, we identify the polarization as left circular . 

12.31. A linearly-polarized uniform plane wave, propagating in the forward z direction, is input to a 
lossless anisotropic material, in which the dielectric constant encountered by waves polarized 
along y (e ry ) differs from that seen by waves polarized along x (e rx ). Suppose e rx = 2.15, 
e ry = 2.10, and the wave electric field at input is polarized at 45° to the positive x and y axes. 
Assume free space wavelength A. 

a) Determine the shortest length of the material such that the wave as it emerges from the 
output end is circularly polarized: With the input field at 45°, the x and y components are 
of equal magnitude, and circular polarization will result if the phase difference between 
the components is tt/2. Our requirement over length L is thus f3 x L — (3 y L = ir/2, or 

7T 7TC 

2(/?x — (3y) 2uj(y/e rx — yje ry ) 

With the given values, we find, 

(58^ A 

2uj 4 

b) Will the output wave be right- or left-circularly-polarized? With the dielectric constant 
greater for x-polarized waves, the x component will lag the y component in time at the out- 
put. The field can thus be written as E = E (a. y —ja x ), which is left circular polarization. 
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12.32. Suppose that the length of the medium of Problem 12.31 is made to be twice that as determined 
in the problem. Describe the polarization of the output wave in this case: With the length 
doubled, a phase shift of tt radians develops between the two components. At the input, we 
can write the field as E s (0) = Eo(a x + a y ). After propagating through length L, we would 
have, 



E S (L) = E [e 



a y ] = E e-^ L [a x + e~^-^ L a y ] 



where (/3 y — f3 x )L = — tt (since j3 x > (3 y ), and so E S (L) = E e ^ xL [a x — a y ]. With the reversal 
of the y component, the wave polarization is rotated by 90°, but is still linear polarization. 

12.33. Given a wave for which E s = 15e~ :jl3z a x + \%e~^ z e^a y V/m, propagating in a medium 
characterized by complex intrinsic impedance, rj. 

a) Find H s : With the wave propagating in the forward z direction, we find: 

1 



7] 



[-18e^a x + 15a„] e~ iP ' A/m 



b) Determine the average power density in W/m : We find 

i^ras) 2 , as) 



V 9 = -Re{E s xH:} = -Re ( 



V 



+ 



275 Re 



W/m 2 



12.34. Given the general elliptically-polarized wave as per Eq. (93): 

E s = [E x0 a x + E y0 e^a y ]e-^ z 

a) Show, using methods similar to those of Example 12.7, that a linearly polarized wave 
results when superimposing the given field and a phase-shifted field of the form: 

E s = [E x0 a x + E y0 e- j 'l'a y ]e- if,z e' 5 

where S is a constant: Adding the two fields gives 



E 



s,tot 



[E x0 (1 + e j5 ) a x + E y0 {e>+ + e~^e j5 ) a y ] e 



E x0 e^ 2 (e-M + e^ 2 ) a x + E y0 e^ 2 ( 



2cos(5/2) 



2cos(<^-5/2) 



-j/3z 



This simplifies to E Sjtot = 2 [E x0 cos(<5/2)a :r + E y0 cos(<p - 8/2)a y ] e j5 / 2 e jf3z , which is 
linearly polarized. 

b) Find 5 in terms of <f> such that the resultant wave is polarized along x: By inspecting the 
part a result, we achieve a zero y component when 2(f) — 5 = ir (or odd multiples of tt). 
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CHAPTER 13 



13.1. A uniform plane wave in air, = E^ 1Q cos(10 10 t — (3z) V/m, is normally-incident on a 
copper surface at z = 0. What percentage of the incident power density is transmitted into 
the copper? We need to find the reflection coefficient. The intrinsic impedance of copper (a 
good conductor) is 



juu , . [urn , . /I0 10 (4vr x 10 7 ) , 
* = i-f = (1 + 3) i 2? = (1+J) V 2(5.8 X ion = (1 +,)( '° 104) 

Note that the accuracy here is questionable, since we know the conductivity to only two 
significant figures. We nevertheless proceed: Using rj = 376.7288 ohms, we write 

_ Vc-Vo -0104 - 376.7288 + j.0104 



Tic + t]q .0104 + 376.7288 + j.0104 



.9999 + j.0001 



Now |T| 2 = .9999, and so the transmitted power fraction is 1 — |T| 2 = .0001, or about 0.01 c , 
is transmitted. 



13.2. The plane z = defines the boundary between two dielectrics. For z < 0, e r \ = 5, = 0, 
and /ii = fio. For z > 0, e' r2 = 3, e" 2 = 0, and fi 2 = Ho- Let E^ x = 200cos(o;t — 15 z) V/m and 
find 

a) u: We have = uJ^fi^^ ^ l = ui^/^/c = 15. Sow = 15c/ '^e^ = 15 x (3 x 10 8 )/V5 = 
2.0 x 10 9 s" 1 . 

b) < Sf >: First we need rji = \//W e i = Vo/y/^n = 377/^ = 169 ohms. Next 
we apply Eq. (76), Chapter 12, to evaluate the Poynting vector (with no loss and 
consequently with no phase difference between electric and magnetic fields). We find 

< S+ >= (l/2)\E 1 \ 2 /r] 1 a z = (l/2)(200) 2 /169 a z = 119 a z W/m 2 . 

c) < Sj~ >: First, we need to evaluate the reflection coefficient: 

r?2 + r?i V7<2~ + W<i" 7<i"+\/<2" v^ + v^ 
Then < ST" >= -|r| 2 < S+ >= -(0.13) 2 (119) a 2 = -2.0 a z W/m 2 . 

d) < S^" >: This will be the remaining power, propagating in the forward z direction, or 

< S+ >= 117 a z W/m 2 . 



13.3. A uniform plane wave in region 1 is normally-incident on the planar boundary separating 
regions 1 and 2. If e'/ = e 2 = 0, while e' rl = ^ and e' r2 = Mr2) find the ratio e' r2 /e' rl if 20% of 
the energy in the incident wave is reflected at the boundary. There are two possible answers. 
First, since |T| 2 = .20, and since both permittivities and permeabilities are real, T = ±0.447. 
we then set up 

r = ±0 447 = 712 - m = V^f^^SSl ~ ^VOW^i) 

V2 + V1 T] y/ (/i r2 /< 2 ) + Vo y/(Jhi ~R r 1 ) 

^ V(Vr2/n 3 r2 ) - V(Vrl/l4l) = Vrl ~ Hr2 



1 



13.3. (continued) Therefore 



(0.382,2.62) => e k = f^rA =(0.056,17.9) 

e rl \firlj 



Mr2 = 1 T 0-447 _ rn qqo o ^ _ e' r2 _ ( fi r2 
Uri 1 ± 0.447 



13.4. A 10-MHz uniform plane wave having an initial average power density of 5W/m 2 is normally- 
incident from free space onto the surface of a lossy material in which e'^/e^ = 0.05, e' r2 = 5, 
and H2 = Mo- Calculate the distance into the lossy medium at which the transmitted wave 
power density is down by lOdB from the initial 5W/m 2 : 

First, since e^'/e^ = 0.05 << 1, we recognize region 2 as a good dielectric. Its intrinsic 
impedance is therefore approximated well by Eq. (62b), Chapter 12: 



V2 

"2 




, -14' 



377 

^ [1 + J0.025] 



The reflection coefficient encountered by the incident wave from region 1 is therefore 
_ tto-m (377 /VE) [1 + j.025] - 377 (1 - + J-025 



m + m (377/>/5) [1 + j-025] + 377 (1 + VE) + j.025 



-0.383 + jO.011 



The fraction of the incident power that is reflected is then |T| 2 = 0.147, and thus the 
fraction of the power that is transmitted into region 2 is 1 — |T| 2 = 0.853. Still using the 
good dielectric approximation, the attenuation coefficient in region 2 is found from Eq. 
(60a), Chapter 12: 

a j_ V€ 2 ' Ilk) _ /n _ „ m7\tn nr. c o or A 1 ^-12^ 377 



, , - (2vr x 10 7 )(0.05 x 5 x 8.854 x 10" 12 )^ = 2.34 x 10" 2 Np/m 
2 y e 2 2\/5 

Now, the power that propagates into region 2 is expressed in terms of the incident power 
through 

<S 2 > {z) = 5(1 - |r| 2 )e" 2QZ = 5(.853)e- 2 ( 2 - 34xl0 ~> = 0.5 W/m 2 

in which the last equality indicates a factor of ten reduction from the incident power, as 
occurs for a 10 dB loss. Solve for z to obtain 

ln ( 8 - 53 ) 

- 45.8 m 



2(2.34 x 10" 2 ) 

13.5. The region z < is characterized by e' r = \i r = 1 and e" = 0. The total E field here is given 
as the sum of the two uniform plane waves, E s = 150e _jlOz & x + (50l20°)e : > Wz & x V/m. 

a) What is the operating frequency? In free space, f3 = ko = 10 = uo/c = lo/3 x 10 8 . Thus, 
u = 3 x 10 9 s" 1 , or / = cj/2vr = 4.7 x 10 8 Hz . 

b) Specify the intrinsic impedance of the region z > that would provide the appropriate 
reflected wave: Use 

E inc 150 3 T) + f]o 



2 



13.5 (continued) Now 



c) At what value of z (—10 cm < z < 0) is the total electric field intensity a maximum 
amplitude? We found the phase of the reflection coefficient to be = 20° = .349rad, and 
we use 

-<j) -.349 

Zmax = = 20 = _0 - 017m = ~ 1 - 7cm 

13.6. Region 1, z < 0, and region 2, z > 0, are described by the following parameters: e[ = 100 
pF/m, /Lti = 25 /iH/m, e'/ = 0, e' 2 = 200 pF/m, /jl 2 = 50 //H/m, and e%/e' 2 = 0.5. If 
E+ = 5e~ aiZ cos(4 x 10 9 t - (3 lZ )a x V/m, find: 

a) ot\: As e'/ = 0, there is no loss mechanism that is modeled (see Eq. (44), Chapter 12), 
and so ot\ = 0. 

b) (3\: Since region 1 is lossless, the phase constant for the uniform plane wave will be 

01 = uJ^J-y = (4 x 10 9 )V(25 x 10" 6 )(100 x 10" 12 ) = 200 rad/m 

c) < >: To find the power density, we need the intrinsic impedance of region 1, given by 




, 25 x 10" 6 
r?1 = ^- = ^ 100xlO-^ = 500 ° hmS 



Then the incident power density will be 

< St >= = ^ a 2 = M^mW/m' 

d) < >: To find the reflected power, we need the intrinsic impedance of region 2. This 
is found using Eq. (48), Chapter 12: 



1 / 50 x 10" 6 1 

m = K r-T = = — ; =460 + ? 109 ohms 

' V e 2 JY^WiK) V 200 x 10- 12 VI " J'0.5 



Then the reflection coefficient at the 1-2 boundary is 

r _ f?2 - m _ 460 + jl09 - 500 _ 
~ V2 + V1 ~ 460 + jl09 + 500 ~ 

The reflected power fraction is then |T| 2 = 1.44 x 10~ 2 . 
Therefore < >= - < Sf > \T\ 2 = -0.36 a z mW/m 2 . 



-0.028 + j'0.117 
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13. 6e) < Sj" >: We first need the attenuation coefficient in region 2. This is given by Eq. (44) in 
Chapter 12, which in our case becomes 



a 2 = w 



'1 + 



_2_ 

4. 



1/2 



(4 x 10 9 ) 



(50 x 10" 6 )(200 x 10 



-12^1/2 



[Vl + 0.25 - 1] 1/2 = 97.2 Np/m 



Now 



< S+ >=< S+ > (1 - |r| 2 ) e~ 2a2Z = 25(0.986)e" 2 ( 97 - 2 ) z a, = 24.7e~ 194z a, mW/m 2 
Note the approximately 1 cm penetration depth. 

13.7. The semi-infinite regions z < and z > 1 m are free space. For < z < 1 m, e' r = 4, /x r = 1, 
and e" = 0. A uniform plane wave with w = 4 x 10 8 rad/s is travelling in the a z direction 
toward the interface at z = 0. 
a) Find the standing wave ratio in each of the three regions: First we find the phase constant 
in the middle region, 



ui\/e 



2(4 x 10 8 ) 
3 x 10 8 



= 2.67rad/m 



Then, with the middle layer thickness of 1 m, fad = 2.67 rad. Also, the intrinsic 

7F 



impedance of the middle layer is 772 = Vo I \ • 
"r/o cos(/3 2 d) + j??2 sm(p 2 d) 



377 



770/2. We now find the input impedance: 
2cos(2.67) + jsin(2.67)' 



772 cos(/3 2 d) + j?7o sm(f3 2 d) 

Now, at the first interface, 

= run - 770 = 231+jl41-377 
12 THn + m 231 + JT41 + 377 

The standing wave ratio measured in region 1 is thus 

l + |Fi 2 | 1 + 0.325 



cos(2.67) + j2sin(2.67) 



231 + jl41 



.176 + j.273 = .325Z123 C 



si 



1 - ir 



12 



1 - 0.325 



1.96 



In region 2 the standing wave ratio is found by considering the reflection coefficient for 
waves incident from region 2 on the second interface: 



r23 — 



Then 



Vo - W2 = 1-1/2 = 1 
770 + 770/2 1 + 1/2 3 



1-1/3 " 

Finally, S3 = 1, since no reflected waves exist in region 3. 
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13.7b. Find the location of the maximum |E| for z < that is nearest to z = 0. We note that the 
phase of T 12 is (f) = 123° = 2.15 rad. Thus 

_ _0 _ -2.15 _ 
Zmai " 2/3 " 2(4/3) ~ 



13.8. A wave starts at point a, propagates 100m through a lossy dielectric for which a = 0.5 Np/m, 
reflects at normal incidence at a boundary at which T = 0.3 + j0.4, and then returns to point 
a. Calculate the ratio of the final power to the incident power after this round trip: Final 
power, Pf, and incident power, Pi, are related through 

P f = P ie - 2aL \T\ 2 e- 2aL => ^ = 10.3 + j0.4| 2 e- 4 (°- 5 > 100 = 3.5 x 1Q- 8S (!) 



Try measuring that. 

13.9. Region 1, z < 0, and region 2, z > 0, are both perfect dielectrics (/i = //o, e" = 0). A 
uniform plane wave traveling in the a z direction has a radian frequency of 3 x 10 10 rad/s. Its 
wavelengths in the two regions are Ai = 5 cm and A2 = 3 cm. What percentage of the energy 
incident on the boundary is 



a) reflected; We first note that 



Therefore e' rl /e' r2 = (A2/A1) 2 . Then with /j = fi in both regions, we find 



r = m -m = Vo\ /l /^r2- r lo\ / ^/e'ri = vjrt/jg ~ 1 = (A2/A1) - 1 
V2+V1 vo^T/^ + vo^TJ^ V^J<~2 + 1 (A 2 /Ai) + 1 
_ A 2 - Ai _ 3 - 5 _ 1 

~ aTTaT ~ 3T5 ~ ~I 

The fraction of the incident energy that is reflected is then |r| 2 = 1/16 = 6.25 x 10~ 2 . 

b) transmitted? We use part a and find the transmitted fraction to be 
1 - |r| 2 = 15/16 = 0.938 . 

c) What is the standing wave ratio in region 1? Use 

i-|r| 1-1/4 3 — 
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13.10. In Fig. 13.1, let region 2 be free space, while fi r i = 1, e"i = 0, and e' rl is unknown. Find e' rl if 
a) the amplitude of is one-half that of E+: Since region 2 is free space, the reflection 
coefficient is 



JET 



Vo 



Vi Vo ~ Vol 



Vo + Vi Vo + Vo/V e 'n 



1 



e' rl 



b) < S 1 > is one-half of < Sf >: This time 



1 

2 



34 



c) |Ei| mm is one-half |Ei| maa; : Use 

| max i -\- |r| 



|Ei| 



1 



1 

3 



13.11. A 150 MHz uniform plane wave in normally- incident from air onto a material whose intrinsic 
impedance is unknown. Measurements yield a standing wave ratio of 3 and the appearance of 
an electric field minimum at 0.3 wavelengths in front of the interface. Determine the impedance 
of the unknown material: First, the field minimum is used to find the phase of the reflection 
coefficient, where 

Z min = - — (> + 71") = -0.3A (f) = 0.27T 

where j3 = 2tt/X has been used. Next, 



1 1 s+1 3+1 2 

So we now have 



We solve for r\ u to find 



T = 0.5e jU27r 



Vu ~ Vo 
Vu + Vo 



rj u = 7/ (1.70 + jl.33) = 641+j501 Q 



13.12. A 50MHz uniform plane wave is normally incident from air onto the surface of a calm ocean. 
For seawater, a = 4 S/m, and e' r = 78. 
a) Determine the fractions of the incident power that are reflected and transmitted: First 
we find the loss tangent: 

a 4 

— = = 18.4 

we' 2vr(50 x 10 6 )(78)(8.854 x 10" 12 ) 

This value is sufficiently greater than 1 to enable seawater to be considered a good con- 
ductor at 50MHz. Then, using the approximation (Eq. 65, Chapter 11), the intrinsic 
impedance is r/ s = ^irffi/a(l + j), and the reflection coefficient becomes 



V^f^/a (l+_i) - 770 
VV/Wo" (1 + j) +Vo 
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13.12 (continued) where ^Tiffi/a = y/ir{50 x 10 6 )(4vr x 10" 7 )/4 = 7.0. The fraction of the power 
reflected is 



Pr = . |2 = [^/^fj^-y } 2 + 7rffi/a = [7.0 - 377] 2 + 49.0 = ^ 
P< [^/>7^ + ??o] 2 + ^/^ [7.0 + 377] 2 + 49.0 ^~ 

The transmitted fraction is then 

— = 1 - irl 2 = 1-0.93 = 0.07 

p l 1 1 — 

b) Qualitatively, how will these answers change (if at all) as the frequency is increased? 
Within the limits of our good conductor approximation (loss tangent greater than about 
ten), the reflected power fraction, using the formula derived in part a, is found to decrease 
with increasing frequency. The transmitted power fraction thus increases. 

13.13. A right-circularly-polarized plane wave is normally incident from air onto a semi-infinite slab 
of plexiglas (e' r = 3.45, e" = 0). Calculate the fractions of the incident power that are reflected 
and transmitted. Also, describe the polarizations of the reflected and transmitted waves. First, 
the impedance of the plexiglas will be r\ = rjo/y/3.45 = 203 Q. Then 

r= 203 -377 
203 + 377 

The reflected power fraction is thus |T| 2 = 0.09 . The total electric field in the plane of 
the interface must rotate in the same direction as the incident field, in order to continu- 
ally satisfy the boundary condition of tangential electric field continuity across the interface. 
Therefore, the reflected wave will have to be left circularly polarized in order to make this 
happen. The transmitted power fraction is now 1 - |r| 2 = 0,91. The transmitted field will be 
right circularly polarized (as the incident field) for the same reasons. 

13.14. A left-circularly-polarized plane wave is normally-incident onto the surface of a perfect con- 
ductor. 

a) Construct the superposition of the incident and reflected waves in phasor form: Assume 
positive z travel for the incident electric field. Then, with reflection coefficient, V = — 1, 
the incident and reflected fields will add to give the total field: 



B tot = Ej + E r = E (a x + ja y )e jPz - E (a x + ja y )e 



(e~ jl3z - e j(3z ) a x + j {e~ jl3z - e j(3z ) a y 

V v ' N v ' 

-2jsin(/3z) -2jsin(/3z) 



2E sm(Pz) [a y - ja x ] 



b) Determine the real instantaneous form of the result of part a: 

E(z, t) = Re {E tot e Jujt } = 2E sinQgg) [cos(c^)a y + sm(ujt)a x } 

c) Describe the wave that is formed: This is a standing wave exhibiting circular polarization 
in time. At each location along the z axis, the field vector rotates clockwise in the xy 
plane, and has amplitude (constant with time) given by 2E sm(f3z). 
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13.15. Consider these regions in which e" = 0: region 1, z < 0, /xi = 4/xH/m and = 10 pF/m; 
region 2, < z < 6 cm, [i 2 = 2 fiH/m, e' 2 = 25 pF/m; region 3, z > 6 cm, /j 3 = /Ji and e' 3 = e[. 

a) What is the lowest frequency at which a uniform plane wave incident from region 1 onto 
the boundary at z = will have no reflection? This frequency gives the condition /3 2 d = it, 
where d = 6 cm, and 2 = uj\J ^ 2 e' 2 Therefore 

(3 2 d = ir => u = => f= 1 = 1.2 GHz 

(.06)^262 0.12^(2 x 10" 6 )(25 x 10" 12 ) 

b) If / = 50 MHz, what will the standing wave ratio be in region 1? At the given frequency, 
f3 2 = (2ttx5x10 7 )a/(2 x 10" 6 )(25 x 10" 12 ) = 2.22rad/m. Thus f3 2 d = 2.22(.06) = 0.133. 
The intrinsic impedance of regions 1 and 3 is rji = 7/3 = y/(4 x 10~ 6 )/(10 -11 ) = 632 Q. 
The input impedance at the first interface is now 



Vin = 283 



632 cos(.133) + i283sin(.133) 



_283cos(.133) +i632sin(.133)_ 
The reflection coefficient is now 



589 -jl38 = 605Z-.23 



r = Vin ~ Vi = 589 - jl38 - 632 = _ 
Vin + Vi 589 -jl38 + 632 

The standing wave ratio is now 

l+fl = 1±I 12 

i-r 1-.12 — 



13.16. A uniform plane wave in air is normally-incident onto a lossless dielectric plate of thickness 
A/8, and of intrinsic impedance 77 = 260 fl. Determine the standing wave ratio in front of the 
plate. Also find the fraction of the incident power that is transmitted to the other side of the 
plate: With the a thickness of A/8, we have (3d = 7r/4, and so cos(/3d) = sin(/3d) = ly/2. The 
input impedance thus becomes 



Tjin = 260 



377 + j260 
260 + j377 



243 - j92 Q 



The reflection coefficient is then 



Therefore 



(243 - 792) - 377 

T = f- J —{ — = -0.19 - j0.18 = 0.26Z - 2.4rad 

(243 - j92) + 377 J 

1 + .26 



1 - .26 



L7 and 1 - |r| 2 = 1 - (.26) 2 = 0.93 
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13.17. Repeat Problem 13.16 for the cases in which the frequency is 

a) doubled: If this is true, then d = A/4, and thus r] in = (260) 2 /377 = 179. The reflection 
coefficient becomes 

179-377 s= l±^ =2 . 13 
179 + 377 1 - .36 

Then 1 - |T| 2 = 1 - (.36) 2 = 0.87 . 

b) quadrupled: Now, d = A/2, and so we have a half- wave section surrounded by air. Trans- 
mission will be total, and so s = 1 and 1 — |T| 2 = 1. 



13.18. A uniform plane wave is normally-incident onto a slab of glass (n = 1.45) whose back surface 
is in contact with a perfect conductor. Determine the reflective phase shift at the front surface 
of the glass if the glass thickness is: (a) A/2; (b) A/4; (c) A/8. 

With region 3 being a perfect conductor, r] 3 = 0, and Eq. (36) gives the input impedance 
to the structure as rji n = jr/2 tan (3£. The reflection coefficient is then 



Vir 



?7o jr) 2 tan j3£ - r/ 



r)l tan 2 , 



r)l + j2r/ov72 tan fit 



Vin + Vo jri2 tan /3£ + r/ 



rfo tan 2 (3£ + % 



Tr+jVi 



where the last equality occurs by multiplying the numerator and denominator of the 
middle term by the complex conjugate of its denominator. The reflective phase is now 



tan 



tan" 



2r) 2 ?7o tan (31 
r\\ tan 2 fit — rft 



tan" 



(2.90) tan (3£ 
taupe- 2.10 



where r) 2 = 770/1. 45 has been used. We can now evaluate the phase shift for the three 
given cases. First, when I = A/2, j3£ = ir, and thus </>(A/2) = 0. Next, when £ = A/4, 
0£ = tt/2, and 

0(A/4) -> tan" 1 [2.90] = 7_TI 



as £ -» A/4. Finally, when £ = A/8, (5£ = vr/4, and 
0(A/8) = tan-' !, ° 



1-2.10 



-69.2° (or 291°) 
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13.19. You are given four slabs of lossless dielectric, all with the same intrinsic impedance, rj, known 
to be different from that of free space. The thickness of each slab is A/4, where A is the 
wavelength as measured in the slab material. The slabs are to be positioned parallel to one 
another, and the combination lies in the path of a uniform plane wave, normally- incident. The 
slabs are to be arranged such that the air spaces between them are either zero, one-quarter 
wavelength, or one-half wavelength in thickness. Specify an arrangement of slabs and air 
spaces such that 

a) the wave is totally transmitted through the stack: In this case, we look for a combination 
of half- wave sections. Let the inter-slab distances be di, d,2, and d% (from left to right). 
Two possibilities are i.) ^1=^2 = ^3 = , thus creating a single section of thickness A, 
or ii.) di = d 3 = 0, di = A/2, thus yielding two half- wave sections separated by a half- 
wavelength. 

b) the stack presents the highest reflectivity to the incident wave: The best choice here 
is to make d\ = d2 = d$ = A/4. Thus every thickness is one-quarter wavelength. The 
impedances transform as follows: First, the input impedance at the front surface of the last 
slab (slab 4) is /?i n ,i = rj 2 /rjo. We transform this back to the back surface of slab 3, moving 
through a distance of A/4 in free space: 77^2 = rJo/Vin,i = Vo/ 7 ! 2 - We next transform this 
impedance to the front surface of slab 3, producing r]i n ^ = 77 /rji nt 2 = V /Vo- We continue 
in this manner until reaching the front surface of slab 1, where we find rji n j = if /rjl- 
Assuming 77 < 770, the ratio rf 1 /r]Q~ l becomes smaller as n increases (as the number of 
slabs increases). The reflection coefficient for waves incident on the front slab thus gets 
close to unity, and approaches 1 as the number of slabs approaches infinity. 



13.20. The 50MHz plane wave of Problem 13.12 is incident onto the ocean surface at an angle to the 
normal of 60° . Determine the fractions of the incident power that are reflected and transmitted 
for 

a) s polarization: To review Problem 12, we first we find the loss tangent: 

a 4 

— = = 18.4 

oje 1 2vr(50 x 10 6 )(78)(8.854 x 10" 12 ) 

This value is sufficiently greater than 1 to enable seawater to be considered a good con- 
ductor at 50MHz. Then, using the approximation (Eq. 65, Chapter 11), and with 11 = [Iq, 
the intrinsic impedance is i] s = y/ivfn/a(l + j) = 7.0(1 + j). Next we need the angle of 
refraction, which means that we need to know the refractive index of seawater at 50MHz. 
For a uniform plane wave in a good conductor, the phase constant is 



a n sea U . r~t ■ I ^° 0« Q 

P = = V^f^ n sea = CJ — = 26.8 

Then, using Snell's law, the angle of refraction is found: 

sin 6 2 = sin 6»i = 26.8 sin(60°) => 9 2 = 1.9° 

m 

This angle is small enough so that cos 62 = 1. Therefore, for s polarization, 

F s = ^ ~ ^ = !-°; i+j ;- 3 !!/ COS60 ° = -0.98 + ,0.018 = 0.98Z179° 
Vs2 + Vsi 7.0(1 +j) + 377/ cos 60° J 
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3.20a (continued) The fraction of the power reflected is now |r s | 2 = 0.96 . The fraction transmitted 
is then 0.04 . 

b) p polarization: Again, with the refracted angle close to zero, the relection coefficient for 
p polarization is 



T p = ^ ~ M = 7-0(1+^-377 cos 60° = = 
P V P 2 + r] p i 7.0(1+ j) +377 cos 60° 



The fraction of the power reflected is now |r p | 2 = 0.86 . The fraction transmitted is then 
0.14 . 

13.21. A right-circularly polarized plane wave in air is incident at Brewster's angle onto a semi-infinite 
slab of plexiglas (e' r = 3.45, e" = 0, fi = /iq). 

a) Determine the fractions of the incident power that are reflected and transmitted: In 
plexiglas, Brewster's angle is 9b = 0\ = tan _1 (e^, 2 /eri) = tan _1 (v / 3.45) = 61.7°. Then 
the angle of refraction is # 2 = 90° — 63 (see Example 13.9), or 6 2 = 28.3°. With incidence 
at Brewster's angle, all p-polarized power will be transmitted — only s-polarized power 
will be reflected. This is found through 

r = "2s - Vis = .614^0-2.11770 = _ Q 
V2s + ms -614?7o + 2.11r7o 

where rj ls = 7/1 sec 6\ = rjo sec(61.7°) = 2.1l7) , 

and r)2s = ri2sec02 = (t/o/\/3.45) sec(28.3°) = 0.614t/ . Now, the reflected power fraction 
is |T| 2 = (— .549) 2 = .302. Since the wave is circularly-polarized, the s-polarized compo- 
nent represents one-half the total incident wave power, and so the fraction of the total 
power that is reflected is .302/2 = 0.15, or 15%. The fraction of the incident power that 
is transmitted is then the remainder, or 85% . 

b) Describe the polarizations of the reflected and transmitted waves: Since all the p-polarized 
component is transmitted, the reflected wave will be entirely s-polarized (linear). The 
transmitted wave, while having all the incident p-polarized power, will have a reduced 
s-component, and so this wave will be right-elliptically polarized. 

13.22. A dielectric waveguide is shown in Fig. 13.16 with refractive indices as labeled. Incident light 
enters the guide at angle <fi from the front surface normal as shown. Once inside, the light 
totally reflects at the upper ri\ — n 2 interface, where n\ > n 2 . All subsequent reflections from 
the upper an lower boundaries will be total as well, and so the light is confined to the guide. 
Express, in terms of n\ and n 2 , the maximum value of (f> such that total confinement will 
occur, with n = 1. The quantity sin0 is known as the numerical aperture of the guide. 

From the illustration we see that <f>\ maximizes when 6\ is at its minimum value. This minimum 
will be the critical angle for the ri\ — n 2 interface, where sin# c = sin6>i = n 2 /n 1 . Let the 
refracted angle to the right of the vertical interface (not shown) be fa, where TT-osin^i = 
nisin0 2 . Then we see that fa + 9\ = 90°, and so sin#i = cos fa. Now, the numerical aperture 
becomes 

sin (pimax = — sin fa = n\ cos 6\ = n\ y 1 — sin 2 6\ = n\ y/l — (n 2 /ni) 2 = \ n\ — n\ 
Finally, fa max = sin -1 (^\/n\ — ri^j is the numerical aperture angle. 
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13.23. Suppose that 4>i in Fig. 13.16 is Brewster's angle, and that B\ is the critical angle. Find n in 
terms of ri\ and n 2 - With the incoming ray at Brewster's angle, the refracted angle of this ray 
(measured from the inside normal to the front surface) will be 90° — 4>\. Therefore, (j>\ = 0\, 
and thus sin^i = sin#i. Thus 



sin 0i = — p = sin 6*i = — => n = (n 1 /n 2 )\ n\ - 
yjn\ + n\ ni Y 



ii', 



Alternatively, we could have used the result of Problem 13.22, in which it was found that 
sin 0i = (l/no)\A^i ~~ n 2 i which we then set equal to sin#i = n 2 /n\ to get the same result. 

13.24. A Brewster prism is designed to pass p-polarized light without any reflective loss. The prism 
of Fig. 13.17 is made of glass (n = 1.45), and is in air. Considering the light path shown, 
determine the apex angle, a: With entrance and exit rays at Brewster's angle (to eliminate 
reflective loss), the interior ray must be horizontal, or parallel to the bottom surface of the 
prism. From the geometry, the angle between the interior ray and the normal to the prism 
surfaces that it intersects is a/2. Since this angle is also Brewster's angle, we may write: 

a = 28m" 1 ( - 1 ) = 28m- 1 | - 1 ] = 1.21 rad = 69.2° 

Vyrrr?; I ^i + (i.45) 2 1 — 



13.25. In the Brewster prism of Fig. 13.17, determine for s-polarized light the fraction of the incident 
power that is transmitted through the prism: We use T s = (r] s2 — Vsi)/(Vs2 + Vsi), where 



Vs2 



V2 



cos(tf B2 



n 



n 2 



and 



m 



m 



COs(^Bi) 1/VT+ 



Thus, at the first interface, Y = (1 — n 2 ) /(l + n 2 ). At the second interface, T will be equal but 
of opposite sign to the above value. The power transmission coefficient through each interface 
is 1 — |T| 2 , so that for both interfaces, we have, with n = 1.45: 



# L = (i-|r| 2 ) 2 



n 



n 2 + 1 



0.76 
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13.26. Show how a single block of glass can be used to turn a p-polarized beam of iight through 180°, 
with the light suffering, in principle, zero reflective loss. The light is incident from air, and 
the returning beam (also in air) may be displaced sideways from the incident beam. Specify 
all pertinent angles and use n = 1.45 for glass. More than one design is possible here. 

The prism below is designed such that light enters at Brewster's angle, and once inside, is 
turned around using total reflection. Using the result of Example 13.9, we find that with 
glass, Ob = 55.4°, which, by the geometry, is also the incident angle for total reflection at the 
back of the prism. For this to work, the Brewster angle must be greater than or equal to the 
critical angle. This is in fact the case, since 9 C = sin _1 (n2/ni) = sin _1 (l/1.45) = 43.6°. 



13.27. Using Eq. (79) in Chapter 12 as a starting point, determine the ratio of the group and phase 
velocities of an electromagnetic wave in a good conductor. Assume conductivity does not vary 
with frequency: In a good conductor: 






du 2 L 2 J 2 



Thus 




and 




Therefore v g /v p = 2. 
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13.28. Over a small wavelength range, the refractive index of a certain material varies approximately 
linearly with wavelength as n(A) = n a + n&(A — A a ), where n a , rib, and A a are constants, and 
where A is the free space wavelength. 

a) Show that d/dw = — (2irc/uj 2 )d/dX: With A as the free space wavelength, we use A = 
2ttc/lj, from which dX/duj = — 2-KcjuJ 2 . Then d/duj = (dX/duj) d/dX = — (2itc/lu 2 ) d/dX. 

b) Using (3{X) = 2irn/X, determine the wavelength-dependent (or independent) group delay 
over a unit distance: This will be 



d@ 
dw 



d_ 
dto 



27rn(A) 
A 



2vrc d 
~~ dX 



or 



2ir 
T 



n a + n b {X - X a )] 



2irc 






--[ 
A 2 L 


X 2 


2-Kric 


2vrc 


A 2 



2tt 
"A 



rib 



+ 



2Tm b X a 
X 2 



(n a - n b X a ) s/m 



c) Determine fa from your result of part b: fa = d 2 (3 / duj 2 \ UQ . Since the part b result is 
independent of wavelength (and of frequency), it follows that fa = 0. 

d) Discuss the implications of these results, if any, on pulse broadening: A wavelength- 
independent group delay (leading to zero fa) means that there will simply be no pulse 
broadening at all. All frequency components arrive simultaneously. This sort of thing 
happens in most transparent materials - that is, there will be a certain wavelength, known 
as the zero dispersion wavelength, around which the variation of n with A is locally linear. 
Transmitting pulses at this wavelength will result in no pulse broadening (to first order) . 



13.29. A T = 5 ps transform-limited pulse propagates in a dispersive channel for which fa = 
10 ps 2 /km. Over what distanc e will the pu lse spread to twice its initial width? After prop- 
agation, the width is V = ^T 2 + (At) 2 = 2T. Thus At = V3T, where At = faz/T. 
Therefore 

T fa 10ps 2 /km 



13.30. A T = 20 ps transform-limited pulse propagates through 10 km of a dispersive channel for 
which fa = 12ps 2 /km. The pulse then propagates through a second 10 km channel for which 
fa = — 12ps 2 /km. Describe the pulse at the output of the second channel and give a physical 
explanation for what happened. 

Our theory of pulse spreading will allow for changes in fa down the length of the channel. In 
fact, we may write in general: 

AT =fJ o fo{z)dz 

Having fa change sign at the midpoint, yields a zero At, and so the pulse emerges from the 
output unchanged! Physically, the pulse acquires a positive linear chirp (frequency increases 
with time over the pulse envelope) during the first half of the channel. When fa switches sign, 
the pulse begins to acquire a negative chirp in the second half, which, over an equal distance, 
will completely eliminate the chirp acquired during the first half. The pulse, if originally 
transform-limited at input, will emerge, again transform-limited, at its original width. More 
generally, complete dispersion compensation is achieved using a two-segment channel when 
faL = — fa 2 L', assuming dispersion terms of higher order than fa do not exist. 
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CHAPTER 14 



14.1. The dimensions of the outer conductor of a coaxial cable are b and c, c > b. Assume a = a c and let 
jjL = /j,q. Find the magnetic energy stored per unit length in the region b < r < c for a uniformly 
distributed total current / flowing in opposite directions in the inner and outer conductors: First, 
from the inner conductor, the magnetic field will be 



Hi 



I 

2^p c 



The contribution from the outer conductor to the magnetic field within that conductor is found 
from Ampere's circuital law to be: 



H 2 = - 



2np c 2 -b 2 v 

The total magnetic field within the outer conductor will be the sum of the two fields, or 



Hn 



Hi +H S 



I 

2^p 



c 2 -p 2 ^ 
c 2 -b 2 



The energy density is 



1 



W r , 



Po^t 



Pol 2 



2— 8 ^2 |_ c 2 _ 52 
The stored energy per unit length in the outer conductor is now 

2 



J/m 3 



W„ 



II 

Jo Jo 
Pol 2 
4tt 



Pol 2 

b 87T 2 



c 2 -p 2 



b 2 



(c 2 -b 2 ) 2 



In 



(D 



+ 



p dp dcj> dz 

2 -(3/4)c 2 ' 
(c 2 - b 2 ) 



Pol 2 



4vr(c 2 - ft 2 ) 2 



/ C [— - 
Jb IP 



2c 2 p + p 3 



dp 



14.2. The conductors of a coaxial transmission line are copper (a c = 5.8 x 10~ 7 S/m) and the dielectric 
is polyethylene (e' r = 2.26, a/uje' = 0.0002). If the inner radius of the outer conductor is 4 mm, 
find the radius of the inner conductor so that (assuming a lossless line): 
a) Z = 50 ft: Use 

Thus b/a = e 1 - 25 = 3.50, or a = 4/3.50 = 1.142 mm 



1 



14.2b. C = 100 pF/m: Begin with 



C = . . = 10" 10 In (- ) =2vr(2.26)(8.854 x 10" 2 ) = 1.257 



ln(6/a) \a 

So 6/a = e 1 - 257 = 3.51, or a = 4/3.51 = 1.138 mm . 
c) L = 0.2 /iR/rn: Use 

L=£]b m =02X10- =* I- ('-) - ""f X in 1 °:' ) = 1 
2vr V a / W 4vr x 10" 7 

Thus 6/a = e 1 = 2.718, or a = 6/2.718 = 1.472 mm . 



14.3. Two aluminum-clad steel conductors are used to construct a two-wire transmission line. Let 
oai = 3.8 x 10 7 S/m, a S t = 5 x 10 6 S/m, and fist = 100/xH/m. The radius of the steel wire is 0.5 
in., and the aluminum coating is 0.05 in. thick. The dielectric is air, and the center-to-center wire 
separation is 4 in. Find C, L, G, and R for the line at 10 MHz: The first question is whether we 
are in the high frequency or low frequency regime. Calculation of the skin depth, 5, will tell us. 
We have, for aluminum, 

5 = - 1 = 1 = 2.58 x 10" 5 m 

V^TJm^ai ^(10 7 )(4^ x 10" 7 )(3.8 x 10 7 ) 

so we are clearly in the high frequency regime, where uniform current distributions cannot be 
assumed. Furthermore, the skin depth is considerably less than the aluminum layer thickness, so 
the bulk of the current resides in the aluminum, and we may neglect the steel. Assuming solid 
aluminum wires of radius a = 0.5 + 0.05 = 0.55 in = 0.014 m, the resistance of the two-wire line 
is now ^ ^ 

R = = tt(.014)(2.58 x 10-5)(3.8 x 10 7 ) = °-° 23 ^ /m 

Next, since the dielectric is air, no leakage will occur from wire to wire, and so G = S/m. Now 
the capacitance will be 

C = ^ = 71 X 1 8 ' 85 X 10 " 12 = 1.42 x lO" 11 F/m = 14.2 P F/m 

cosh _1 (d/2a) cosh" 1 (4/(2 x 0.55)) ~ J — 

Finally, the inductance per unit length will be 

L = — cosh(d/2o) = 47F X 10 cosh (4/(2 x 0.55)) = 7.86 x 10" 7 H/m = 0.786 ^H/m 

7T TT 
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14.4. Each conductor of a two-wire transmission line has a radius of 0.5mm; their center-to-center 
distance is 0.8cm. Let / = 150MHz and assume a and a c are zero. Find the dielectric constant 
of the insulating medium if 

a) Z = 300 ft: Use 

300 cosh_1 (-) =* 7< = — ^h" 1 (J-) =1.107 => 4 = 1.23 
vrY e' r e \2a J V r 300vr \ 2 (- 5 )/ 

b) C = 20 pF/m: Use 
20 x 10" 



c) v p = 2.6 x 10 8 m/s: 

1 1 c , f 3.0xl0 8 V 

w = — == = — . = — == => e„ = o = 1.33 

p y< r V2.6xio 8 ; — 



ire 



cosh _1 (d/2a) 



£ ;= 20X10 12 cosh- 1 (8) = 1^99 
7re 



14.5. Pertinent dimensions for the transmission line shown in Fig. 14.2 are 6 = 3 mm, and d = 0.2 mm. 
The conductors and the dielectric are non-magnetic, 
a) If the characteristic impedance of the line is 15 f2, find e' r : We use 



b) Assume copper conductors and operation at 2 x 10 8 rad/s. If RC = GL, determine the loss 
tangent of the dielectric: For copper, a c = 5.8 x 10 7 S/m, and the skin depth is 



w/i (J c V (2 x 10 8 )(4vr x 10" 7 )(5.8 x 10 7 ) 



1.2 x 10" 5 m 



Then 



Now 



and 



2 2 

R = — - = t =- =- r = 0.98 n/m 

a c 5b (5.8 x 10 7 )(1.2 x 10" 5 )(.003) 1 

„ e'b (2.8)(8.85 x 10" 12 )(3) „ 10 „ . 

C = — = — = 3.7 x 10" 10 F/m 

d 0.2 1 

t= M = (4«xlO-')(0.2) 

b 3 ' 



Then, with RC = GL, 

RC = (.98)(3.7 X 10--») = = ^ 

L (8.4 x 10" 8 ) 7 d 

Thus era = (4.4 x 10" 3 )(0.2/3) = 2.9 x 10" 4 S/m. The loss tangent is 

lt- ad - 2 ' 9 X 10 " 4 - 5 85 x 10- 2 

" we' " (2 x 10 8 )(2.8)(8.85 x 10" 12 ) " 



3 



14.6. A transmission line constructed from perfect conductors and an air dielectric is to have a maximum 
dimension of 8mm for its cross-section. The line is to be used at high frequencies. Specify its 
dimensions if it is: 

a) a two- wire line with Zq = 300 S7: With the maximum dimension of 8mm, we have, using (24): 



i ni 



7T 



cosh 1 



8 - 2a 
2a 



300 



8 -2a 
2a 



cosh 



/300vr\ 



V 120vr 



6.13 



Solve for a to find a = 0.56 mm. Then d = 8 — 2a = 6.88 mm. 



b) a planar line with Zq = 15 J7: In this case our maximum dimension dictates that \J d 2 + b 2 = 8. 
So, using (8), we write 



A) 



H V64 - 6 2 



15 



e b 

Solving, we find b = 7.99 mm and d = 0.32 mm 



V64 - 6 2 = -^-b 
377 



c) a 72 O coax having a zero-thickness outer conductor: With a zero-thickness outer conductor, 
we note that the outer radius is b = 8/2 = 4mm. Using (13), we write 



Z n 



In 



72 



In 



2^(72) 

1207T 



1.20 



a = be- 120 = 4e- 120 = 1.2 



2vr V e' 

Summarizing, a = 1.2 mm and b = 4mm. 

14.7. A microstrip line is to be constructed using a lossless dielectric for which e' r = 7.0. If the line is to 
have a 50-17 characteristic impedance, determine: 

a) e r ,eff- We use Eq. (34) (under the assumption that w/d > 1.3) to find: 

e r e// = 7.0 [0.96 + 7.0(0.109 - 0.004 x 7.0) log 10 (10 + 50) - l]" 1 = 5^ 

b) w/d: Still under the assumption that w/d > 1.3, we solve Eq. (33) for d/w to find 



w 



(0.1) 



€ r,eff 



(0.1) [3.0(5.0-4.0) 1 



e' r + l 



1/0.555 



1/0.555 



0.10 



-0.10 = 0.624 



w 



1.60 



14.8. Two microstrip lines are fabricated end-to-end on a 2-mm thick wafer of lithium niobate (e' r = 4.8). 
Line 1 is of 4mm width; line 2 (unfortunately) has been fabricated with a 5mm width. Determine 
the power loss in dB for waves transmitted through the junction. 

We first note that W\/d\ = 2.0 and W2/d 2 = 2.5, so that Eqs. (32) and (33) apply. As the 
first step, solve for the effective dielectric constants for the two lines, using (33). For line 1: 



e rl,eff 



5.8 

T 



+ 



3i 



1 + 10 



n -0.555 



3.60 



For line 2: 



e r2,eff 



5.8 3.8 



1 + 10 



1 

2T5 



-0.555 



3.68 
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14.8 (continued) We next use Eq. (32) to find the characteristic impedances for the air-filled cases. 
For line 1: 



ll s) + V w (s' +2 



and for line 2: 



J 02 



89.6 ohms 



79.1 ohms 



The actual line impedances are given by Eq. (31). Using our results, we find 



^01 



A 01 



89.6 



47.2 n and Z, 



02 



rya%r 
A 02 



79.1 



4i.2 n 



The reflection coefficient at the junction is now 



_ Z 02 - Z i _ 47.2 - 41.2 _ 
~ Z 02 + ^oi ~ 47.2 + 41.2 ~ 

The transmission loss in dB is then 

P L (dB) = -101og 10 (l - |rf) = -101og 10 (0.995) = 0.02 dB 

14.9. A parallel-plate waveguide is known to have a cutoff wavelength for the m = 1 TE and TM modes 
of A c i = 0.4 cm. The guide is operated at wavelength A = 1 mm. How many modes propagate? 
The cutoff wavelength for mode m is A cm = 2nd/ m, where n is the refractive index of the guide 
interior. For the first mode, we are given 



A c i 



2nd 



0.4 cm 



d 



0.4 _ 0.2 

2n n 



cm 



Now, for mode m to propagate, we require 

2nd 0.4 



A < 



m < 



0.4 0.4 



m 



m 



A 



0.1 



So, accounting for 2 modes (TE and TM) for each value of m, and the single TEM mode, we will 
have a total of 9 modes. 



14.10. A parallel-plate guide is to be constructed for operation in the TEM mode only over the frequency 
range < / < 3 GHz. The dielectric between plates is to be teflon (e' r = 2.1). Determine the 
maximum allowable plate separation, d: We require that f < f c i, which, using (41), becomes 



/< 



2nd 



dmax 



3 x 10 8 



2nf„ 



2V2A(3 x 10 9 ) 



3.45 cm 



14.11. A lossless parallel- plate waveguide is known to propagate the m = 2 TE and TM modes at 
frequencies as low as 10GHz. If the plate separation is 1 cm, determine the dielectric constant of 
the medium between plates: Use 

c 3 x 10 10 

fc2 = —, = tt^ = 10 10 => n = 3 or e r = 9 

nd nil) 
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14.12. A d = 1 cm parallel-plate guide is made with glass (n = 1.45) between plates. If the operating 
frequency is 32 GHz, which modes will propagate? For a propagating mode, we require / > f cm 
Using (41) and the given values, we write 

, mc 2fnd 2(32 x 10 9 )(1.45)(.01) 

/ > => m< — = -i A - A = 3.09 

2nd c 3 x 10 8 

The maximum allowed m in this case is thus 3, and the propagating modes will be TMi, TEi, 
TM 2 , TE_2, TM 3 , and TE 3 . 

14.13. For the guide of Problem 14.12, and at the 32 GHz frequency, determine the difference between the 
group delays of the highest order mode (TE or TM) and the TEM mode. Assume a propagation 
distance of 10 cm: From Problem 14.12, we found m max = 3. The group velocity of a TE or TM 
mode for m = 3 is 



c 

v g3 = ~ 
n 

Thus 



\Mf) 2 /- = wmy = 31 x 1010 = 31 GHz 



For the TEM mode (assuming no material dispersion) v 9 ^em = c/n = 3 x 10 10 /1.45 = 2.07 x 10 10 
cm/s. The group delay difference is now 



A 



At ' = Z W>~ = 10 ~ 2.07 x lO'O. 1 " ' 



14.14. The cutoff frequency of the m = 1 TE and TM modes in a parallel- plate guide is known to be 
fd = 7.5 GHz. The guide is used at wavelength A = 1.5 cm. Find the group velocity of the m = 2 
TE and TM modes. First we know that f c2 = 2f cl = 15 GHz. Then / = c/A = 3 x 10 8 /.015 = 20 
GHz. Now, using (57), 

n was not specified in the problem. 



14.15. A parallel-plate guide is partially filled with two lossless dielectrics (Fig. 14.31) where e' rl = 4.0, 
e' r2 = 2.1, and d = 1 cm. At a certain frequency, it is found that the TMi mode propagates through 
the guide without suffering any reflective loss at the dielectric interface, 
a) Find this frequency: The ray angle is such that the wave is incident on the interface at 
Brewster's angle. In this case 




6 B =tan" 1 \ — =35.9° 



The ray angle is thus 9 = 90 — 35.9 = 54.1°. The cutoff frequency for the m = 1 mode is 

fa = = ^-4^1- = 7.5GHz 

2d^[ 2(1)(2) 
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14.15. (continued) The frequency is thus / = f cl /cos9 = 7.5/ cos(54.1°) = 12.8 GHz . 



b) Is the guide operating at a single TM mode at the frequency found in part a? The cutoff 
frequency for the next higher mode, TM 2 is / C 2 = 2/ c i = 15 GHz. The 12.8 GHz operating 
frequency is below this, so TM2 will not propagate. So the answer is yes. 

14.16. In the guide of Figure 14.31, it is found that m = 1 modes propagating from left to right totally 
reflect at the interface, so that no power is transmitted into the region of dielectric constant e' r2 - 
a) Determine the range of frequencies over which this will occur: For total reflection, the ray 
angle measured from the normal to the interface must be greater than or equal to the critical 
angle, 6 C , where sin# c = (e^Ar-i) 1 ^ 2 - The minimummode ray angle is then Q\ m in = 90° — 6 C . 
Now, using (39), we write 

90° -9 C = cos" 1 ( -?—) = cos" 1 ( ^—^=) = cos" 1 ( —?—) 

\k min dj \2irf min dV4j \4df mm J 



Now 



cos(90 — 9 C ) = sin 9 C 




4d/„ 



Therefore f min = c/(2y/2ld) = (3 x 10 8 )/(2\/2T(.01)) = 10.35 GHz. The frequency range is 
thus / > 10.35 GHz . 

b) Does your part a answer in any way relate to the cutoff frequency for m = 1 modes in any 
region? We note that f m in = c/(2y/2~ld) = f c i in guide 2. To summarize, as frequency is 
lowered, the ray angle in guide 1 decreases, which leads to the incident angle at the interface 
increasing to eventually reach and surpass the critical angle. At the critical angle, the refracted 
angle in guide 2 is 90°, which corresponds to a zero degree ray angle in that guide. This defines 
the cutoff condition in guide 2. So it would make sense that f m in = /ci (guide 2). 



14.17. A rectangular waveguide has dimensions a = 6 cm and 6 = 4 cm. 

a) Over what range of frequencies will the guide operate single mode? The cutoff frequency for 
mode mp is, using Eq. (88): 



c I (m\ z (p^ 2 



fc ' mn ~2n\\a) + \b 

where n is the refractive index of the guide interior. We require that the frequency lie between 
the cutoff frequencies of the TE W and TE m modes. These will be: 

c _ 3 x 10 8 _ 2.5 x 10 9 
■' cl ° ~2^a~ 2n(.06) ~ n 

c 3 x 10 8 3.75 x 10 9 

J cm 



2nb 2n(.04) n 
Thus, the range of frequencies over which single mode operation will occur is 

2 A G Hz < / < — GHz 

n n 
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14.17b) Over what frequency range will the guide support both TE W and TEq\ modes and no others? We 
note first that / must be greater than / c oi to support both modes, but must be less than the cutoff 
frequency for the next higher order mode. This will be / C n, given by 

c // 1 \ 2 / 1 \ 2 _ 30c _ 4.5 x 10 9 
tcl1 ~ 2^y \MJ + \M) ~ 2^ ~ n 

The allowed frequency range is then 

3.75 ^ 4.5 ^ 
GHz < / < — GHz 

n n 



14.18. Two rectangular waveguides are joined end-to-end. The guides have identical dimensions, where 
a = 2b. One guide is air-filled; the other is filled with a lossless dielectric characterized by e' r . 
a) Determine the maximum allowable value of e' r such that single mode operation can be simul- 
taneously ensured in both guides at some frequency: Since a = 26, the cutoff frequency for any 
mode in either guide is written using (88): 




where n = 1 in guide 1 and n = in guide 2. We see that, with a = 2b, the next 

modes (having the next higher cutoff frequency) above TEi with be TE 2 o and TE i- We 
also see that in general, f cmp (guide 2) < / cmp (guide 1). To assure single mode operation 
in both guides, the operating frequency must be above cutoff for TEio in both guides, and 
below cutoff for the next mode in both guides. The allowed frequency range is therefore 
/cio(guidel) < / < / C 2o(guide 2). This leads to c/(2a) < f < c/(a^ s /e^). For this range to be 
viable, it is required that e' r < 4. 

b) Write an expression for the frequency range over which single mode operation will occur in 
both guides; your answer should be in terms of e' r , guide dimensions as needed, and other 
known constants: This was already found in part a: 

c , c 
2a \f^ r a 

where e' r < 4. 



14.19. An air-filled rectangular waveguide is to be constructed for single-mode operation at 15 GHz. 
Specify the guide dimensions, a and b, such that the design frequency is 10/while being 10% lower 
than the cutoff frequency for the next higher-order mode: For an air-filled guide, we have 



For TEio we have / c io = c/2a, while for the next mode (TEqi), f c oi = c/2b. Our requirements 
state that / = l.l/ c io = 0.9/ c0 i. So f cW = 15/1.1 = 13.6 GHz and f c01 = 15/0.9 = 16.7 GHz. 
The guide dimensions will be 

c 3 x 10 10 ^ _ , , c 3 x 10 10 

1.1 cm and 6 = — ; — = — ^ = 0.90 cm 



2/ c io 2(13.6 x 10 9 ) 2/coi 2(16.7 x 10 9 ) 
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14.20. Using the relation P av = (l/2)Re{E s x H*}, and Eqs. (78) through (80), show that the average 
power density in the TEi mode in a rectangular waveguide is given by 

P av = ^E 2 sin 2 ( Kl0 x) a 2 W/m 2 
Zujfi 

Inspecting (78) through (80), we see that (80) includes a factor of j, and so would lead to an 
imaginary part of the total power when the cross product with E y is taken. Therefore, the real 
power in this case is found through the cross product of (78) with the complex conjugate of (79), 
or 

P av = ^Re{E ys x H:j = ^E 2 sm 2 ( Kl0 x) az W/m 2 



14.21. Integrate the result of Problem 14.20 over the guide cross-section < x < a, < y < b, to show 
that the power in Watts transmitted down the guide is given as 

p= ^o6 ab w 



where r\ = y/fj,/e, and #io is the wave angle associated with the TEi mode. Interpret. First, the 
integration: 



f f -^-Eq sin 2 (k 10 x)sl z -a z dxdy 
Jo Jo 



(hoab 



E 2 



Next, from (54), we have (3\o = tv^fjlesmOio, which, on substitution, leads to 



P = ^-E?,sm9 w W with n 
Ar) 



The sin #io dependence demonstrates the principle of group velocity as energy velocity (or power). 
This was considered in the discussion leading to Eq. (57). 

14.22. Show that the group dispersion parameter, d 2 P/dw 2 , for given mode in a parallel-plate or rectan- 
gular waveguide is given by 



duo 2 



n 



ujc \ UJ 



-3/2 



where oj c is the radian cutoff frequency for the mode in question (note that the first derivative 
form was already found, resulting in Eq. (57)). First, taking the reciprocal of (57), we find 



dp 
dco 



n 
c 



-1/2 



Taking the derivative of this equation with respect to oj leads to 



d 2 ^ 
div 2 



n 
c 



1 -3/2 



2^ 

UJ 3 



n /uj. 



UJC \ UJ 



UJ, 



UJ 



-3/2 
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14.23. Consider a transform-limited pulse of center frequency / = 10 GHz and of full- width 2T = 1.0 ns. 
The pulse propagates in a lossless single mode rectangular guide which is air-filled and in which 
the 10 GHz operating frequency is 1.1 times the cutoff frequency of the TE\q mode. Using the 
result of Problem 14.22 (mis-referenced as 14.14 in the problem statement), determine the length 
of the guide over which the pulse broadens to twice its initial width: The broadened pulse will have 
width given by T' = \/T 2 + (At) 2 , where At = f3 2 L/T for a transform limited pulse (assumed 
gaussian). (3 2 is the Problem 14.22 result evaluated at the operating frequency, or 

a = H\ = 1 (1_V 

P2 ^l^-lOGHz (2vr x 10 10 )(3 x 10 8 ) 

= 6.1 x 10 -19 s 2 /m = 0.61 ns 2 /m 
Now At = 0.61L/0.5 = 1.2L ns. For the pulse width to double, we have X" = 1 ns, and 

V(-05) 2 + (1.2L) 2 = 1 => L = 0.72m = 72 cm 

What simple step can be taken to reduce the amount of pulse broadening in this guide, while 
maintaining the same initial pulse width? It can be seen that (3 2 can be reduced by increasing the 
operating frequency relative to the cutoff frequency; i.e., operate as far above cutoff as possible, 
without allowing the next higher-order modes to propagate. 

14.24. A symmetric dielectric slab waveguide has a slab thickness d = 10 fim, with n\ = 1.48 and 
n 2 = 1.45. If the operating wavelength is A = 1.3 p, what modes will propagate? We use the 
condition expressed through (111): kod^/nl — n 2 > (m — 1)tt. Since k = 2tt/X, the condition 
becomes 

^Jnj-n 2 . > (m-1) => ^V(l-48) 2 - (1.45) 2 = 4.56 > m - 1 
A » ~ 1.3 

Therefore, m max = 5, and we have TE and TM modes for which m = 1, 2, 3, 4, 5 propagating (ten 
total). 

14.25. A symmetric slab waveguide is known to support only a single pair of TE and TM modes at 
wavelength A = 1.55 /im. If the slab thickness is 5 p, what is the maximum value of n\ if 
77-2 = 3.3 (assume 3.30)? Using (112) we have 



^^n 2 -n|<vr n x < ^ A + n \ = + ( 3 .30) 2 = 3,32 



14.26. n\ = 1.50, n 2 = 1.45, and d = 10 /xm in a symmetric slab waveguide (note that the index values 
were reversed in the original problem statement). 

a) What is the phase velocity of the m = 1 TE or TM mode at cutoff? At cutoff, the mode 
propagates in the slab at the critical angle, which means that the phase velocity will be equal 
to that of a plane wave in the upper or lower media of index n 2 ■ Phase velocity will therefore 
be Up(cutoff) = c/n 2 = 3 x 10 8 /1.45 = 2.07 x 10 8 m/s. 

b) What is the phase velocity of the m = 2 TE or TM modes at cutoff? The reasoning of part a 
applies to all modes, so the answer is the same, or 2.07 x 10 8 m/s. 
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14.27. An asymmetric slab waveguide is shown in Fig. 14.32. In this case, the regions above and below 
the slab have unequal refractive indices, where n\ > n 3 > 

a) Write, in terms of the appropriate indices, an expression for the minimum possible wave angle, 
0i, that a guided mode may have: The wave angle must be equal to or greater than the critical 
angle of total reflection at both interfaces. The minimum wave angle is thus determined by 
the greater of the two critical angles. Since n 3 > n 2 , we find m in = #c,i3 = sin _1 (n 3 /ni). 

b) Write an expression for the maximum phase velocity a guided mode may have in this structure, 
using given or known parameters: We have v Ptmax = Lu/(3 m i n , where (3 m in = nikos\n0i^ min = 
nikonz/m = n 3 k . Thus v Pyma x = to/(n 3 k ) = c/n 3 . 

14.28. A step index optical fiber is known to be single mode at wavelengths A > 1.2 pm. Another fiber 
is to be fabricated from the same materials, but is to be single mode at wavelengths A > 0.63 ^m. 
By what percentage must the core radius of the new fiber differ from the old one, and should it be 
larger or smaller? We use the cutoff condition, given by (129): 

With A reduced, the core radius, a, must also be reduced by the same fraction. Therefore, the 
percentage reduction required in the core radius will be 

1 2 — 63 
% = • - 2 u ° x 100 = 47.5% 



14.29. Is the mode field radius greater than or less than the fiber core radius in single-mode step-index 
fiber? 

The answer to this can be found by inspecting Eq. (134). Clearly the mode field radius 
decreases with increasing V, so we can look at the extreme case of V = 2.405, which is the 
upper limit to single-mode operation. The equation evaluates as 

Po 1.619 2.879 

"°- 65+ (2^0^ + (2^ = 1 - 10 

Therefore, po is always greater than a within the single-mode regime, V < 2.405. 

14.30. The mode field radius of a step-index fiber is measured as 4.5 pm at free space wavelength A = 1.30 
pm. If the cutoff wavelength is specified as A c = 1.20 pm, find the expected mode field radius at 
A = 1.55 pm. 

In this problem it is helpful to use the relation V = 2.405 (A c / A), and rewrite Eq. (134) to 
read: 

/ , N 3/2 / \ \ 6 

^ = 0.65 + 0.434 (A) +0.015 (A 
a \X C J \X C 

At A = 1.30 pm, A/A c = 1.08, and at 1.55 pm, A/A c = 1.29. Using these values, along with 
our new equation, we write 



p (1.55) = 4.5 



0.65 + 0.434(1.29) 3 / 2 + 0.015(1.29) 6 
0.65 + 0.434(1.08) 3 / 2 + 0.015(1.08) 6 



5.3 pm 
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14.31. A short dipole carrying current Iq cos uit in the a z direction is located at the origin in free space. 

a) If /3 = 1 rad/m, r = 2 m, 9 = 45°, = 0, and t = 0, give a unit vector in rectangular compo- 
nents that shows the instantaneous direction of E: In spherical coordinates, the components 
of E are given by (136) and (137): 

47T \ Ar jlnr 6 J 

Since we want a unit vector at t = 0, we need only the relative amplitudes of the two com- 
ponents, but we need the absolute phases. Since 6 = 45°, sin6> = cos 9 = l/y/2. Also, with 
(3 = 1 = 2ir/\, it follows that A = 2ir m. The above two equations can be simplified by these 
substitutions, while dropping all amplitude terms that are common to both. Obtain 

Ar=(- + —) e->r 
\r 2 jr 3 J 

Ae = \ (j- + -2 + ^ )e- jr 
2 \ r r z jr 6 J 

Now with r = 2 m, we obtain 

Ae = (j\ + \-3^) e- 2 = ^(0.90)e^ 3 °e- 2 

The total vector is now A = A r a r + Agag. We can normalize the vector by first finding the 
magnitude: 

|A| = VA • A* = ^(1.12) 2 + (0.90) 2 = 0.359 

Dividing the field vector by this magnitude and converting 2 rad to 114.6°, we write the 
normalized vector as 

A Ns = 0.780e- jl41 - 2 °a r + 0.627e- 58 - 3 °a e 
In real instantaneous form, this becomes 

Ajv(t) = Re (A Ns e juit ) = 0.780 cos(ut - 141.2°)a r + 0.627 cos(wi - 58.3°)a e 

We evaluate this at t = to find 

Ajv(0) = 0.780 cos(141.2°)a r + 0.627 cos(58.3°)a e = -0.608a r + 0.330a e 
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14.31a. (continued) 

Dividing by the magnitude, ./(0.608) 2 + (0.330) 2 = 0.692, we obtain the unit vector at t = 0: 
aAr(O) = — 0.879a r + 0.477a#. We next convert this to rectangular components: 

a Nx =ajv(0) a x = -0.879 sin 9 cos <f> + 0.477 cos 9 cos <p = — (-0.879 + 0.477) = -0.284 

v2 

cl pjy = a7v(0) • a y = — 0.879 sin 9 sin^ + 0.477 cos 9 sin (f> = since 4> = 

a Nz = a N {0)-a z = -0.879 cos 9 - 0.477 sin 6 = -= (-0.879 -0.477) = -0.959 

v2 

The final result is then 

aAr(O) = -0.284a,; - 0.959a^ 

b) What fraction of the total average power is radiated in the belt, 80° < 9 < 100°? We use the 
far-zone phasor fields, (138) and (139), and first find the average power density: 

P avg = \MEosHl s ) = §^^ 2 9 W/m 2 
We integrate this over the given belt, an at radius r: 

Pbelt = / / ^4 sin 2 9 r 2 sin 9d9dcf>= / sin 3 9 d9 

JO J80° ° A r J80° 

Evaluating the integral, we find 

1 



belt 



_r2 j2 r 1 1 100 TrT 2 H 2 r> 



The total power is found by performing the same integral over 9, where < 9 < 180°. Doing 
this, it is found that 

P« = (1-333)^ 
The fraction of the total power in the belt is then / = 0.344/1.333 = 0.258 . 

14.32. Prepare a curve, r vs. 9 in polar coordinates, showing the locus in the = plane where: 

a) the radiation field \Eg s \ is one-half of its value at r = 10 4 m, 9 = tt/2: Assuming the far field 
approximation, we use (138) to set up the equation: 

\E 0s \ = I ^ S m9=-xJ [ ^L- => r = 2xlO 4 sin0 
1 1 2Ar 2 2 x 10 4 A 

b) the average radiated power density, P r ,av, is one- half of its value at r = 10 4 m, 9 = tt/2. To 
find the average power, we use (138) and (139) in 

P r, a , = l^{E es H; s } = l^s^9=l>c\ => r = v^xl0 4 sintf 
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14.32. (continued) The polar plots for field (r = 2 x 10 4 sin 9) and power (r = V2 x 10 4 sin 9) are shown 
below. Both are circles. 



Problem 14.32 




p| x 10,000 

[P|x 10,000 



14.33. Two short antennas at the origin in free space carry identical currents of 5 cosuit A, one in the a z 
direction, one in the a y direction. Let A = 2tt m and d = 0.1 m. Find E s at the distant point: 
a) (x = 0,y = 1000, z = 0): This point lies along the axial direction of the a y antenna, so its 
contribution to the field will be zero. This leaves the a z antenna, and since 9 = 90°, only the 
Eq s component will be present (as (136) and (137) show). Since we are in the far zone, (138) 
applies. We use 9 = 90°, d = 0.1, A = 2vr, ry = r] = 120vr, and r = 1000 to write: 

E s = ^ s a 9 = ^singe-^A ag = /(0-l)(^) e - jl ooo 
J 2Ar J 4vr(1000) 

= i(1.5 x 10- 2 )e- J ' 1000 a e = -j(1.5 x lO" 2 ^' 1000 a 2 V/m 



b) (0,0,1000): Along the z axis, only the a y antenna will contribute to the field. Since the 
distance is the same, we can apply the part a result, modified such the the field direction is 
in -a y : E s = -j(1.5 x lO" 2 ^' 1000 a y V/m 

c) (1000,0,0): Here, both antennas will contribute. Applying the results of parts a and 6, we 
find E s = -j(1.5 x W- 2 )(a y + a z ). 

d) Find E at (1000, 0, 0) at t = 0: This is found through 

E(i) = Re (B s e jujt ) = (1.5 x 10 -2 ) sin(u;t - 1000) (a y + a z ) 
Evaluating at t = 0, we find 

E(0) = (1.5 x 10- 2 )[-sin(1000)](a y + a z ) = -(1.24 x W~ 2 )(a y + a z ) V/m. 

e) Find |E| at (1000,0,0) at t = 0: Taking the magnitude of the part d result, we find |E| = 
1.75 x 10" 2 V/m. 
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14.34. A short current element has d = 0.03A. Calculate the radiation resistance for each of the following 
current distributions: 

a) uniform: In this case, (140) applies directly and we find 

R rad = 80vr 2 = 80^ 2 (.03) 2 = 0.711 fl 

b) linear, I{z) = /o(0.5<i — |z|)/0.5d: Here, the average current is 0.5ioj and so the average power 
drops by a factor of 0.25. The radiation resistance therefore is down to one-fourth the value 
found in part a, or R rad = (0.25) (0.711) = 0.178 Q . 

c) step, Iq for < \z\ < 0.25d and 0.5/o for 0.25d < \z\ < 0.5d: In this case the average current 
on the wire is 0.75/o- The radiated power (and radiation resistance) are down to a factor of 
(0.75) 2 times their values for a uniform current, and so R rad = (0.75) 2 (0.711) = 0.4001] . 

14.35. A dipole antenna in free space has a linear current distribution. If the length is 0.02A, what value 
of I is required to: 

a) provide a radiation-field amplitude of 100 mV/m at a distance of one mile, at 9 = 90°: With 
a linear current distribution, the peak current, I , occurs at the center of the dipole; current 
decreases linearly to zero at the two ends. The average current is thus Iq/2, and we use Eq. 
(138) to write: 

m= !^ M ^ )= -^m^ <=0J * /o=85 .4A 

11 4Ar V ' (4) (5280) (12) (0.0254) 

b) radiate a total power of 1 watt? We use 

P - (±\ (lj* P 

r avg _ 1 4 M 2 rad 

where the radiation resistance is given by Eq. (140), and where the factor of 1/4 arises from 
the average current of I Q /2: We obtain P avg = 10vr 2 ^(0.02) 2 = 1 =>■ I = 5.03 A . 

14.36. A monopole antenna in free space, extending vertically over a perfectly conducting plane, has a 
linear current distribution. If the length of the antenna is 0.01A, what value of In is required to 

a) provide a radiation field amplitude of 100 mV/m at a distance of 1 mi, at 9 = 90°: The image 
antenna below the plane provides a radiation pattern that is identical to a dipole antenna of 
length 0.02A. The radiation field is thus given by (138) in free space, where 9 = 90°, and with 
an additional factor of 1/2 included to account for the linear current distribution: 

1 I d m 4r\E e \ 4(5289)(12 x .0254)(100 x 1Q- 3 ) 

'^ l = 2W Io = w>Wo = mW) =§MA 

b) radiate a total power of 1W: For the monopole over the conducting plane, power is radiated 
only over the upper half-space. This reduces the radiation resistance of the equivalent dipole 
antenna by a factor of one-half. Additionally, the linear current distribution reduces the radi- 
ation resistance of a dipole having uniform current by a factor of one-fourth. Therefore, R ra d 
is one-eighth the value obtained from (140), or R ra d = 107r 2 (d/A) 2 . The current magnitude is 
now 

V2 



In 



'IP 


1/2 


[ 2(1) 


1/2 


_ Rrad _ 




_107T 2 (d/A) 2 _ 





10vr(.02) 



7.1 A 
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14.37. The radiation field of a certain short vertical current element is Eq s = (20/r) sin# e _jl07rr V/m if 
it is located at the origin in free space. 

a) Find Eg a at P(r = 100,9 = 90°, 4> = 30°): Substituting these values into the given formula, 
find 

Eds = ^sin(90 o )e^ 10 ^ 100 ) = 0.2e^ 100Cfa V/m 

b) Find Eg s at P if the vertical element is located at ^4(0.1, 90°, 90°): This places the element 
on the y axis at y = 0.1. As a result of moving the antenna from the origin to y = 0.1, the 
change in distance to point P is negligible when considering the change in field amplitude, but 
is not when considering the change in phase. Consider lines drawn from the origin to P and 
from y = 0.1 to P. These lines can be considered essentially parallel, and so the difference in 
their lengths is I = 0.1 sin(30°), with the line from y = 0.1 being shorter by this amount. The 
construction and arguments are similar to those used in the discussion of the electric dipole 
in Sec. 4.7. The electric field is now the result of part a, modified by including a shorter 
distance, r, in the phase term only. We show this as an additional phase factor: 



E Bs = o.2e-^ 1000 ^ 10 ^°- lsin30 = o.2e-J 1000 V°- 5ff V/m 



c) Find E 6s at P if identical elements are located at A(0.1, 90°, 90°) and 5(0.1, 90°, 270°): The 
original element of part b is still in place, but a new one has been added at y = —0.1. Again, 
constructing a line between B and P, we find, using the same arguments as in part b, that 
the length of this line is approximately 0.1sin(30°) longer than the distance from the origin 
to P. The part b result is thus modified to include the contribution from the second element, 
whose field will add to that of the first: 

E es = 0.2e-^ 1000ff (e i0 ' 57r + e - j0 ^) = 0.2e- jl00O7T 2 cos(0.5tt) = 

The two fields are out of phase at P under the approximations we have used. 
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